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lished by scientists all over the world. Some of the new work was 
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chapter by chapter and detailing how knowledge on the subject 
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duced as it was first published, with the errors we are aware of cor¬ 
rected. We are grateful to Dover Publications, Inc. for making it 
available again, and hope that it will be a useful reference. 

Wildon Fickett and William C. Davis 
Los Alamos, November 1999 
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Preface 


In the thirty-five years since Zeldovich, von Neumann, and Doering 
independently formulated treatments of detonation, many workers have 
contributed to further understanding of the process. The theoretical 
work has not been widely studied, partly because it is detailed and dif¬ 
ficult, and partly because it has not had direct application in engineer¬ 
ing. The experimental work has revealed a complex transverse structure 
in detonation waves, and has shown that the average pressures and den¬ 
sities are appreciably below those predicted by theory. At present it is 
not at all clear how to relate theory and experiment. 

Our subject is the mechanism of propagation of the fully developed, 
macroscopically steady, plane detonation wave; the important topics of 
initiation and failure are excluded. Our aim is a reasonably comprehen¬ 
sive, more tutorial than exhaustive, review of the pertinent theory and 
experiment. To make the theory more accessible, we have worked out a 
number of simple cases for illustration. The field is still an open one; we 
hope that we have brought the gaps, both experimental and theoretical, 
to the attention of readers interested in filling them. 

Our treatment of the theory and our discussion of the experiments are 
limited to detonation that is steady (independent of time), at least 
macroscopically, and also limited to analysis of the equations, with little 
use of the computer for solving them. Another book in the Los Alamos 
Series in the Basic and Applied Sciences, Numerical Modeling of 
Detonations, by Charles L. Mader (1979), extends to many other 
problems. 
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The rapid and violent form of combustion called detonation differs 
from other forms in that all the important energy transfer is by mass 
flow in strong compression waves, with negligible contributions from 
other processes like heat conduction which are so important in flames. 
The leading part of a detonation front is a strong shock wave 
propagating into the explosive. This shock heats the material by com¬ 
pressing it, thus triggering chemical reaction, and a balance is attained 
such that the chemical reaction supports the shock. In this process 
material is consumed 10 s to 10 8 times faster than in a flame, making 
detonation easily distinguishable from other combustion processes. The 
very rapid energy conversion in explosives is the property that makes 
them useful. For example, a good solid explosive converts energy at a 
rate of 10 10 watts per square centimeter of its detonation front. For 
perspective, this can be compared with the total electric generating 
capacity of the United States, about 4 x 10“ watts, or the solar energy in¬ 
tercepted by the earth, about 4 x 10 16 watts. A 20-m square detonation 
wave operates at a power level equal to all the power the earth receives 
from the sun. 

The most easily measured characteristic property of a detonation is 
the velocity at which the front propagates into the explosive. The front 
of a detonation wave initiated at one end of a large-diameter stick of ex¬ 
plosive is found to approach a nearly plane shape and a constant velocity 
of propagation. Thus it seems reasonable to assume that a limiting 
velocity exists, and that in the limit the chemical reaction takes place in 
a steadily propagating zone in the explosive. A mathematically tractable 
problem related to physical reality in this limit is that of plane, steady 
detonation. It has been generally assumed that this problem's solution 
would describe detonation experiments as the results were extrapolated 
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to infinite size. Therefore, experiments designed for comparison with 
theory have usually been measurements of a set of long cylinders of dif¬ 
ferent diameters initiated at one end, and extrapolation of the results to 
infinite diameter. Unfortunately no other problem, not even the 
seemingly simple problem of a spherically expanding detonation, has 
been properly treated, so there can be no direct comparison (without ex¬ 
trapolation to infinite size) of experiment with theory. 

In the absence of a theory for more complicated flow configurations, it 
has become customary to treat all detonation problems by assuming 
that the reaction zone differs inappreciably from its plane, steady limit, 
and to apply the corresponding theory to experiments directly. This 
assumption seems reasonable when the velocity has come close to the 
limiting value, which it does very quickly, and when the radius of cur¬ 
vature of the front is much larger than the reaction zone thickness. This 
approach has proved satisfactory for many engineering applications, 
particularly if some of the parameters, such as the equation of state, are 
chosen to fit measurements made on pieces similar to those being 
calculated. The situation is similar to most applications of theory in 
engineering. A mathematically tractable but not perfectly applicable 
treatment, with slight corrections based on previous experience, is often 
used. One difference is that in other fields the engineer’s intuition is 
sometimes aided by the existence of exact solutions which, although too 
complicated for routine use, can be used to determine correction factors. 
Such exact solutions are not available to explosives engineers. 

In addition to experimental results presented for comparison with the 
one-dimensional theory, we discuss some others in detail because they 
show a whole group of phenomena about which the theory has nothing to 
say. Although the detonation front is nearly plane and the velocity 
nearly constant as assumed in theory, close observation reveals a com¬ 
plex, three-dimensional, time-dependent structure. Discrepancies be¬ 
tween the one-dimensional theory and experiment are probably largely 
attributable to the presence of this structure. 

1A. HISTORY 

In preparing this short history we have of course gone back and read 
the early papers, but we have not attempted the careful analysis of the 
professional historian, and have no doubt failed to give proper credit in 
some cases. 

The phenomenon of detonation was first recognized by Berthelot and 
Vieille (1881, 1882), and by Mallard and Le Chatelier (1881), during 


Sec. 1A 

studies of flame propagation. The elements of the simplest one¬ 
dimensional theory were formulated around the turn of the century by 
Chapman (1899) and by Jouguet (1905,1917). Becker (1922) gives a good 
summary of the state of the subject in its early days. 

Because we refer to the results of the Chapman-Jouguet theory 
throughout the following discussion, we digress now for a definition of 
terms and a short description of the results. (A more complete discussion 
is given in Chapter 2.) The entire flow is assumed to be one-dimensional 
and the front is treated as a discontinuity plane across which the conser¬ 
vation laws for shock waves apply, with the equation of state depending 
appropriately on the degree of chemical reaction. The chemical reaction 
is regarded as proceeding to completion within a short distance relative 
to the size of the charge so that it is, in effect, instantaneous. The state 
of the explosive products at the point of complete reaction is called the 
final state . As in the theory of shock waves, once the detonation velocity 
(the propagation velocity of the front) is specified, application of the 
laws of conservation of mass, momentum, and energy determines the 
final state behind the front (given the equation of state of the reaction 
products). The presence of the exothermic chemical reaction does, 
however, introduce a new and important property. In the nonreactive 
case, shocks of all strengths are possible* and in the limiting case of a 
zero-strength shock, the shock velocity is equal to the sound velocity. 
With an exothermic reaction, the conservation laws have no solution for 
shocks below a certain minimum velocity. For typical heats of reaction 
the minimum velocity is well above sound velocity. 

Given the detonation velocity D as a parameter, the conservation laws 
have no final-state solution for D less than this minimum value, one 
solution for D equal to the minimum value, and two solutions for all 
larger values of D. The solution for the minimum value of D is called the 
Chapman-Jouguet or CJ state. For larger values of D, one solution has 
pressure greater than CJ pressure and is called the strong solution; the 
other has pressure lower than the CJ pressure and is called the weak 
solution. In the coordinate frame moving with the front, the flow is sub¬ 
sonic at the strong point and supersonic at the weak point. Therefore a 
detonation whose final state is at the strong point may be overtaken by a 
following rarefaction and reduced in strength, whereas one whose final 
state is at the weak point runs away from a following rarefaction, leaving 
an ever-growing, constant-state region between the end of the reaction 
zone and the head of the rarefaction wave. 

The rear boundary condition determines the detonation velocity ac¬ 
tually realized. With the usual rear boundary conditions, such as a rigid 
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wall or no confinement at all at the initiating plane, a rarefaction wave 
must follow the detonation front to reduce the forward material velocity 
at the final-state point to that required at the rear boundary. The strong 
solution must be rejected, then, because of its vulnerability to degrada¬ 
tion by this following rarefaction wave. The weak solution is also rejec¬ 
ted on rather intuitive and arbitrary grounds. The only solution left is 
that defined by the so-called Chapman-Jouguet hypothesis: that the 
steady detonation velocity is the minimum velocity consistent with the 
conservation conditions. At this velocity the flow immediately behind 
the front is sonic in a coordinate system attached to the front, so that the 
head of the rarefaction wave moves at precisely the speed of the front. 

This simple theory was apparently an immediate success. The earliest 
workers were able to predict detonation velocities in gases to within one 
or two percent, even with the crude values of thermodynamic functions 
available then. Had they been able to measure density or pressure, they 
would have found appreciable deviations. Even so, the simple theory 
works remarkably well. 

The first indication that real detonations might be more complex than 
is postulated by the simple theory came with discovery of the spin 
phenomenon by Campbell and Woodhead (1927). Their smear-camera 
photographs of certain detonating mixtures showed an undulating front 
with striations behind it. The most likely explanation of this front is that 
it contains a region of higher than average temperature and luminosity 
which rotates around the axis of the tube as the detonation advances. 
This spin phenomenon was observed in systems near the detonation 
limit, where the available energy and the rate of reaction are barely suf¬ 
ficient to maintain propagation in the chosen tube diameter. We use the 
term "marginal" to describe such a system, with no sharp dividing line 
between marginal and non-marginal systems. With the techniques then 
available, the appearance of spin appeared to be confined to such 
marginal systems. Jost (1946) gives an account of the early work in this 
field. 

A fundamental advance that removed the special postulates and 
plausibility arguments of the simplest theory was made independently 
by Zeldovich (1940) in Russia, von Neumann (1942) in the United 
States, and Doering (1943) in Germany, and their treatment has come to 
be called the ZND model of detonation. It is based on the Euler equa¬ 
tions of hydrodynamics, that is, the inviscid flow equations in which 
transport effects and dissipative processes other than the chemical reac¬ 
tion are neglected. The flow is assumed to be one-dimensional, and the 
shock is treated as a discontinuity, but now as one in which no chemical 
reaction occurs. The reaction is assumed to be triggered by the passage 
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of the shock in the material and to proceed at a finite rate thereafter. It 
is represented by a single forward rate process that proceeds to comple¬ 
tion. In the coordinate system attached to the shock, the flow equations 
have a solution that is steady throughout the zone of chemical reaction. 
The state at any point inside this zone is related to that of the unreacted 
material ahead by the same conservation laws that apply to a jump dis¬ 
continuity, with the equation of state evaluated for the degree of reac¬ 
tion at the point. The state at the end of the reaction zone is, of course, 
included and thus obeys exactly the same conservation laws as apply to 
instantaneous reaction, so the reasons for applying the CJ hypothesis are 
unchanged. The CJ detonation velocity is then independent of the form 
of the reaction rate law, as in the simple theory, and can be calculated 
from the algebraic conservation laws and the complete-reaction equa¬ 
tion of state. Fortunately, conditions in gas detonations (pressure under 
100 atm, temperature under 7000 K) are such that the products are ac¬ 
curately described by the ideal gas equation of state with very small 
corrections. The standard tables of thermodynamic functions are ap¬ 
plicable. Thus the equation of state is known, and a priori calculations 
can be made exactly. 

The work of Berets, Greene, and Kistiakowsky (1950) ushered in an 
era of extensive comparison of the one-dimensional theory with ex¬ 
perimental measurements on gaseous systems. They repeated both the 
detonation velocity measurements and the calculations made earlier by 
Lewis and Friauf (1930) on a number of hydrogen-oxygen mixtures, us¬ 
ing more recent thermodynamic data. Away from the detonation limits 
the agreement was good, the calculated velocities being about one per¬ 
cent higher than the experimental ones. In the next few years there were 
significant improvements in both computational and experimental 
techniques. Electronic calculating machines permitted extensive and 
precise calculations including a determination of the chemical 
equilibrium composition, a very laborious procedure when done by 
hand. Duff, Knight, and Rink (1958) measured the density by x-ray ab¬ 
sorption; Edwards, Jones and Price (1963) measured the pressure using 
piezoelectric gauges; and Fay and Opel (1958) and Edwards, Jones, and 
Price (1963) measured the Mach number of the flow by schlieren 
photography of the Mach lines emanating from disturbances at the tube 
walls. Careful measurements of the detonation velocity were made by 
Peek and Thrap (1957) and by Brochet, Manson, Rouze, and Struck 
(1963). White (1961) made a very comprehensive study of the hydrogen- 
oxygen system with carbon monoxide and other diluents. In addition to 
measuring pressure and detonation velocity, he made extensive use of 
spark interferograms to measure density changes, and visible light 
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photometry to measure a composition product and to detect tem¬ 
perature rises in compression and shock waves generated behind the 
detonation. 

The results of all this work suggested that the effective state point at 
the end of the reaction zone is in the vicinity of a weak solution of the 
conservation equations. The measured pressures and densities are ten to 
fifteen percent below the calculated CJ values, the flow is supersonic 
with Mach number about ten percent above the calculated CJ values, 
and the detonation velocities are one half to one percent above, in ap¬ 
proximate agreement with the conservation laws. The departures from 
calculated values became less puzzling when detailed concurrent studies 
showed that the front was not smooth, but contained a complicated 
time-dependent fine structure. The measured state values thus repre¬ 
sent some sort of average, inherent in the design of the experiment and 
the apparatus. 

Experiments in condensed explosives are much more difficult and 
costly, and fewer state variables are amenable to measurement. More 
serious is the lack of knowledge of the product equation of state, 
precluding a priori calculation with any useful degree of accuracy. (The 
many published determinations of the constants in approximate 
theoretical forms amount to little more than complicated exercises in 
empirical curve fitting.) 

Fortunately an indirect but exact method of testing the CJ hypothesis 
comes to the rescue. It requires no knowledge of the equation of state 
other than the assumption that it exists. Following earlier work by Jones 
(1949), Stanyukovich (1955) and Manson (1958) pointed out that, using 
only very general assumptions, essentially those of the simple ZND 
theory, with no knowledge of the equation of state, the derivatives 
dD/dpo and dD/dE 0 determine the detonation pressure. 1 Wood and 
Fickett (1963) turned the argument around by suggesting that the ap¬ 
plicability of the theory could be tested by comparing the pressure 
calculated from the measured derivatives with that found by the more 
conventional method of measuring the velocity imparted to a metal 
plate driven by the explosive. Davis, Craig, and Ramsay (1965) tested 
mtromethane and liquid and solid TNT and showed that, well outside of 
the experimental error, the theory does not describe these explosives 
properly. Unfortunately this indirect method of testing the theory does 
not indicate the actual state at the end of the reaction zone. 

While experiment and theory were being extensively compared, the 
theory of the one-dimensional, steady reaction zone was extended to in¬ 
clude other effects, beginning with the work of Kirkwood and Wood 

‘D = detonation velocity, />„ = initial density, and E„ = initial internal energy. 
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(1954). They considered a fluid that obeyed the Euler equations, that is, 
one in which transport effects are neglected, but in which an arbitrary 
number of chemical reactions may occur, each proceeding both forward 
and backward so that a state of chemical equilibrium can be attained. 
Others considered a fluid described by the Navier-Stokes equations, 
that is, one in which heat conduction, diffusion, and viscosity are 
allowed but which has only a single forward chemical reaction. The work 
of Kirkwood and Wood was extended to include slightly two- 
dimensional flow caused by boundary layer or edge effects treated in the 
quasi-one-dimensional (nozzle) approximation. 

All of these problems exhibit mathematical complexities not found in 
the earlier theoretical treatments. In each case, the flow equations are 
reduced, under the steady state assumption, to a set of autonomous, 
first-order, ordinary, differential equations with the detonation velocity 
as a parameter. Without drastic and unwarranted assumptions to sim¬ 
plify the equations, analytical solutions cannot be obtained, and the 
properties of a solution must be obtained indirectly by studying the 
topology of the phase plane, with particular attention to the critical 
points. The qualitative behavior of the integral curve (a solution of the 
set of differential equations) starting at the initial point (the state im¬ 
mediately behind the shock) must be ascertained for each value of the 
detonation velocity. The equations have some mathematical similarity 
to those encountered in the nonlinear mechanics of discrete systems 
with more than one degree of freedom. An additional complication in¬ 
troduced by the possibility of chemical equilibrium is the appearance of 
thermodynamic derivatives at both fixed and equilibrium compositions, 
the most important being the so-called frozen and equilibrium sound 
speeds. Although this complicates the analysis considerably, the effect 
on the results is relatively small, particularly for condensed explosives. 

The importance of the more elaborate models of steady one¬ 
dimensional detonation is that they yield weak solutions. As mentioned 
above, the laws of conservation of mass, momentum, and energy have no 
solution for detonation velocities below the CJ value, a unique solution 
at the CJ value, and two solutions, one weak and one strong, for any 
velocity above the CJ value. In the simple case of a gas with a single 
forward reaction in which the number of moles does not decrease (and in 
which transport effects are neglected), the weak point cannot be 
reached. The solution always terminates at a strong point if the forward 
velocity of the rear boundary is large enough, or at the C J point, which is 
the lower limit of the set of final states. This is the case treated in the 
ZND model. The extended theory shows that almost any increase in 
complexity of the fluid system opens up the possibility of reaching the 
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weak point. In fact, von Neumann (1942) in his first paper on detonation 
discussed such a case in which the system, with one forward reaction, is 
such that the number of moles of gas decreases during the reaction. He 
showed that the state at the end of the steady zone may be a weak point, 
thus violating the CJ condition. In the language of the extended theory, 
solutions reaching a strong point encounter only the terminal critical 
nodal point, which means that this type of termination exists for a con¬ 
tinuous range of detonation velocities. Solutions reaching a weak point 
must first pass through a critical saddle point, so a weak detonation has 
a unique detonation velocity whose value depends on the properties of 
the material, including the reaction rate. This situation is described, in 
the usual language, by the statement that the detonation velocity is an 
eigenvalue of the set of differential equations. 

An important physical insight arising from the work on the extended 
theory is clarification of the precise way in which the chemical reaction 
affects the flow. For a nonreactive system, the Euler equations are 
homogeneous. With properly chosen independent variables the 
corresponding equations for a reactive system are the same, except for a 
single source term that makes the system of equations inhomogeneous. 
For a single reaction this term may be written as err, where r is the 
chemical reaction rate and <r is an effective energy release or thermicity 
coefficient. (For a many-reaction case this product is replaced by a sum 
of such terms, one for each reaction.) A positive value of or signifies, 
roughly, a transfer of energy from chemical bonds to the flow, and a 
negative value signifies the reverse. The coefficient a is the sum of two 
terms, one involving the enthalpy change in the reaction, and the other 
the volume change. An increase in molar volume (equivalent to an in¬ 
creased number of moles in a gas system) caused by the reaction has an 
effect on the flow equivalent to some positive heat-release value. 

When transport effects are neglected, an oversimplified statement of 
the results is that attainment of the weak final state requires that the 
sign of err be negative in some part of the reaction zone. This condition 
can be achieved in various ways, such as having a single reaction with 
positive heat release but negative volume change, or two reactions, one 
exothermic and one endothermic, or even two exothermic reactions with 
disparate rates so that one is driven beyond its equilibrium point by the 
flow in the early part of the reaction zone, with or thus becoming 
negative as the composition returns to the equilibrium state. In the 
quasi-one-dimensional case, the effect of the lateral flow divergence 
away from the axis enters as an additive term to err with the sign always 
the same as that for an endothermic reaction. 
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When transport effects are included, the weak solution can also be ob¬ 
tained simply as a result of the transport effects, but only by choosing an 
extremely fast and probably non-physical reaction rate. 

The extended theory thus offers several possibilities for reaching weak 
detonation states like those observed in gases. But this should probably 
not be taken too seriously, because the one-dimensional theory can ap¬ 
ply, at best, only in an average sense because the observed flow is 
significantly three-dimensional. 

Inadequate though they may be for direct application to real detona¬ 
tion, the one-dimensional solutions are important in theoretical 
development because they are the necessary base for attack on the much 
more complicated problem of detonation treated in three dimensions. 
This step is the study of the hydrodynamic stability of the one¬ 
dimensional solutions to infinitesimal three-dimensional disturbances. 
Development of stability theory began at about the time that close ob¬ 
servation of the wave front in many detonating systems first revealed 
that the front is typically not plane but finely wrinkled by small 
transverse waves traveling back and forth across it. 

The first theoretical work on this subject was done by Shchelkin 
(1959) who offered qualitative arguments based on the ’’square-wave" 
model of the reaction zone, in which the entire reaction is supposed to 
take place instantaneously at a finite distance behind the shock front 
determined by the induction time. Others continued this work 
somewhat more quantitatively. The rigorous treatment of the 
hydrodynamic stability of the general one-dimensional solution of the 
Eulerian flow equations to infinitesimal three-dimensional perturba¬ 
tions was done by Erpenbeck (1962a). The method is basically the usual 
one of linearizing the three-dimensional time-dependent equations 
about the one-dimensional steady solution and inquiring about the 
growth or decay of solutions of these linearized equations. These solu¬ 
tions are infinitesimal perturbations of the one-dimensional steady solu¬ 
tion of the complete equations. Erpenbeck and others obtained a num¬ 
ber of results on various aspects of this problem. Strictly speaking, the 
theory applies only to overdriven (strong) detonations, and specific con¬ 
clusions have been obtained only for simple ideal gas models of ex¬ 
plosive. However, the results suggest that most detonations are unstable 
to disturbances in some range of transverse wavelength and can thus be 
expected to have a wrinkled, non-steady front. Although not, strictly 
speaking, a stability analysis, the theoretical study by Barthel and 
Strehlow (1966) of the transverse motion of sound waves in the reaction 
zone provided insight into the amplification mechanism responsible for 
the instability. 
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Detailed time-dependent numerical finite-difference calculations in 
two or three space dimensions of even the simplest flows of this type 
have not been performed, although Mader (1967b) reported a 
preliminary effort in this direction. However, one special result obtained 
by Erpenbeck (1964b) makes a one-dimensional time-dependent 
calculation interesting. This result is that, for a reaction rate having a 
strong but physically reasonable temperature dependence, cases can be 
found for which the steady solution is unstable to one-dimensional dis¬ 
turbances. The numerical calculations of Mader (1965) and of Fickett 
and Wood (1966) motivated by this result show a detonation pulsating 
with large amplitude. Erpenbeck later obtained essentially the same 
results from an approximate nonlinear analysis of the flow equations. 

Experimental study of the non-one-dimensional structure of the 
detonation front really begins with the early discovery of spin. For a long 
time this phenomenon was thought to be isolated, occurring only in 
marginal systems. However, careful observations in the late 1950s and 
early 1960s revealed that detonation fronts typically contain com¬ 
plicated three-dimensional structure. It was soon realized that spin was 
only a special case of a much more extensive phenomenon of transverse 
wave motion on the amplitude. Proper adjustment of the initial condi¬ 
tions produces "double-headed" spin, and so on to higher modes. Non¬ 
marginal systems, once thought to be one-dimensional, exhibit many 
relatively small transverse waves. So-called "galloping" detonations in 
which the principal time-dependence is one-dimensional like the one¬ 
dimensional instability described above have also been observed. 

Front structure in classical or single-headed spin has been quite 
thoroughly elucidated by the independent experimental work of Schott 
(1965b) and of Voitsekhovskii, Mitrofanov, and Topchian (1963), re¬ 
ported in their book. It is reminiscent of the three-shock configuration 
produced when a plane shock wave runs over a wedge of sufficiently 
large angle, in which some gas passes through a single shock, the Mach 
stem, and the rest is double shocked by an incident and reflected shock 
like those occurring in regular shock reflection. In the spinning detona¬ 
tion, a shock extends from a radius of the non-planar front back into the 
flow behind the front, and the triple-shock intersection consists of this 
shock and the two parts of the front intersecting along this radius. The 
entire configuration rotates about the tube axis. Some of the gas passes 
through two shocks and some through only one, so that the reaction 
products are two interleaved helices separated by slip surfaces. 

Study of the detonation front with many transverse waves begins with 
the work of Denisov and Troshin (1959) and of Duff (1961), and con¬ 
tinues to the present time with many workers involved. The simple and 
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powerful technique of soot inscription is extensively used. The walls and 
end plate of a tube are lined with a soot-coated film. As the detonation 
passes over or collides with these surfaces, the shock intersections leave 
their tracks by removing part of the coating. The result provides an over¬ 
all view of the structure as well as much fine detail. High-speed 
photography is also important. 

A qualitative detonation picture emerges which has a front with a 
time-dependent cellular structure followed by a three-dimensional, 
possibly turbulent, flow. The cell boundaries consist of three-shock 
configurations in transverse motion across the front. In gaseous sys¬ 
tems, the cell size is proportional to the reaction time, so it can be 
increased by lowering the initial pressure or increasing the amount of 
inert diluent. Less information is available for condensed explosives, 
but roughly the same structure seems to be present, with edge effects 
playing an important part. 

IB. PLAN OF THE BOOK 

As stated in the preface, we limit our subject to the mechanism of 
propagation of (macroscopically) plane, steady detonation, with only a 
few passing references to the important omitted topics of initiation, 
failure, and the small time-dependence in the slow approach to the 
steady state. Applications, such as rock blasting, are not even men¬ 
tioned. Recent books which cover some of our topics are those by 
Strehlow (1968a), Dremin et al. (1970), Gruschka and Wecken (1971), 
and Johansson and Persson (1970). Aguilar-Bartolome (1972) gives a 
very detailed introduction and review in Spanish. 

Our goal is a fairly comprehensive, but not necessarily exhaustive, 
tutorial review. To this end we sometimes cite only the most pertinent 
references, or those which have been most helpful to us. A nearly com¬ 
plete bibliography is, however, contained in the reference lists of the 
sources we cite. 

The reader needs some familiarity with the elements of shock 
hydrodynamics and supersonic flow, and college mathematics through 
differential equations. Basic to Chapter 5 are the phase plane, paths in 
this plane, and the nature of the critical points of the differential equa¬ 
tions; we encounter only nodes and saddles. 

Each chapter and major section have an introduction, and in some 
cases a summary at the end. Reading just these will give a brief over¬ 
view. 

Chapter 2 reviews the simple theory of steady, plane detonation, 
developed between 1880 and 1950, and Chapter 3 compares the simple 
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theory with experiment. The reactive flow equations and some of their 
more general properties appear in Chapter 4, in preparation for Chapter 
5, which covers the variety of steady solutions developed since 1950. 
Chapter 6 describes the work on hydrodynamic stability of the steady 
plane solutions, and related calculations of finite-amplitude perturba¬ 
tions. The results agree with experiment in suggesting that steady plane 
detonations do not exist in nature because they are unstable. Chapter 7 
is devoted to experimental observations of the finite structure of the 
front. 




THE SIMPLE THEORY 


The relatively simple description of steady plane detonation called 
the ZND model is well-known. This brief review emphasizes features 
and points of view appropriate to understanding the more detailed 
theories presented in later chapters. The ideas were developed indepen¬ 
dently by Zeldovich (1940), von Neumann (1942), and Doering (1943). 
Evans and Ablow (1961) explain clearly the elements of the simple 
theory, with a good selection of the applicable portions of compressible 
flow theory. Books by Taylor (1952) and Zeldovich and Kompaneets 
(1960) also contain much of the same material. 

The ZND description neglects transport processes, and assumes one¬ 
dimensional flow. We restrict the term ZND to the case of a single 
irreversible (forward only) reaction of positive thermicity (conversion of 
chemical bond energy to macroscopic translational energy); more com¬ 
plicated cases are discussed in Chapter 5. The configuration of the wave 
is shown in Fig. 2.1. The unreacted explosive ahead of the wave is in 
metastable equilibrium, with zero reaction rate. The shock at the head 
of the wave is a jump discontinuity in which no reaction takes place. It 
heats the material and triggers the chemical reaction. Following the 
shock is the reaction zone. The reaction proceeds in the reaction zone 
and is complete in the final state . The flow in the reaction zone is steady 
in the coordinate frame attached to the shock; the shock and the reac¬ 
tion zone propagate together at the (constant) detonation velocity D. 
The following flow between the final state and the rear boundary is a 
time-dependent rarefaction wave followed by a constant state in the 
unsupported case, Fig. 2.1a, and a constant state only in the overdriven 
case, Fig. 2.1b. 

The velocity and configuration of the complete wave are uniquely 
determined by the rear boundary condition. Throughout, we take for 
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Fig. 2.1. Steady detonations. 


this the constant velocity of a hypothetical piston following the wave. 
The problem is to determine, for a given piston velocity u p , the detona¬ 
tion velocity D and the complete flow, i.e., both the steady reaction zone 
and the following flow. Now the following flow is determined by two 
boundary conditions: the specified piston velocity at the left, and the 
final state of the reaction zone at the right. But the final state is not 
known until the reaction zone is determined. The solution procedure is 
therefore divided into two parts, which we call the D-discussion and the 
piston problem. We will follow this same procedure in discussing more 
complicated steady solutions in Chapter 5. 

The D-discussion consists of finding all possible steady solutions for 
the reaction zone, treating D as a parameter. Fixing D determines a 
unique steady solution. Its all-important final state is the right boundary 
condition for the following flow. The result of the D-discussion is that 
steady solutions exist for all values of D above a certain minimum value. 
This minimum value is the velocity of the unsupported wave, Fig. 2.1a. 
For all higher values of D, we have an overdriven wave, Fig, 2.1b. We 
now have the information we need to proceed to the second step, namely, 
the dependence of the final-state particle velocity on D. This turns out to 
be a monotone increasing function u(D). 

The piston problem consists of finding the single-valued function 
D(u p ), the detonation velocity as a function of the given piston velocity, 
and determining the following flow connecting the final state of the reac¬ 
tion zone with the piston. If the piston velocity is greater than the final- 
state particle velocity for the minimum D, then we have an overdriven 
detonation. The value of D is that for which the final-state particle 
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velocity is equal to the piston velocity, and the following flow is just a 
constant state, the same as the final state. If the piston velocity is less 
than the minimum final-state particle velocity we have an unsupported 
detonation. The following flow now consists of a time-dependent rarefac¬ 
tion wave which reduces the particle velocity from that at the final state 
to the piston velocity, followed by a constant state extending back to the 
piston. (Some authors use the term "unsupported” to mean a free rear 
boundary, i.e. p = 0. Note that in this case the rarefaction terminates in 
a region of cavitation and the constant state is absent.) 

The simplest theory, Sec. 2A, is the limit of instantaneous reaction, 
with the shock and reaction zone collapsed into a single jump discon¬ 
tinuity in which the reaction is complete. The initiation transients also 
vanish; the detonation runs at constant velocity from the moment of in¬ 
itiation, generating a relatively simple self-similar flow between it and 
the piston. The final state, now immediately behind the reactive shock, 
satisfies the usual conservation relations. The Hugoniot curve, though, 
is different from the usual one for unreactive flow; it is displaced out¬ 
ward from the origin in p-v space by the heat-of-reaction term. It doesn’t 
pass through the initial state point, and there is a minimum value of D 
which satisfies the conservation relations. For a piston velocity less than 
the Hugoniot particle velocity for a minimum D, the detonation is 
unsupported; the front propagates at the minimum D and is followed by 
a centered rarefaction wave, the Taylor wave. A very important result is 
that the detonation Hugoniot curve, and the minimum-D state on it, are 
determined by the equation of state of the reaction products alone, and 
the equation of state of the unreacted explosive is not needed. 

Practical applications. Sec. 2B, rarely go beyond the simplest theory. 
Most of the section is devoted to the main problem (for solids and li¬ 
quids) of determining the products equation of state. All equations of 
state, because good theory is lacking, require fitting to experimental 
detonation measurements. They fall naturally into two groups: those in 
which chemistry does not appear explicitly and whose adjustable 
parameters relate energy to pressure and volume directly, and those in 
which chemistry appears and whose parameters are molecular proper¬ 
ties, with energy, pressure, and volume obtained from calculation of the 
equilibrium composition. The first class of course requires far less com¬ 
putation. 

ZND theory, Sec. 2C, has finite reaction rate, and some examples of 
steady (reaction zone) solutions are displayed. A most important point 
is that the properties of the final state, and thus the D-discussion and 
the piston problem, are identical to those of the simplest theory with its 
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infinite reaction rate and unresolved reaction zone. The final state and 
the detonation velocity depend only on the equation of state of the reac¬ 
tion products. The reaction-rate law and the equation of state of the par¬ 
tially reacted material affect only the interior of the reaction zone in the 
steady flow considered here. The initiation transients, which they do af¬ 
fect, are not discussed. 

2A. THE SIMPLEST THEORY 

The simplest theory assumes the following: 

1. The flow is one-dimensional (laminar). 

2. The plane detonation front is a jump discontinuity, a shock in 
which the chemical reaction is assumed to be completed instan¬ 
taneously. The material emerging from the discontinuity is assumed to 
be in thermochemical equilibrium, and is thus described by a ther¬ 
modynamic equation of state. 

3. The jump discontinuity is steady (independent of time), so that the 
state of the material emerging from the front is independent of time. The 
flow following this point may be time-dependent. 

2AL Conservation Laws 

ni 

For a detonation wave propagating with velocity D into an explosive 
initially at rest, and giving the explosive products a velocity u at a point 
immediately behind the front (the final state), the conservation of mass 
requires that 

p 0 D = p(D - u), (2.1) 

I 

where p 0 is the density of the unreacted explosive (the initial state) and p 
is the density in the final state. Notice the use of the term "final state;" it 
is the final state of the steady part of the flow, and the conservation 
equations as written apply only to steady flow. The conservation of 
momentum is expressed by 

P - Po = PouD, (2.2) 

where p 0 and p are the pressures at the initial and final states. When u is 
eliminated from these two equations, the result defines a line in the p-v 
plane called the "Rayleigh line" and expressed by 
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(R ® PoD 2 - (p - po)/(vo - v) ■ 0, (2.3) 

where v = p" 1 is the specific volume. Note that density and specific 
volume are often both used in an expression partly to avoid reciprocals, 
but mainly because condensed explosives are characterized by initial 
density, while the p-v plane is most convenient for diagrams of the 
detonation process. Examples of Rayleigh lines for some arbitrarily 
chosen values of D are shown in Fig. 2.2. A Rayleigh line passes through 
the point (p 0 ,v 0 ) and has slope -p§D 2 . The limiting cases are the horizon¬ 
tal, D = 0, and the vertical, D = <». The vertical Rayleigh line , cor¬ 
responding to an infinite propagation velocity, represents the limiting 
case of a constant-volume detonation in which all the material reacts at 
the same instant of time. 

If D rather than u is eliminated from Eqs. (2.1) and (2.2), the result is 

u 2 = (p - Po)(Vo - v). (2.4) 

Thus the curves of constant particle velocity in the p-v plane are hyper¬ 
bolas, as shown in Fig. 2.3. Given u and D, the final state (p,v) is the in¬ 
tersection of the corresponding particle-velocity hyperbola and Rayleigh 
line. 

The conservation of energy condition is 

E(p,v,A = 1) + pv + 1/2 (D - u) 2 

- R(Po,v 0 ,A - 0) + p 0 Vo * 1/2 D 2 , (2.5) 

where E is the specific internal energy and A specifies the degree of 
chemical reaction, changing from 0 for no reaction to 1 for complete 
reaction. The extent of transformation of chemical bond energy to heat 
is thus roughly proportional to A. The equation for the Hugoniot curve in 
the p-v plane is obtained by eliminating u and D from Eq. (2.5) by using 
Eqs. (2.1) and (2.2): 

3C = E(p,v,A = 1) - E(p 0 ,Vo,A ~ 0) 

- 1/2 (p + Po)(v 0 - v) = 0. (2.6) 

It is determined once the equation of state E(p,v,A) is given. The two 
equations (2.3) and (2.6) then determine the state (p,v) for a given 
detonation velocity, as the intersection of the Rayleigh line with the 
Hugoniot curve. 
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p 


Fig. 2.2. Curves of constant detona- Fig. 2.3. Curves of constant 

tion velocity, called Rayleigh lines. particle velocity. 

For a polytropic gas (ideal gas with constant heat capacity) with reac¬ 
tion A -> B having constant heat of complete reaction q (= -AH) the 
equation of state is 

pv - RT (2.7) 

E = C V T - Aq = pv /(7 - 1) - Aq, (2.8) 

where C v is the constant-volume heat capacity. The Hugoniot curve is 

(— + A(— -A = 1-—ix* + 2jU l —, (2.9) 

\Po /\v 0 / p.v 0 

where m 2 = (7 ~ 1)/(y + 1). This is the equation of a rectangular hyper¬ 
bola in the p/p 0 vs v/v 0 plane, centered at the point v/v 0 = m 2 , p/po = ~fx 2 , 
with the minimum distance from this center to the curve a linear func¬ 
tion of q. This Hugoniot curve, Fig. 2.4, is the locus of all possible final 
states (the state as the material emerges from the discontinuity) for any 
detonation. 

The conservation conditions require that the final state point in the 
p-v plane lie on both this Hugoniot curve and the Rayleigh line, Eq. 
(2.3). The expression for the Rayleigh line contains the detonation 
velocity as a parameter, so the whole family of possible Rayleigh lines 
must be considered. Three of them are also shown in Fig. (2.4), each 
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p 



Fig. 2.4. Diagram of the Hugoniot 
curve, Rayleigh lines, and curves of 
constant u, for a detonation with in¬ 
stantaneous reaction. 


labeled with the value of the detonation velocity. For a sufficiently small 
value of D, say D a , the Rayleigh line and the Hugoniot curve have no in¬ 
tersection, so there is no solution that satisfies the assumptions. For a 
large value, say D 1( there will be two solutions which are marked S and 
W (for strong and weak) in the figure. For a particular value of D, called 
the Chapman-Jouguet velocity Dj, there will be a unique solution to the 
two conditions. It can be shown that the flow at the upper or strong point 
is subsonic with respect to the front (u + c > D), and a disturbance aris¬ 
ing behind the front will overtake it. At the lower or weak point the flow 
is supersonic with respect to the front (u + c < D), and a disturbance 
behind the front will fall farther behind. At the tangent point, called the 
CJ point, the flow is sonic (u + c = D). 

Before proceeding, we summarize the properties of the C J point, some 
of which are not used until later. The CJ condition is that the Rayleigh 
line and the Hugoniot curve be tangent, so their slopes are equal at the 
CJ point. From Eq. (2,3) for the Rayleigh line, we find 

(dp/dv)<n = - (p - p 0 )/ (Vo “ v). (2.io) 

From Eq. (2.6) for the Hugoniot curve 

(dp/dv) K = 2 (dE/dv) 3 c/(v 0 - v) + (p + p„)/(v 0 - v). (2.11) 

The CJ condition is that the right hand sides of Eqs. (2.10) and (2.11) 
are equal, and after some manipulation, we find that 

(dE/dv) je = - p. (2.12) 


19 





THE SIMPLE THEORY 


Chap. 2 


Sec. 2A 


THE SIMPLEST THEORY 


■ 


However, we also know from dE = TdS — pdv that on an isentrope 

(9E/6v)s - - P, (2.13) 

and this implies that an isentrope is also tangent to both the Rayleigh 
line and the Hugoniot curve at the CJ point. Using this result with Eq. 
(2.10) we obtain 

-(0p/0v) s = (P Po)/(v 0 - v), (2.14) 

or 

y b -(0 In p/0 In v) fl “ (1 - Po/p)/(v®/v - 1), (2.15) 

where y is defined as the negative logarithmic slope of the isentrope. 
Elimination of v between (2.15) and the Rayleigh relation (2.3) gives 

p - Po DV(y + 1 - po/p). (2.16) 

If p 0 can be neglected, as is usually the case in condensed explosives, 


we have at the CJ point 

v/v 0 = y/(y + 1), 

(2.17) 

p = p 0 D7(y + 1), 

(2.18) 

u = D/(y + 1), 

(2.19) 

and 

c = Dy/(y + 1), 

(2.20) 


the last two being obtained by further application of the conservation 
conditions. These CJ relations (2.10)-(2.20) are not limited to the final 
Hugoniot curve for complete reaction, but apply equally well to any 
fixed composition. Equation (2.11) could be obtained by differentiating 
Eq. (2.6) with X equal to any arbitrary fixed value instead of X « 1. Then 
the p-v point determined for a particular value of X is the point where a 
straight line through (p„, v 0 ) and an isentrope for that value of X are both 
tangent to the Hugoniot curve. The locus of these points for all values of 
X is called the locus of tangents or sonic locus, and is important to the 
arguments presented in Chapter 5. 


2A2 0 B-Diseiission 

The D-discussion is concerned with only the steady part of the flow — 
the steady reaction zone terminating in the "final state." The simplest 
theory is degenerate in that the reaction is regarded as taking place in¬ 
stantaneously within the shock transition. We are left with just the final 
state itself, a point on the complete-reaction Hugoniot curve. This state 
is given by the intersection of the Rayleigh line and the Hugoniot curve, 
Fig. 2.4. There are three cases to be distinguished: 

1. D < Dj, There is no steady solution, since the Rayleigh line does 
not intersect the Hugoniot curve. 

2. D = Dj. There is one steady solution, the CJ point at which the 
Rayleigh line is tangent to the Hugoniot curve. The flow at this point is 
sonic. 

3. D > Dj. There are two possible solutions, the upper or strong inter¬ 
section, and the lower or weak intersection. We reject the lower intersec¬ 
tion by assumption as inconsistent with the postulated mechanism, 
leaving only the upper point at which the flow is subsonic. 

2A3. Piston Problem 

Consider a detonation in a rigid tube, Fig. 2.5, followed by a piston 
controlled by external forces so that its velocity may be specified. To 
solve the "piston problem" is to find the complete flow field between the 
front and a piston of specified constant velocity. We must first find a 
value of D giving a suitable steady solution, and then find a suitable (in 
general time-dependent) flow connecting its final state with the piston. 
In doing this, we will of course have occasion to refer to the constant-u 
hyperbolas of Fig. 2.4. Again we consider three cases, but reverse the or¬ 
der of the D-discussion. 

1. Up > Uj. This case has a very simple solution: a uniform state bet¬ 
ween the front and the piston, Fig. 2.5a, given by the intersection of the 
constant-u curve for u = u p with the Hugoniot curve, Fig. 2.4. This inter¬ 
section is a strong point (above the CJ point). Since the flow is subsonic, 
this solution is vulnerable to degradation by rarefaction waves from the 
rear. With this flow established, a slight decrease in piston velocity will 
generate a forward-moving rarefaction, Fig. 2.5b, which will overtake 
the front and eventually produce the uniform steady solution 
corresponding to the new piston velocity. 
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Fig. 2.5. The piston problem. 


2. Up = Uj. We still have a uniform state, the CJ state. The flow is 
sonic so a rarefaction generated at the piston cannot overtake the front. 

3. Up < Uj. The front can move no slower than Dj, so we still have the 
CJ state at the front, but now need a rarefaction wave, Fig. 2.5c, to 
reduce the velocity at the front to that at the piston. The solution con¬ 
sists of a rarefaction wave followed by a uniform state. The head of the 
rarefaction remains at the front, since the flow is sonic there. The 
rarefaction is time-dependent, expanding to fill the space between the 
front and the uniform region. For zero piston velocity (a rigid rear boun¬ 
dary), the tail of the rarefaction (the slope discontinuity in Fig. 2.5c) is 
about halfway between the front and the piston (exactly halfway for a 
poly tropic gas, Eq. [2.8], with neglect of p 0 ). 


In the typical application, the piston velocity is less than or equal to 
zero, so this case (u p < Uj) is the one of greatest interest. In gases we 
usually have the rigid rear boundary of a closed tube, so u p = 0. In li¬ 
quids and solids the high pressure pushes the rear confinement (if any) 
away so u p < 0. This flow configuration is so important that we describe 
it in some detail. 

Going back to the point of initiation x = t = 0, we assume that (since 
the reaction is instantaneous) the front moves with the constant CJ 
detonation velocity at all times. The flow is then completely determined 
by the boundary conditions consisting of the CJ state along the line x « 
Djt on the right and the prescribed constant piston velocity along the 
line x = u p t at the left of the x-t diagram of the flow, shown in Fig. 2.6. 
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Fig. 2.6. The complete flow in a 
detonation as given by the simplest 
(instantaneous reaction) theory. 


The fan-shaped region 1 is a centered rarefaction wave (often called the 
Taylor wave), and region 2 is a constant state. 

The light lines are the forward characteristics (see Sec. 4A). Within 
the rarefaction fan, they emanate from the origin. The state is constant 
along each forward characteristic, so the flow is self-similar; that is* the 
state is a function of the single variable x/t only. The entropy is constant 
throughout at the CJ value. The equations describing the rarefaction 
wave are 


p = p(p) 

(2.21) 

c = c(p) = (dp/dp) l/a 

(2.22) 

dp/du = pc 

(2.23) 

u + c = x/t. 

(2.24) 


The first equation is the isentropic equation of state at the CJ entropy; 
the sound speed is its derivative. The last two equations are the charac¬ 
teristic relations. We see from the first two equations that p and c are 
functions of p only; the third equation can then be integrated from the 
CJ state for p(u). With this solution substituted into the second equa¬ 
tion to give c(u) = c(p(u)), the last equation can be solved for u(x/t). 

Were the rarefaction running into a constant-state region, its head 
would be the characteristic (ray) having x/t equal to the value of u + c in 
that constant state. Here it runs into the CJ state, for which u + c « D, 
and so coincides with the front. The tail characteristic terminates the 
rarefaction fan. Its slope is the value of x/t for which u given by Eq. 
(2.24) is equal to u p , 
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Up + c(u p ) = x/t. (2.25) 

For the polytropic gas 

P = Pj (p/Pi) y (2.26) 

c = cj(p/ Pj yy~v'*y (2.27) 

p/Pj = [1 + ( 7 "”l)(u - \i})/2c j ] 2 y /{ y~ 1) (2.28) 

u - 2c/(7~l) = Uj - 20/(7““!) = const = L (2.29) 

u - 2(7+D“ 1 (x/t) + (7“1)(7+D“ 1 L, (2.30) 


with p 0 = 0, L = — D /(7 — 1). The tail value of x/t is obtained from Eq. 
(2.30) with u = Up. If the rear boundary condition is p = 0 (no confine¬ 
ment in vacuum) there is no constant-state region, and at the tail p = 0, 
c = 0, and u = u* = L (the escape speed). If the piston velocity becomes 
more negative as time proceeds (as from an accelerated rear confining 
plate), the fan is unchanged with the tail slope determined from the in¬ 
itial piston velocity, but the constant-state region is replaced by a 
nonself-similar time-dependent flow. 

2B* APPLICATION OF THE SIMPLEST THEORY; PRODUCT 
EQUATIONS OF STATE 

The description of the simplest theory completes detonation theory as 
far as practical calculations are concerned, for almost all of these are 
based on it, with empirical corrections for other effects in some cases. 
The only thing required is the equation of state of the reaction products, 
and that is the topic of this section. Gaseous explosives are well- 
described by the ideal gas equation of state, and we concentrate our at¬ 
tention on liquids and solids. 

In one dimension, the simple flow of Fig. 2.6 describes the propagation 
of the detonation through the explosive. When it runs into another 
material, such as a driven plate, the initial reflected and transmitted 
waves can be obtained by standard shock matching techniques; see, for 
example, Deal (1957). Beyond that, a computer is required. Represen¬ 
tative one-dimensional production codes are SIN (Mader and Gage 
1967), KO (Wilkins et al. 1962), and RICSHAW (Lambourn and Hoskin 
1970). Their proper use is almost an art, requiring considerable 
familiarity with pecularities and limitations of the finite-difference 
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scheme. The two-dimensional codes are even harder to use. A represen¬ 
tative two-dimensional production code is HEMP (Wilkins 1969). In two 
dimensions, the front is sometimes propagated by a Huygens construc¬ 
tion with constant CJ wave velocity. 

The simplest theory has, of course, well-recognized limitations, to 
which the rest of this book is largely devoted. An obvious one follows 
from the assumption of instantaneous reaction, because the detonation 
then has no length or time scale (other than the distance and time it has 
run), and there can be no edge effects, no initiation transients, no time- 
dependent build-up of the wave to full steady detonation. Less obvious, 
but no less serious, is the hydrodynamic instability of the steady solu¬ 
tion, discussed in Chapters 6 and 7. Because of the instability, there are 
transverse waves in the reaction zone, making it importantly three- 
dimensional, so the one-dimensional conservation laws can apply only in 
an average sense. Nonetheless, calculations based on the simplest theory 
are already complicated enough for the available computers, and that 
theory is the basis for almost everything that has been done. 

This section is a review of the most used product equations of state. 
Other reviews are given by Jacobs (1960) and Skidmore (1967). The 
equations of state are of two types: those which do not treat the 
chemistry explicitly, and those which do. The former are simply fits to 
some experimental data for the particular composition. The latter con¬ 
tain individual equations of state for the component molecules, and a 
mixture rule for combining them to give an equation of state for any 
composition. The composition is selected by requiring that the mixture 
be at chemical equilibrium, and calculating that equilibrium. This can 
of course be the wrong thing to do when the products have cooled suf¬ 
ficiently in expansion to slow down the reaction rates and effectively 
freeze the composition. 

2B1. Equations of State Without Explicit Chemistry 

Solution of the hydrodynamic equations for the flow problems re¬ 
quires only the incomplete equation of state E = E(p,v); temperature is 
not needed. All the equations of state in this section 2B1 are of this form. 

The simplest possibility is the constant-y form 

E - E 0 = pv /(7 - 1) - q, (2.31) 

which is Eq. (2.8) with A = 1 for products. With p 0 set to zero after the 
equation is multiplied by it, Eq. (2.9) for the Hugoniot curve becomes 

p(v/v 0 - a* 2 ) = 2At 2 q/v 0 . (2.32) 
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Substitution for v and p from the CJ conditions, Eqs. (2.17) and (2.18), 
yields, for the CJ state, 

P ^ 2(7 - l)p 0 q (2.33) 

and 

D 2 - 2(t 2 - l)q. (2.34) 

With 7 = 3, which is a fairly good value for many liquid and solid ex¬ 
plosives, the expressions for the following flow are simplified, as can be 
seen by substituting into Eqs. (2.26) to (2.30). The value of q can be es¬ 
timated from heats of formation and an assumed product composition. 
In the infancy of the computer codes, workers used this approach almost 
exclusively. As calibration data became available, y and q were treated 
as adjustable parameters. One defect of this equation of state is that it 
predicts that detonation velocity is independent of initial density, in dis¬ 
agreement with experiment. 

Goranson (1946) suggested that the expansion isentrope and reflected 
shock Hugoniot curves for an explosive could be measured by allowing a 
plane detonation wave to drive inert plates of selected thicknesses, and 
determining the initial free-surface velocity of each plate. By ex¬ 
trapolating the data to zero plate thickness, and using the measured 
shock velocity through the plates, one could find the pressure at the in¬ 
terface at the instant of first contact. By repeating the experiments us¬ 
ing inerts of varying shock impedance, one could map out the curves 
over any desired pressure region. Duff and Houston (1955) and Deal 
(1957, 1958) carried out the program for several explosives, and found 
that the data are fit very well by 

pvr * pjVj'V. (2.35) 

This constant -7 isentrope usually leads to the constant -7 form for the 
energy, Eq. (2.31). 

This result presents a problem: how can this experimental result, Eq. 
(2.35), and its consequence, Eq. (2.31), be used without having the con¬ 
straint of Eq. (2.34), that predicts (wrongly) that detonation velocity is 
independent of initial density? Fickett and Wood (1958) proposed that 
Eqs. (2.35) and (2.31) be assumed to hold only along the principal isen¬ 
trope, Eq. (2.35), and that this isentrope be used as a reference curve 
(subscript r). Then the equation of state in the neighborhood of the 
reference curve is given by the first-order Taylor expansion about it as 
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E(p,v) = E r + 0v(p - Pr) (2.36) 

or 

E(p,v) = E r + (p/a)(v - v r ), (2.37) 

where 

a * p/(8E/9v) p (2.38) 

and 

0 = (9E/9p) v /v - r-\ (2.39) 

where V is the Gruneisen coefficient. In the first form, Eq. (2.36), E r , 0, 
and p r are functions of v; that is, 

Pr = Pj(Vj/v)7, 

E r = p r v /(7 - 1), 
and 

0 = 0(v). (2.42) 

In the second form, Eq. (2.37), E r , a, and v t are functions of p; that is, 
Vr = Vj(p J /p) , '% (2.43) 

Er = pv t /(7 - 1), (2.44) 

and 

a = a(p). (2.45) 

These forms allow the necessary freedom for fitting the variation of D 
with p 0 . 

Fickett and Wood (1958) studied the properties of various forms of 
these equations of state, and compared them with the experimental data 
available then. Their choice was the constant-0 equation of state, given 
by Eqs. (2.36), (2.39), (2.40), and (2.41), with 0 = constant for all p and 
v. The expressions for pj and Dj are complicated, and are not given here 


(2.40) 

(2.41) 
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(Fickett and Wood give formulas 1 that can be manipulated to find 
them). However, some unpublished numerical calculations of Fickett for 
Composition B are fit approximately, near the reference CJ point, by 

p a p o 18 / 0 q 1/a (2.46) 

D a p w q v». (2.47) 

These expressions can be compared with Eqs. (2.33) and (2.34), which 
have frequently been used for making small corrections for changes in 
energy or density, to appreciate that the functional form is sensitive to 
the choice of equation of state. 

The constant-a equation of state , proposed by Pike and Woodcock 
(see Skidmore 1967), is given by Eqs. (2.37), (2.38), (2.43), and (2.44), 
with a = constant for all p and v. Computer codes usually use 
p = p(E,v) at each step of the mesh, so the constant-a form is not quite 
as convenient as constant-/?. 

Fickett and Wood (1958) investigated and discussed the consequences 
of other assumptions. One such is the assumption that y is constant for 
all p and v, which results in the general constant-y equation of state , 
with 0 a function of volume satisfying the thermodynamic restrictions. 
The equation of state is Eq. (2.36), with Eqs. (2.39), (2.40), (2.41), and 
(2.42), and with 

0(v) = (1 -f Cvr-^/iy - 1) (2.48) 

C = constant. 

This form has nothing special to recommend it, but has been used for 
computing. 

A different reference curve is used in the JWL (Jones- Wilkins-Lee) 
equation of state, Kury et al. (1965), Lee et al. (1968, 1973). The isen- 
trope through the CJ point has the form 

p = A exp(—RiV) + B exp(~R 2 V) + CV- ( <*> +1) , (2.49) 

where A, B, C, R t , R 2 , and « are constants, and V ~ v/v 0 . The energy 
along this isentrope is obtained by integrating the isentropic equation 

lr The awkward asymmetric definition of Eqs. (2.38) and (2.39) follows Jones (1949). Fickett 
and Wood defined a as the inverse of Jones' a, and 0 as here. Note also that (3~ l is the 
Gruneisen coefficient I\ 
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dE/dv = - p. The equation of state can be written, using the energy and 
pressure on the isentrope as reference values in Eq. (2.36), as 

e = Po E - (A/R 1 )exp(-R 1 V) + (B/R i )exp(-R 1 V) + (C/«)V-» 

+ (V/co){p - [A exp(—R 1 V) + Bexpf-RV) 4- CV-<* +1) ]}, (2.50) 

where e is the internal energy/unit volume. The JWL is a constant -0 
equation of state, with co » 0 -1 = T, the Gruneisen coefficient. Notice 
that the terms containing C in E r and p r cancel, see Eq. (2.36); the equa¬ 
tion is usually written without them. Notice also that for large V the ex¬ 
ponential terms in Eq. (2.50) become small, and e ~ pV/a>, similar to Eq. 
(2.31) but with a different zero energy point. The JWL equation of state 
has been calibrated down to about 0.1 GPa, and is widely used for prac¬ 
tical calculations. Tables of values for the parameters are given by 
Dobratz (1972) and Lee et al. (1973), for many different explosives. 

Although these equations of state are all expressed asE = E(p,v), and 
we have emphasized that temperature is neither needed nor known, still 
it is possible to examine the thermal properties of the forms for the equa¬ 
tion of state. For example, on any isentrope one can obtain T/T* and 
(Cp/C v )/(Cp/C v )*, where the asterisks indicate the value at some 
reference point on the isentrope, as functions of p and v (see Appendix B 
of Chapter 4). Even though little is known about what the thermal 
properties should be, it turns out that study of these expressions 
provides a very sensitive test of an equation of state, because we do know 
what is ridiculous or impossible. 

Fickett and Wood (1958) examined the simple constant- 7 , the 
constant- 0 , and the general constant -7 equations of state. They noted, 
of course, that the simple constant -7 form does not give the observed 
variation of detonation velocity with density, and that the general 
constant -7 form leads to impossibly large values of 0 at large volume 
(see Eq. 2.48). They also found that the temperature varies too much to 
be realistic along the isentrope of the simple constant -7 form, and too 
little along the isentrope of the general constant -7 form. Along the isen¬ 
trope of the constant -0 form, the variation is nearly what one might 
guess, perhaps a little too small. The specific heat ratio is invariant in 
the constant -7 form, and varies the wrong way in the general constant -7 
form. In the constant -0 form, it varies the right way and about the right 
amount over the region of usual interest, but goes to infinity at low 
pressure. Thus, of these three forms, the constant -0 equation of state has 
the most reasonable properties in the region of interest. Other forms ap¬ 
parently have not been studied from this point of view. 
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For calibrating an equation of state, values for a, 0 , and y at the CJ 
point can be found from a few relatively simple measurements. If the 
detonation velocity and the CJ pressure are known, Eq. (2.18) yields the 
value of 7 at the CJ point. Measurement of the dependence of detona- 
tion velocity on initial density gives a and fi in the following way. Dif¬ 
ferentiation of the Hugoniot curve Eq. ( 2 . 6 ) and the Rayleigh line Eq. 
(2.3) with respect to p 0t along with the CJ conditions Eqs. (2.17) and 
(2.18) and the thermodynamic identity (see Eq. (3.3), p. 69) 

afiy - 1 + « (2.51) 

and some manipulation, provides the relation 

d In D/d In p 0 = (7 - 1 ~ «)/(2 + a). (2.52) 

Thus a at the CJ point can be found from D(p„)» and ft is then given by 
Eq. (2.51). Jones (1949) first obtained Eq. (2.52) and used it to estimate 
CJ pressures before they had been measured. He measured D(p 0 ) and 
guessed the value of a, then obtained y from Eq. (2.51), and the CJ 
pressure from Eq. (2.18). Since a « 2 , his pressure value is insensitive to 
reasonable errors in his guess. 

There are no simple rules to help one decide which equation of state to 
use, and what experimental results to use to determine the values of the 
parameters. The choice is always influenced by the particular applica¬ 
tion, the accuracy required, and the computer code available. The 
calibration experiments should be as much like the application as possi¬ 
ble, or should at least sample the pressure-volume region where the 
main energy transfer occurs in the application. It is unrealistic to expect 
the simple forms discussed here to apply to an extended region of p-v 
space, derived as they are from the first-order expansion about a 
reference curve. Therefore a set of parameters which gave excellent 
results when used for calculations for a particular application may not 
be the optimum set for a new problem. 

These equations of state have proven remarkably useful and suc¬ 
cessful for many problems. The reasons that their limitations cause as 
little difficulty as they do are as follows: 

1. The equations of state are always calibrated to experimental 
results from systems as much like the ones to be calculated as the ex¬ 
perimenters can make them. 
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2 . The additional entropy produced in the products by shock waves in 
the following flow is usually small, so the deviation from the reference 
isentrope is small. 

3. In many applications, most of the energy transfer from the ex¬ 
plosive products to the things they are driving takes place over a 
relatively small pressure range. 

2B2. Equations of State with Explicit Chemistry 

The equations of state described in the preceding section give E(p,v) 
for a particular explosive at a particular density, and must be calibrated 
for each explosive. Using the assumptions that the detonation products 
can be described as a mixture of molecules, and that the CJ state is a 
state of chemical equilibrium, one can proceed in a more fundamental 
way to find an equation of state, the detonation properties, and the 
products composition, with only the atomic composition, heat of forma¬ 
tion, and initial density as input. 

The idea is to develop somehow an equation of state for each possible 
molecular species which might be present in the products. Then, with a 
mixing rule, and with the constraint that the number of atoms of each 
element is fixed, one obtains an equation of state for all possible com¬ 
positions of the products. Finally, by calculating the free energy of the 
mixtures, and finding the composition which has minimum free energy, 
an equation of state for the products at chemical equilibrium is found. 

The starting point for these calculations is a table of thermodynamic 
functions for the species, at standard pressure (say one atmosphere) and 
for a range of temperatures. Although an equation of state in the form 

f(p,v,T) - 0 

is insufficient for calculating all the thermodynamic functions when 
used by itself, it is enough, when used with the table, for calculating 
them at any pressure and temperature. Once such an equation of state is 
chosen, and the calculations performed, the equation of state for the ex¬ 
plosive products at equilibrium is known. 

Although the procedure for obtaining the equation of state is easy to 
outline and simple in concept, it is complicated and tedious to execute. 
We present no detail here. A careful exposition is given by van Zeggeren 
and Storey (1970). Calculations for gas detonations are discussed by 
Strehlow (1968a), and for solid explosive detonations by Taylor (1952). 
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An introduction to the subject, with examples, is available in Taylor and 
Tankin (1958). Beattie (1955) discusses the thermodynamics of real 
gases, and presents many details for using an equation of state to find 
properties at some state when they are known at a standard state. 
Hirschfelder, Curtis, and Bird (1964) treat the whole subject at some 
length. 

The choice of an equation of state to use for calculating the ther- 
modynamic functions away from the tabulated values is a crucial step, 
but no one knows how best to do it. Little is known about the properties 
of gases in the neighborhood of the CJ point of liquid and solid ex¬ 
plosives. Several approaches have been used; three of them are 
described here. 

The Kistiakowsky-Wilson equation of state 

pv/RT = 1 + xe bx , (2.53) 

where 

x = k/v(T 4* 0) a , 

and 

k = /cZjXiki, 

with a, b, k, 0, and kj empirical constants, is the most extensively 
calibrated and widely used. The constants k u one for each molecular 
species, are the covolumes, and they form the equations of state for each 
species. For the mixture, each k, is multiplied by x i9 the mole fraction of 
species i, and summed, to find an effective covolume. Equation (2.53) 
has an unphysical minimum in p vs. T (at constant v and xO, and 0 is 
added to T to move the minimum outside the region of interest. Cowan 
and Fickett (1956) calibrated this equation of state to detonation 
measurements, treating a, b, #c, and all the ki’s as adjustable for 
matching the measurements. Mader (1967a) recalibrated it, and exten¬ 
ded it to other species. There are three computer codes in common use 
today which employ this equation of state. They are BKW (Mader 
1967a), RUBY (Levine and Sharpies 1962), and TIGER (Cowperthwaite 
and Zwisler 1973). These codes give temperature and composition, in 
addition to internal energy. Within the range of calibration, they are es¬ 
pecially useful for predicting the effects of changes in the formulation of 
explosives. 


Fickett (1962, 1963) made an ambitious attempt to apply a physically 
based theory which offered the hope of a reasonably good a priori 
calculation, independent of any calibration to detonation experiments. 
The equation of state was the Lennard-Jones-Devonshire free-volume 
theory. This single-species equation of state was extended to mixtures; 
several different mixture theories were tried and compared. As usual, 
the equilibrium composition was calculated. The primary inputs were 
the parameters describing the intermolecular pair potentials of the dif¬ 
ferent product species — radius, well-depth, and repulsive exponent. 

For the a priori calculation, the potential parameters were chosen 
from experiments such as atomic scattering and second-virial- 
coefficient measurements, not detonation measurements. The result was 
oniy moderately successful. For a group of common explosives, errors in 
detonation velocity ranged from -2 to 47%, and errors in CJ pressure 
ranged from “5 to 416%. The effects of varying most of the available 
parameters were investigated, but a systematic calibration of the in¬ 
dividual parameters of the potential to detonation experiments was not 
carried out. Simple changes, such as scaling all the molecular sizes by 
the same factor gave somewhat better agreement with experiment. In 
general, with changes chosen to give the best over-all agreement with 
measured detonation velocities, calculated CJ pressures remained 
somewhat too high. 

The JCZ (Jacobs-Cowperthwaite-Zwisler) equations of state are 
based on a semi-empirical fit to Lennard-Jones-Devonshire (LJD) and 
Monte Carlo results for various pair potentials. The LJD free-volume 
model works best at high densities, and less well as the density is 
reduced. The Monte Carlo method provides results in the intermediate 
region where there is no order and the LJD (or similar approaches) 
doesn’t work. At very low density, of course, models for small corrections 
for gas imperfection give good approximations. Jacobs (1969) found a 
way to fit the best results over the whole range, and these fits provide the 
necessary single-species equations of state. Cowperthwaite and Zwisler 
(1976) provided mixture rules, and incorporated the complete equation 
of state into TIGER for calculations. 

Finger et al. (1976) did a large number of experiments with a variety of 
explosives, and compared their results with a variety of calculations. 
Their explosives were four composed of the elements C, H, N, and O, 
three which contained only H, N, and 0, one with C, N, and O, one with 
C, H, N, and F, and one with C, H, N, O, and F. This wide range of 
elemental compositions helps to separate the equations of state for the 
various single species. The initial densities of their explosives range from 
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1130 kg/m 3 to 1890 kg/m 8 , and the CJ points for these vary widely. They 
used the results to recalibrate the BKW equation of state, and to 
calibrate a JCZ equation of state. They compared calculations for an old 
BKW calibration, their new BKW calibration, and their JCZ calibra¬ 
tion, both among themselves, and with fits to performance measure¬ 
ments which sample the whole expansion isentrope. They conclude that 
the JCZ, or another similar equation of state, based on intermolecular 
potentials, holds the most promise for predicting detonation properties, 
but that much recalibration, and perhaps some modification, still 
remain to be done. 

2B3. Kamlet's Short Method 

Kamlet and Jacobs (1968) found an empirical fit to a large set of BKW 
calculations for many explosives. Their form for the CJ state is 


Pj = k pl<f> 

(2.54) 

D = A</> 1/2 (1 + Bp 0 ) 

(2.55) 

<t> = NM l/2 q 1/a , 

(2.56) 


with k = 0.762, A = 22.3, B = 0.0013 (SI units).* The heat of reaction per 
kg of explosive q, the number of moles of gas per kg of explosive N, and 
the average molecular weight of the gas M are found from the chemical 
reaction equations with an assumed equilibrium composition. Although 
N, M, and q are all strongly affected by just what composition of the 
products is assumed, Kamlet and Ablard (1968) showed that </>, the im¬ 
portant parameter, is reasonably insensitive to the assumption. Kamlet 
and Dickenson (1968) and Kamlet and Hurwitz (1968) compared the 
results of the fit with experimental measurements, and concluded that 
the fit was as good as could be expected, considering the uncertainties in 
the data. 

If the explosive products contain no solid species, then the number of 
moles of gas per kg of explosive N and the average molecular weight of 
the gaseous products M in kg/mole are reciprocals, N = M _1 . Then the 
behavior of the explosive is determined by <t> = (Nq) l/2 . In this case 

Pj = kpo(Nq) ,/2 (2.57) 

8 For RDX the input numbers are q = 6.20 MJ/kg, N = 33.8 mole/kg, and M = 0.0272 kg/- 
mole, which give 0 = 13,880. For initial density 1802 kg/m‘, one finds D = 8782 m/s, and p, 
= 34.3 Gpa. 
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D = A(1 + Bp„)(Nq) 1/4 (2.58) 

We can compare these expressions with Eqs. (2.33) and (2.34), and with 
Eqs. (2.46) and (2.47), and find that Nq replaces q, and that we have yet 
another set of exponents. 

Hurwitz and Kamlet (1969) also obtained fits to the BKW isentropes, 
which are given by 

p = O.O9O0p o " oa v" b , 

where 

b = 2.90 - 0.33v 


for 

V) £ v £ 1.76 m a /Mg, 
and, in the low pressure range 
p = 3.72 # 0 - 4/8 v- a 
for 


v > 1.75 m 8 /Mg. 

In these expressions; v is in m 3 /Mg (or cm*/g), so the volumes are num¬ 
bers from 0.4 to 5 for the calibration range. The high pressure approx¬ 
imation doesn't fit the CJ point and the slope there as well as one could 
wish and the high and low pressure curves don't match together very 
well. 

It seems that Kamlet's short method is useful for getting quick ap¬ 
proximate values, and perhaps for furnishing some insight into what 
parameters are important. 

2B4. Quasistatic Cycle for Detonations 

Despite the fact that thermodynamics is a study of equilibrium states, 
it is frequently used to infer results for processes. This is done by con¬ 
sidering a sequence of equilibrium states through which the process 
passes. A property commonly inferred is the maximum work which 
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could be obtained from an ideal engine, as, for example, using the Car¬ 
not cycle. Unlikely as it seems for so irreversible a process, a quasistatic 
cycle exists for detonation, and can be used to compute the maximum 
work that the explosive could perform. 

To define the cycle, we need only specify the sequence of equilibrium 
states. However, some ideas about how we might conceive of an actual 
engine make it easier to understand and remember. The concept was 
described by Jacobs (1956). To construct the engine, confine the ex¬ 
plosive in an upright cylinder of unit length and cross section, closed at 
the top by a rigid cap, and at the bottom by a movable piston driven by a 
reversible work source. Assume that all confining materials, including 
the piston, are rigid, massless, nonconductors of heat. Move the piston 
into the cylinder with constant velocity Ui greater than or equal to the 
CJ particle velocity. As the piston starts to move, instantaneously in¬ 
itiate the detonation at the piston surface. The detonation front moves 
upward with wave velocity D, determined by u,. The detonation 
products are in a uniform state with pressure pj and velocity u,. When 
the detonation wave reaches the upper end of the cylinder, attach the 
piston to the cylinder at its position at that instant, and remove the driv¬ 
ing force from the piston. Allow the cylinder to move upward under the 
deceleration of gravity until its velocity is reduced to zero. Extract work 
reversibly by first slowly lowering it to its original position, and then by 
releasing the piston and allowing the products to expand adiabatically 
and reversibly to a final pressure equal to the initial pressure. Extract 
heat by cooling the products at constant pressure to the initial tem¬ 
perature. Add heat, equal to the enthalpy change of the chemical reac¬ 
tion, to react the products, at constant pressure and temperature, back 
to the original explosive. A diagram of the complete cycle is shown in 
Fig. 2.7. 

During the detonation part of the cycle, the piston moves a distance 
Ui/Di with force p 1( doing work on p, kg of material, so the work, per unit 
mass, done by the piston is 


W p = PiU,/p 0 D,. (2.59) 

Using the conservation relation pj = p,u,D, (neglecting p 0 ), we find 

W P = uj. (2.60) 

The kinetic energy, which is converted to gravitational potential energy, 
and then reversibly to work returned to the reversible work source, is, for 
unit mass of explosive, 




V 


Fig, 2,7, Diagram of the quasistatic 
cycle for detonation. 


W g = - 1/2 uf, (2.61) 

and it is negative because it is work done by the material. The work done 
by expansion of the reaction products is 



(2.62) 


where pi(v) is the pressure on the isentrope through state 1, and v 2 is the 
specific volume on that isentrope at the initial pressure p 0 . The net work 
exchanged between the explosive and the reversible work source is W p + 
W g + W x ; it is negative because the explosive does work on the source. 
The cooling from state 2 to state 3 exchanges heat 

T 

Q c =f°CpdT, (2>63) 

J T a 

which is also a negative quantity. The final step, from state 3 to the in¬ 
itial state, requires that a reversible heat source furnish the enthalpy 
change of the chemical reaction q. The sum around the cycle is zero. 

In most applications of explosives, the heat rejected, Eq. (2.63), is 
usually lost. It does no useful work, and it is not rejected to a reversible 
heat source. (In underwater explosions, it may contribute by heating 
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water to steam.) The useful work is equal to or less than the work of the 
quasistatic cycle, 

Wu - (Wp + W g + W x ). (2.64) 

An alternate form, found by substituting from Eq. (2.4), is 

W u £ - 1/2 (p - p 0 ) (v 0 ~ vO - W x . (2.65) 

The geometrical significance of the terms on the right-hand side of this 
equation may be seen from Fig. 2.7. The first term is the area (above the 
baseline p » p 0 ) under the Rayleigh line joining points 0 and 1. The se¬ 
cond term is the area under the expansion isentrope joining points 1 and 
2. Thus the right-hand side is the triangular area shown. It should be 
noted that the figure as drawn is not correct in detail: for a CJ detona¬ 
tion, the isentrope is tangent to the Rayleigh line at point 1, and for an 
overdriven detonation the isentrope is slightly steeper than the Rayleigh 
line at point 1, so that the upper part of the isentrope lies below the 
Rayleigh line. Even in the ideal case of the quasistatic cycle, the area is 
less than the enthalpy of formation of the explosive by the cooling heat 
exchange Q c . Thus an explosive with higher heat of formation than 
another does not necessarily do more work. 

Table 2.1 lists some values computed with an LJD equation of state 
for an ordinary CHON explosive, RDX, and for an aluminized explosive 
with very high heat of formation, both having the same initial density. 
The heat of formation of the aluminized explosive is 55% greater than 
that of RDX, but the maximum available energy is only 18% greater. 
The high temperature of the fully expanded products represents energy 
not available for useful work. 

2B5o Overview 

The explosives engineer regularly faces the demand that he charac¬ 
terize a new explosive. Characterization means, of course, information 
about sensitivity and hazard, mechanical properties, cost and 
availability, and, the only important one for our present purpose, perfor¬ 
mance. The characterization of performance requires an equation of 
state, so the behavior in the system of interest can be calculated. 

The first step, which should precede the final choice of composition, is 
to get an equation of state using the methods of Sec. 2B2, with a BKW, 
UD, or JCZ method. (Kamlet's Short Method, Sec. 2B3, might be 
useful as a preliminary approach.) One must remember that these are 
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Table 2.1 ENERGY STEPS IN THE DETONATION CYCLE 


Process 

Energy Chang© 

MBX a 

2Al/NH,NO„ a 

Detonate and 
extract kinetic energy 

Wp + W„ 

2.014 MJ/kg 

1.923 MJ/kg 

Adiabatic expansion 

w. 

“*8.205 

-9.251 

Cooling at p 0 

Qc 

-0.130 

-2.467 

Reverse reaction 

q 

6.321 

9.795 

Useful work 

-(Wp + W. + Wx) 

6.191 

7.328 

Efficiency 

-(Wp+W f + Wx)/q 

98% 

76% 

Temperatures 

T, 

4123 K 

6357 K 


T. 

374 

1694 


T„ 

298 

298 


initial density 1800 kg/m 8 . 

calibrated differently, and the results should be compared only with 
other results from the same code. The maximum available work can be 
found using the calculated isentrope with the quasistatic cycle, Sec. 
2B4. Especially if the products composition, and therefore the shape of 
the isentrope, is different from explosives used previously, a realistic 
calculation of the performance of the explosive (as described by the 
calculated equation of state) in the particular application should be 
made and compared with the maximum work, and with other explosives 
in the same calculation. These results, taken together with considera¬ 
tions not related to performance, narrow the choices of compositions. 

The next step is to measure the detonation velocity for comparison 
with the calculated value, to see whether the calculation is valid or must 
be reconsidered. At the same time, the determination of failure diameter 
indicates whether, in the size of interest for the application, one can ex¬ 
pect the assumption of instantaneous reaction, central to the theory, to 
hold satisfactorily. 

The final step begins with a study of the realistic calculations of the 
explosive performance in the device being considered. The idea is to 
identify the region of the p-v plane where the important energy transfer 
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from the explosive products to the driven material occurs. Then one 
must devise and perform experiments which sample that region with 
adequate precision and detail. Finally, the data from the experiments 
are used to calibrate an equation of state of the sort found in Sec. 2B1, 
say a constant-/? or JWL equation of state, for use in the detailed design 
of the device. 

For the purpose of designing experiments to sample the p-v plane, it is 
useful to think qualitatively about what regions are accessible. For this 
end, a distorted diagram of the p-u plane is shown in Fig. 2.8, and its im¬ 
age in the p-v plane in Fig. 2.9. Only the initial match of the products at 
the CJ point can be considered in these diagrams, and the the effects of 
the Taylor wave, or any more complicated flow, must be neglected. Con¬ 
sider, in Fig. 2.9, a plane-wave CJ detonation, represented by point J, 
where the CJ Rayleigh line is tangent to the detonation Hugoniot curve. 
Since usually in a detonation system there are no processes which reduce 
the entropy, the region below the isentrope through J (curve 3) is unac- 
cessible. The reflected shock Hugoniot curve centered at J (curve 4) is 
the locus of points accessible in a reflected shock. The shofck which 



Fig, 2.8. Diagram in the p-u plane, 
distorted for clarity, showing accessi¬ 
ble regions. Curve 1 is the CJ Rayleigh 
line, curve 2 is the detonation 
Hugoniot curve, and curve 3 is the 
principal isentrope. See the text for a 
description of the other curves. 



Fig. 2.9. Diagram in the p-v plane, 
distorted for clarity, showing accessi¬ 
ble regions. The numbering of the 
curves is the same as in Fig. 2.8. 



brings the products to rest (at point A), achieved when the detonation 
runs head-on into another detonation wave, is the strongest reflected 
shock in most systems. Expansion from point A is down the isentrope 
(curve 5) through that point. Expansion after any weaker shock will be 
along an isentrope between curves 3 and 5. If the products, starting at J, 
first expand down the isentrope (curve 3) to point B, and are then sub¬ 
jected to a reflected shock, the locus of shock states is the Hugoniot 
curve centered at point B (curve 6), and the strongest shock is to point 
C. (The highest possible pressure for point C would represent the case of 
two head-on detonation waves separated by a vacuum gap.) Isentropic 
expansion from point C is to states along the isentrope through C (curve 
7), or, more likely, its reflection into the region of negative u. The images 
of these curves in the p-u plane, with the same numbers for the curves 
and letters for the points, are shown in Fig. 2.8. 

Overdriven detonations, represented by point D in Figs. 2.8 and 2.9, 
are achieved in practice in convergent detonation waves, and, more com¬ 
monly but less well recognized, when two detonation waves intersect at a 
small angle to produce a Mach-stem detonation wave. Overdriven states 
are also produced by flying plates impacting on explosive, and by driv¬ 
ing with a more powerful explosive. All the possibilities described in the 
last paragraph with J as a center can also exist with D as a center. The 
corresponding curves are shown in the figures with the numbers and let¬ 
ters having primes on them. 

It may be possible to use semiquantitative analysis like this to get an 
adequate idea of what regions of the p-v plane are important in the 
device under consideration, and also to design experiments to sample 
that region satisfactorily. A more accurate analysis of the correspon¬ 
dence between the test experiments and the device is a difficult and 
tedious process. Apparently design engineers have developed satisfac¬ 
tory procedures without making much effort to understand or test the 
correspondence. 

To conclude this section on equations of state, we offer some warnings 
which reflect the unsatisfactory present state of calculations for design 
of explosives systems. First, the simple theory (see Sec. 3B for discus¬ 
sion) is not really applicable to real explosives, even to the extrapolation 
to infinite size. Second, infinite size is not of interest to a designer, and 
the finite reaction time, which leads to the failure to reach steady state 
in the distances used, and to complex edge effects at boundaries, is not 
usually taken into account explicitly. Third, the hydrodynamic codes, 
used both for analysis of the experiments and for the design itself, have 
errors in their results which may be several percent in the two- 
dimensional codes. It is customary to modify the equation of state so 
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that the calculations agree with experiment, at least in the interpreta¬ 
tion of the experiments used to develop the equation of state. Thus an 
"equation of state for explosive products" is not what its name implies it 
is, but is an engineering approximation for simulating, in a particular 
code, the behavior of explosive pieces of a certain shape and size, in¬ 
itiated in some chosen way. Failure to recognize this fact may lead one to 
use an "equation of state" under conditions where it doesn't work 
properly. Appreciable error can result. 

2 C. THE ZELBOVICH-VON NEUMANN-DOEBING MODEL 

If the simplest theory is extended to include a finite reaction rate, the 
treatment becomes that usually called the Zeldovich-von Neumann- 
Doering or ZND model. The shock wave is assumed to be much thinner 
than the zone of chemical reaction , 8 so the shock can be considered a dis¬ 
continuous jump. This assumption is physically reasonable, because a 
very few collisions in the material will bring about mechanical 
equilibrium behind the shock, but many will usually be required for one 
to occur with enough energy to initiate the chemical reaction. The 
detonation front is is pictured as a shock wave that initiates a zone of 
chemical reaction behind it. The explicit assumptions are as follows: 

1 . The flow is one dimensional, 

2. The shock is a jump discontinuity, because transport effects (heat 
conduction, radiation, diffusion, viscosity) are neglected, 

3. The reaction rate is zero ahead of the shock and finite behind, and 
the reaction is irreversible (proceeds in the forward direction only), 

4. All thermodynamic variables other than the chemical composition 
are in local thermodynamic equilibrium everywhere. 

Under these assumptions the solutions of the flow equations are 
steady (in a coordinate frame attached to the shock) throughout the 
region of space in which the reaction takes place. Here the entire steady 
configuration of the shock and the chemical reaction zone replaces the 
jump discontinuity of the simpler model, and a flow must be found to 
join it to the driving piston. The state at the end of the reaction zone 
must be considered the final state. Demonstration of the existence of the 
type of solutions assumed here does not give any information about their 

s In the present discussion, we include any relaxation of internal degrees of freedom in the 
term "chemical reaction." 



hydrodynamic stability, nor does it preclude the existence of nonsteady 
solutions under the same set of rear boundary conditions. In this sense, 
the discussion is incomplete. 

Using the steady assumption, it is easily shown that the flow equations 
have integrals in the form of the conservation conditions, Eqs. ( 2 . 1 ) to 
(2.4), which hold between any point in the assumed uniform constant 
state ahead of the shock and any point in the interior of the steady reac¬ 
tion zone. The mass and momentum equations are the same as those for 
the jump discontinuity, Eqs. ( 2 . 1 ) and ( 2 . 2 ). The energy or Hugoniot 
equation now depends on the extent of chemical reaction A which varies 
continuously from 0 to 1 , giving as the obvious generalization of Eq. ( 2 . 6 ) 

5fC = E(p,v,A) - E(po,v 0 ,A“ 0 ) - 1/2 (p + p 0 )(v 0 - v) = 0 . (2.66) 

For an ideal gas of constant heat capacity this becomes, as the 
generalization of Eq. (2.9), 


is-, 

\Po /Vo / PoV 0 

where }x 2 = (7 — 1 )/(y 4- 1 ). 


(2.67) 


The p-v diagram is sketched in Fig. 2.10. The Hugoniot curve with X = 
1 is the complete-reaction curve of Fig. 2.4. Because all terminal states 
must be on this curve, the D-discussion and piston problem are exactly 
the same as for the simplest (instantaneous reaction) treatment, Sec. 
2 A. The flow between the final state and the piston will have the same 
properties as found before: for piston velocities greater than Uj the 
detonation velocity is determined by the piston velocity. 

The detonation has been assumed steady through the reaction zone, 
so there is just one value of D for the wave. Therefore the single variable 
X, the degree of reaction, defines the state completely as the state point 
moves down the Rayleigh line, as diagrammed in Fig. 2.10. Immediately 
behind the shock the state point is N on the Hugoniot curve for A = 0. As 
the reaction proceeds the state point moves down the Rayleigh line until 
reaction is complete at point S. At each point on the Rayleigh line be¬ 
tween N and S there is a unique value of A determined from the Hugoniot 
relation. The corresponding values of p and v can be obtained from the 
conservation relations, the Hugoniot curve, Eq. (2.67), and the Rayleigh 
line, Eq. (2.3), and then u is given by Eq. (2.4). Thus the state is com¬ 
pletely specified at every point between N and S. 
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Fig. 2.10. The partial-reaction 
Hugoniot curves and the curves of Fig. 
2.4 for a detonation with a reaction of 
finite rate. 


The dependence of A on distance x from the shock, or on particle time 
t since the fluid element passed through the shock, still has to be deter¬ 
mined, When a complete equation of state is known, and a chemical 
reaction rate law 

dA/dt = r(p,T,A) ( 2 . 68 ) 

is given, the rate law can be integrated to find A(t). The equation of mo¬ 
tion of a particle with respect to the shock 

dx/dt - D ■ u (2.69) 

can then be used to find A(x). Unfortunately, interesting forms of r for 
Eq. ( 2 . 68 ) cannot be integrated in closed form, and the solutions must be 
obtained numerically. Two examples, one for a gas and one for a solid, 
are given below. They are relatively simple, but qualitatively represen¬ 
tative. A realistic hydrogen/oxygen example is given in Sec. 5A6. 

The ZND solution for the reaction zone is based on simple and 
reasonable assumptions about how to model the real physical 
phenomenon. In this model the final state of the reaction zone can be a 
strong point S or the CJ point. There is no path to a weak point W. This 
result justifies the unsatisfactory intuitive rejection of the weak final 
state used for the simplest model, Sec. 2 A 2 . Slightly more complicated 
assumptions, still physically reasonable, are discussed in Chapter 5, 
where it is shown that there can be paths to the weak point, and solu¬ 
tions which terminate there. 

It is obvious from Fig. 2.10 that there could also be shockless steady 
solutions with A increasing up the Rayleigh line from the initial point O 
to a weak point W. In the present context these are rejected as non¬ 
physical, because the reaction rate would have to be finite in the initial 
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state, without a shock to start it. If some sort of external igniter wave 
were provided, these solutions would be of interest. They are sometimes 
useful for thought experiments, especially in the limit of infinite D, 
which gives a constant-volume detonation without mass motion. 

2C1. Example Is Gas 

We take the simplest possible reaction with no mole change 

A B, (2.70) 

and assume constant heat capacity, the same for A and B, and so use the 
polytropic gas equation of state 

pv - RT, (2.71) 

E = pv /(7 - 1) - Aq, (2.72) 

with q = 60 RT 0 and 7 = 1 . 2 , We take the simple first-order Arrhenius 
form for the reaction rate, 

dA/dt - k(l - A)exp(-Et/RT), (2.73) 

with the activation energy Et = 60 RT 0 . The value of the rate multiplier 
k serves only to set the time scale. We rewrite the rate equation as 

dA/d(t/t*) - (1 - A)exp(~Et/RT), (2.74) 

t* - 

choose the value of k (after the integration is complete) so A = 1/2 at t/t* 
® 1 , and present the results as functions of t/t*. To integrate the rate 
equation, we need T as a function of A; this is obtained by solving the 
partial-reaction Hugoniot equations at the given value of D, here Dj. 
These equations are collected in Appendix 2 A of this chapter. 

The partial-reaction Hugoniot curves are shown in both the p-v 
and p-u planes in Fig. 2 . 11 . The steady solution for the unsupported 
(CJ) detonation is shown in Fig. 2.12, with both time and distance from 
the shock as the independent variable. (Where time is the independent 
variable, we are following the history of a fluid particle through the 
steady solution, taken to pass through the shock at t = 0.) The max¬ 
imum in the temperature (and therefore also the sound speed) near the 
end of the reaction zone can be explained by the geometry of the 
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0 0.2 CM 0.6 0.6 1.0 0 2 4 6 


SPECIFIC VOLUME v/v 0 PARTICLE VELOCITY u/c 0 

Fig. 2.11. Partial-reaction Hugoniot curves in the (a) p~v, and (b) p-u planes for 
the poly tropic gas explosive E = pv /(7 - 1 ) - Xq, with 7 = 1 . 2 , q = 50 RT 0 . The 
axis labels for this and the following figures ( 2 . 12 ) are pressure, p/p 0 , specific 
volume, v/v 0 , particle velocity, u/c 0 , rate, r, temperature, T/T 0 , extent of reac¬ 
tion, X, density, p/p 0 > acoustic impedance, pc/p 0 c 0l sound speed, c/c 0 , time, t/t*, 
distance, x/c 0 t*. Here t* is the half-reaction time (see text); the value of the rate 
multiplier k is 0.69315. 

isotherms and isentropes near the CJ point, sketched in Fig. 2.13. The 
Rayleigh line is tangent to the isentrope at the CJ point. The isotherms 
are less steep but concave upward, so one of them will be tangent to the 
Rayleigh line somewhere above the CJ point. If this point of tangency 
lies below point N, the steady solution will have a temperature 
maximum. 

2C2. Example 2: Solid 

We take the fairly typical hypothetical solid explosive used by Fickett 
and Rivard (1974), 

p 0 = 1600 kg/m 8 

Dj » 8500 m/s 

Pj = 28.9 GPa, 

described by the constant -7 equation of state 
E = pv /(7 - 1) - Xq 
7 - 3, q - 4.5156 MJ/kg. 
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0 .8 .4 .« .© 1.0 t.e 1.4 O .8 .4 .0 .0 1.0 1.8 1.4 


TIME BEHIND FRONT TIME BEHIND FRONT 



TIME BEHIND FRONT TIME BEHIND FRONT 


Fig. 2.12. The steady solution for the system of Fig. 2.11 with the rate function r 
= k(l — X)e~ E /RT ; E? = 50 RT 0 , at D - Dj ~ 6.22 c 0 . (a) Particle histories, (b) 
snapshots. 

All these quantities are expressed in SI units. Since temperatures are 
known only with considerable uncertainty, and there is virtually no in¬ 
formation on reaction rates, we will not try to calculate the temperature, 
and will use the simple rate function chosen by Fickett and Rivard 
(1974) 

dX/dt - r - 2(1 - X) 1/2 , 
which integrates to 
(1 - X) - (1 - t) 2 . 
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Fig. 2.12a. (cont) 

The steady solution with X as the independent variable is the same as 
that for the gas of the preceding section, but is simplified by setting p 0 to 
zero, a very good approximation for condensed explosives. The results 
are given in Appendix 2 A, Eqs. (2A-16) to (2A-25). The relation between 
x and t (distance and time behind the front for a given particle) is 

x = D[(y - l)t + 1/2 t s ]/(r + 1). 


Sec. 2 C ZELDOVICH-VON NEUMANN-DOERING MODEL 



dashed line; the constant -7 result is not too bad for the von Neumann 
point N, but of course becomes unrealistic at lower pressures. 

Table 2.2 gives the steady CJ solution. With this simple rate function 
p and u are linear functions of t, and p is nearly linear. 
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APPENDIX 2A. FORMULAS FOR DETONATION IN A 
POLYTROPIC GAS 

For discussion of detonation the simplest models of the explosive are 
very useful, because the important qualitative behavior can be studied 
without unnecessary complication of the mathematical expressions. One 
useful model is the polytropic gas with y not only constant but also the 
same in both reactants and products, with no change in the number of 
moles of gas as the reaction proceeds, and with just one chemical reac¬ 
tion. This model represents the macroscopic properties of some actual 
gas systems in a restricted region of the p-v plane, with A and B each 
regarded as a composite representation of a mixture of several species. 

The reaction is 


A - B, 

( 2 A- 1 ) 

and the equation of state is 


E = pv /(7 - 1) - Xq, 

( 2 A- 2 ) 

where y is the isentropic derivative 


7 = - (9 In p/9 In v)s, 

(2A-3) 


a constant independent of the degree of reaction. Dimensionless 
variables, defined as 

Q = q/RTo 

V = v/v 0 

U = u/c 0 

M - D/c 0 

P = p/po (2A-4) 

C = c/c 0 , 

are convenient. The velocity u is measured in the laboratory reference 
frame, with the unreacted material at rest. 
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Given q and y, the variables at the CJ state point are 

Mj-Mj- 1 = [2Q(- Y 2-i)/ 7 ]i/2 > 

Pj = (1 + tMJ)/<1 + y), 


(2A-5) 

( 2 A- 6 ) 


Vj - (1 + yMj)/[Mj(1 + 7)]. 


(2A-7) 


For any given D the strong and weak intersections with the partial reac¬ 
tion Hugoniot curves are given by 


V = -- ± x 


(2A-8) 


_ yM\+ l ± M2x 
y + 1 


(2A-9) 


„ M - M - 1 . 

U =——- ± Mx 

y + 1 


(2A-10) 


where 


* = [ ~(Af — M -1 ) 2 — 2(y 2 — 1)(AQ/y )l 1/2 
L (y + l ) 2 M 2 J 

and on the sonic locus, including the CJ state where X = 1, 

M 2 onic = (y 2 - l)(AQ/ r ) + 1+ {[(y 2 - 1)(A Q/y) + l] 2 - l}« (2A-12) 

The sonic locus, which is the locus of points at which a Rayleigh line is 
tangent to some partial reaction Hugoniot curve, is given by 


P = (1 + yM 2 )/(l + y), 

V = (1 + yM 2 )/[M 2 (l + 7 )]. 

These combine to give the sonic locus in p-v as 


(2A-13) 

(2A-14) 


P = V/[(l + 7)V - 7 ]. 


(2A-15) 
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Slightly different forms are given by Pukhnachev (1963) and by Er- 
penbeck (1964b). 

With neglect of p 0 , appropriate for a liquid or solid, the partial- 
reaction Hugoniot equations are 


p = fp,(l ± g) 

(2A-16) 

v = Vj(l + g/y) 

(2A-17) 

u = (1 - v/v 0 )D 

(2A-18) 

f - (D/D,) 2 

(2A-19) 

g = (1 - A/f)**. 

(2A-20) 

The CJ state is given by 


D? = 2(y 2 - l)q 

(2A-21) 

Pj = pjy\Ky + l) 

(2A-22) 

Vj/Vo = 7/(7 + 1) 

(2A-23) 

Uj = Dj/(7 + 1) 

(2A-24) 

Cj = yDj/(y + 1). 

(2A-25) 


Except for (2A-21), these CJ relations hold for any equation of state with 
y evaluated at the CJ state. 




EXPERIMENTAL TESTS 
OF THE SIMPLE THEORY 


The simple theory has been extensively tested by comparing its predic¬ 
tions with experiment. The situation is so different for gases and for li¬ 
quids and solids that we consider the two cases separately. 

In gases, Sec. 3A, we are in the fortunate position of having an equa¬ 
tion of state which is exactly known: the ideal gas relation pv = RT 
(with very small corrections for gas imperfection) plus the standard 
tabulations of the thermodynamic functions for the internal degrees of 
freedom. Thus the calculations can be done essentially exactly. The dif¬ 
ficulty comes in the nature of the real system, which has, in most if not 
all cases, the inherent transverse structure described in Chapter 7, and 
is thus one-dimensional only in some transverse-average sense. Most of 
the measurements, such as density by x-ray absorption, are also 
transverse averages. The results are that the one-dimensional conserva¬ 
tion conditions are found to apply with an error of at most a few percent, 
so that the state point lies approximately on the detonation Hugoniot 
curve. Thus overdriven detonations are calculated quite accurately. The 
CJ condition, however, is another matter. In unsupported detonations 
the state point still lies approximately on the calculated Hugoniot curve, 
but well down on the weak branch, with pressure and density 10% to 
15% below the CJ value and with the flow supersonic with a Mach num¬ 
ber of 1.10 to 1.15. 

Liquids and solids, Sec. 3B, are much harder to study. The equation of 
state is so poorly known that a direct comparison of an a priori calcula¬ 
tion with experiment is useless. Clean-cut experiments are more dif¬ 
ficult, because no rigid confinement is available. A steady solution can 
be assured and the effects of lateral expansion removed by working with 
long charges of several large diameters, and extrapolating to infinite 
charge diameter. This is too tedious and expensive for measurement of 
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any quantity other than detonation velocity. Measurements of pressure 
and particle velocity are usually done in large-diameter systems with 
relatively short lengths of run (of the order of 100 mm), initiated with a 
plane-wave lens, so there is a central portion of the front still unaffected 
by side rarefactions. However, this brings up the question of whether a 
steady state has been reached. Run lengths of this order occur in many 
practical applications, and this question is currently under study, par¬ 
ticularly for solids, with conflicting results. 

The front pressure is inferred from measurements of the free-surface 
velocity of plates driven by the explosive, extrapolated to zero plate 
thickness. There are some difficulties in interpreting the results. Particle 
velocities in the interior can be measured at the cost of introducing a 
perturbation, by inserting thin metal foils and following their motion by 
radiography or electromagnetic methods. Finally, transverse structure is 
known to be present in many systems, although little is known about its 
detailed form. 

Fortunately, there is one method of testing the simple theory which 
does not require a known equation of state. Assuming only that an 
equilibrium products equation of state exists, and that the simple theory 
(one-dimensional conservation conditions plus the CJ condition) ap¬ 
plies, it can be shown that measurements of the variation of detonation 
velocity D with initial density and energy determine, with no approx¬ 
imation, the CJ pressure. The test consists of comparing the pressure ob¬ 
tained in this way with that more directly measured by the plate 
method. This test has been carried out for the liquid explosive 
nitromethane with the result that pressure inferred from the variation of 
D is 15% less than that directly measured. This comparison of course 
gives no other information, such as whether the state point lies on the 
Hugoniot curve. 

3A. GASES 

A concise summary of the experimental tests of the simple theory may 
be found in the short review of the current status of gas-detonation 
research by Schott (1965a); see also Strehlow (1968b) and White (1961). 
The book by Greene and Toennies (1964) is a good general compendium 
of shock-tube studies. 

The most commonly investigated systems consist of mixtures of 
carbon- or hydrogen-containing fuels with oxygen. If sufficient oxygen is 
present, the reaction products are all gases whose thermodynamic 
properties are well-known. The final detonation pressure in most experi¬ 
ments is well under 100 atmospheres, so the equation of state is the 



ideal-gas equation of state with very minor corrections for gas imperfec¬ 
tion effects. It is assumed that the products are in thermodynamic 
equilibrium. The Hugoniot equations can be solved numerically to ob¬ 
tain with very little uncertainty the Hugoniot curve on which the state 
at the end of the steady zone must lie if the flow is one-dimensional and 
laminar. The Chapman-Jouguet condition is then used to determine the 
propagation velocity and the state on the Hugoniot curve corresponding 
to the unsupported detonation. The test of the simple theory consists of 
comparison of the calculated and experimental results. 

There are two effects which make the comparison only approximate. 
The first is the possibility of vibrational non-equilibrium in some 
systems. The second is that the flow is not strictly one-dimensional. The 
relatively trivial non-one-dimensionality due to boundary layers at the 
walls can be satisfactorily accounted for and effectively removed from 
the results by making measurements at several diameters and ex¬ 
trapolating the results to infinite diameter. More serious is the inherent 
non-one-dimensional structure due to the self-sustaining transverse dis¬ 
turbances on the front described in Chapter 7. At the time most of the 
experiments considered here were done, little was known about this fine 
structure. Single spin was recognized, but generally regarded as an 
anomalous phenomenon found near the detonation limits, and it was 
avoided by doing experiments well away from the limits. As a fortunate 
consequence, the wavelength of the transverse disturbances was small 
compared to the tube diameter, and their amplitude considerably 
smaller than in extreme cases such as spin. When the tube diameter is 
only a few times the wavelength, the deviations from the simple theory 
are much larger. 

The fine structure is powered by the energy of the chemical reaction, 
and tends to decay as a fluid particle falls behind the front. The pressure 
perturbations decay rapidly, but the density and entropy perturbations 
do so only by heat conduction, so on the time scale of interest they 
remain essentially forever. Observations show a decay zone, following 
the reaction zone and several times as long, over which the mean 
pressure and density decay to an essentially constant value (the detona¬ 
tion having been allowed to run long enough that the effect of the follow¬ 
ing rarefaction wave is negligible). The comparisons between one¬ 
dimensional theory and experiment are made at the end of this decay 
zone, where the transverse perturbations are as small as they are going 
to get. The one-dimensional theory does not apply exactly, of course, but 
only in the transverse-average approximation. 

The quantities available for measurement are shown in Fig. 3.1, 
reproduced from Schott’s review. The table in the figure gives calculated 
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Fig. 3.1. Comparison of the 
calculated state at the CJ 
point and an arbitrarily 
chosen point on the weak 
branch of the detonation 
Hugoniot curve for a detona¬ 
tion in pure 0 3 . M is the 
Mach number (D - u)/c at 
the end of the reaction zone. 
From Schott (1965a). 


states for a detonation in pure ozone at the CJ point, together with an ar¬ 
bitrarily chosen point on the weak branch of the Hugoniot curve. This 
point, chosen so the detonation velocity is 1% above the CJ value, is 
typical of those observed. It is seen that the detonation velocity and the 
temperature are least sensitive to the displacement, and that the 
changes in all the other quantities listed are much larger and com¬ 
parable to each other. 

The "equilibrium Hugoniot" shown in the figure is the Hugoniot curve 
calculated by assuming that the reaction-product composition at all 
points is such that the system is in chemical equilibrium. The CJ point 
shown is the "equilibrium CJ point" at which the Rayleigh line is tangent 
to this equilibrium Hugoniot. The corresponding sound speed entering 
into the CJ condition is the "equilibrium sound speed" involving an 
adiabatic displacement in which the composition shifts so as to main¬ 
tain chemical equilibrium. Early in this period of experimentation, it 
was thought that the equilibrium Hugoniot condition should be used, 
but that the appropriate CJ condition should use the "frozen sound 
speed" in which the composition remains fixed during the adiabatic dis¬ 
placement. The frozen CJ point typically lies below the equilibrium CJ 
point, the displacement being about the same as that of the arbitrarily 
chosen weak point of Fig. 3.1, With better theoretical understanding of 
the problem, the equilibrium CJ condition came to be regarded as the 
correct one to use. A reader perusing the experimental literature should 
be aware of this point, which is discussed in Sec. 5A. 

The results of the comparison of observation and the simple theory 
may be summarized as follows: 

1. The state point for both unsupported and overdriven detonations 
lies approximately on the calculated equilibrium Hugoniot curve. 
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2. For overdriven detonations, the simple theory is approximately 
correct, with measured densities, for example, approximately equal to 
those predicted from the calculated equilibrium Hugoniot curve at the 
measured detonation velocity. 

3. For unsupported detonations, the observed state point lies on the 
weak branch of the calculated Hugoniot curve, about as shown in Fig. 
3.1, and is consistent with the measured detonation velocity, which does 
not determine the point well because of the near tangency. 

These conclusions are of course not airtight, but are fairly well es¬ 
tablished. There are discrepancies up to a few percent for the overdriven 
case. In the unsupported case, the location of the state point on the weak 
branch implies supersonic flow with the Mach number M about 1.1. 
This property has been directly verified by observations of the Mach 
angle, and of the failure of following waves to overtake the front. 

3Ah Experiment 

Detonation velocities have been measured and compared with the 
calculated values in a number of systems. Typical studies are those of 
Peek and Thrap (1957), Brochet, Manson, Rouze, and Struck (1963), 
Getzinger, Bowen, Oppenheim, and Boudart (1965), and Strauss and 
Scott (1972). The tube must be long enough to ensure a steady velocity 
in the measurement section. The measurements should be done in tubes 
of several different diameters, and the results extrapolated to infinite 
diameter to eliminate wall effects. The reported measurement uncer¬ 
tainties in the infinite-diameter velocity are as small as a few tenths of a 
percent. The calculations are also very good, with uncertainty (mostly 
caused by uncertainty in the heats of formation) of a few tenths of a per¬ 
cent. The corrections for gas imperfection are very small, as are the dif¬ 
ferences between frozen and equilibrium detonation velocity. 

The scatter of the available data about the calculated values is more 
than might be expected if the uncertainties are really as small as a few 
tenths of a percent. The measurements are within ±2% of the calculated 
values, with perhaps a slight preponderance of experimental values 
higher than the calculated ones. 

Because the detonation velocity is relatively insensitive to a displace¬ 
ment of the state point away from the CJ point, these comparisons 
might best be regarded as indicating that the displacements are not very 
large. Their magnitude is better determined by measuring some other 
quantity. 
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By means of x-ray densitometry, Duff, Knight, and Rink (1958) 
measured the density in mixtures of C 2 H 2 , 0 2 , and Kr, and in mixtures of 
C 2 N 2 , 0 2 , and Kr, the Kr being included to enhance the x-ray absorp¬ 
tion. Tubes 25 and 75 mm in diameter and 2 to 5 m long were used. The 
initial pressures ranged from 2.5 to 11 kPa (1 atm ■ 101,325 kPa). The 
standard deviation of the measurements is 0.5% or less, and the absolute 
error is believed to be about the same. The experiments were compared 
with calculations made with the equilibrium CJ condition and with gas 
imperfection effects included. Calculations with the frozen CJ condition 
were also made for comparison. In overdriven detonations with the final 
density about 50% above the CJ density, the measured densities are 
0.5% to 1.5% above the calculated value, which is within the experimen¬ 
tal error. Most of the difference is probably attributable to finite-tube ef¬ 
fects. In unsupported detonations agreement is not found. For one mix¬ 
ture the densities were measured at two diameters to permit extrapola¬ 
tion to infinite diameter. For other mixtures the measurements were 
made in the larger tube, with an approximate correction. The measured 
densities are 5% to 9% below the calculated values. 

Vasiliev, Gavrilenko, and Topchian (1973b) made extensive pressure 
measurements in 2H 2 + 0 2j 2H 2 + 0 2 + 3Ar, and C 2 H 2 + 2.50 z in a long 
tube of 80-mm diameter, for initial pressures ranging from 5.1 to 51 kPa. 
They used pressure transducers as small as 1-mm diameter with a time 
resolution of 0.05 (as. For the lower pressure mixtures the cell sizes (see 
Chapter 7) were much larger than the gauges, and the reaction zone was 
well resolved. The measured von Neumann spike (front shock) pressures 
were in good agreement with the calculated values. The measured "CJ" 
pressures were taken as averages over some distance behind an ex¬ 
perimentally determined sonic plane, taken to be the plane at which the 
bow shock separated from a thin plate passing through the reaction 
zone, as described in the next paragraph. For these mixtures the 
calculated frozen CJ pressures lie 5 to 7% below the equilibrium CJ 
pressure. The measurements have a 10% scatter, with most of the mean 
values lying 4 to 7% below the calculated equilibrium CJ value. Similar 
results were obtained earlier by Edwards, Jones, and Price (1963). 

Vasiliev, Gavrilenko, and Topchian (1973a) made a unique measure¬ 
ment of the rear-facing characteristic velocity c - u. TTiis quantity 
changes more rapidly than any other along the detonation Hugoniot 
curve; for a 0.1% change in D it changes by 20% while the density 
changes by 4%. They used stoichiometric mixtures of hydrogen/oxygen, 
acetylene/oxygen, and methane/oxygen, with the first two diluted with 
argon. Tube diameters were 21 and 80 mm, and initial pressures ranged 
from 5.1 to 300 kPa. The characteristic velocity was measured by 
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mounting a thin plate perpendicular to the front, with its edge along a 
tube diameter. As the detonation passes over the plate, a bow shock is 
formed on its edge. When the sonic point in the reaction zone reaches the 
edge of the plate, the bow shock detaches itself and moves downstream 
with velocity c - u. Photographic observation of the bow shock motion 
then gives the desired velocity. The results for all of the mixtures were 
found to lie on a single curve in a plot of (c - u)/D vs. d/Z, with d the 
tube diameter and Z the cell size defined in Chapter 7. Z is approx¬ 
imately inversely proportional to the initial pressure. The measurements 
range from d/Z ~ 6 to d/Z = 350. As d/Z increases from 6, the value of 
(c - u)/D first falls sharply from a value of about 0.3, and then falls 
much more slowly, passing through 0.14 at d/Z = 350. Typically, the ex¬ 
perimental curve passes through the value of (c — u)/D calculated with 
the frozen sound speed at a value of d/Z near the upper end of its range. 
The calculated equilibrium value is much lower; for acetylene/oxygen, 
for example, the calculated frozen and equilibrium values of (c - u)/D 
are 0.141 and 0.076, respectively. Thus these measurements, like the 
pressure measurements, place the observed state near the frozen CJ 
point. 

The Mach number of the flow behind the front can be measured 
directly if the Mach angle of a weak disturbance propagating into it 
from the tube wall can be observed. Such disturbances have been seen in 
schlieren photographs by Fay and Opel (1958) and by Edwards, Jones, 
and Price (1963). Their origin is not clear; they appear to be caused by 
some effect in the boundary layer near the end of the reaction zone. 
Figure 3.2 is a smear-camera photograph, reproduced from Edwards, 


Fig. 3.2. Schlieren smear-camera 
photographs of detonation waves in a 
38.1 mm (1.5 in.) square-section tube 
for (a) 2H a + 0 3 and (b) H a 4- 0 3 at an 
initial pressure of 101 kPa. (c) 
Diagram of the main features of (b). 
From Edwards, Jones, and Price 
(1963). 
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Jones, and Price, of a hydrogen/oxygen detonation in a tube of square 
cross section. Other observations confirm that the pattern is stationary 
with respect to the front. Fay and Opel present a similar photograph for 
a 40% C 2 H 2 /60% 0 2 mixture in a tube 50 mm square. Both show super¬ 
sonic flow with Mach number about 1.15 for the flow with respect to the 
detonation front. 

White (1961) has made a systematic and thorough study of the system 
2H a + 0 2 4* 2CO. His measurements were made in a relatively large tube 
of 82.5-mm square cross section with a 2-m-long driver section and 8 m 
of run followed by the measurement section. The results were not ex¬ 
trapolated to infinite diameter. Initial pressures ranged from 1 to 10 kPa 
for overdriven detonations and from 7 to 140 kPa for unsupported 
detonations. Detonation velocities were measured in the usual way with 
ionization gauges. 

The precision of the velocity measurements seems to be somewhat less 
than those discussed above, perhaps because the mixture composition 
was not controlled quite so closely. Pressures were measured by means of 
quartz transducer gauges with an error of about 2%. Spark inter- 
ferograms covering the full tube width were taken; some examples are 
shown in Fig. 3.3. These show the transverse structure, and, with the use 
of the specific optical refractivities of the product species, yield densities 
with an accuracy of about 3% in regions where the transverse perturba¬ 
tion is not too severe. 

Finally, the product of the concentrations of atomic oxygen and car¬ 
bon monoxide [CO] [0] were obtained from photomultiplier measure¬ 
ments of luminosity at two different wavelengths, X = 412 nm and X = 
546 nm. (The constant of proportionality between the luminosity and 
the concentration product was obtained by comparing calculated con¬ 
centration products and observed luminosity over a wide range of over¬ 
driven detonations.) The maximum radical concentration in the reac¬ 
tion zone is expected to occur when the relatively fast bimolecular reac¬ 
tions have equilibrated among themselves, but the slower three-body 
recombination reactions have not yet proceeded to an appreciable ex¬ 
tent. Schott (1960) discusses this hypothetical intermediate state of par¬ 
tial equilibrium in detail, and points out that it is defined by the condi¬ 
tion that the net mole change be zero, so it is easily calculated. The con¬ 
centration measurements described next appear to be consistent with 
this description of the reaction path, and they constitute a rough obser¬ 
vation of some of the reaction-zone structure. 

In rather strongly overdriven detonations, with pressures ranging from 
about 1.5 to 4 times the CJ value, measurements made within a few cen¬ 
timeters of the front agree approximately with the calculated values. At 
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Fig. 3.3. Spark interferograms of 
detonations in 2H» + 0 2 4* 2CO. (a) 
Overdriven, D = 2700 m/s, p 0 - 2.7 
kPa. (b) Overdriven, D = 3100 m/s, p 0 
= 2.7 kPa. (c) Unsupported, D = 2200 
m/s, p 0 - 3.0 kPa. From White (1961). 


the lower end of the overdrive range within the reaction zone, the 
calculated partial equilibrium value of the [CO] [0] concentration 
product is about eight times as great as the complete equilibrium value. 
As the pressure increases, the two approach each other, becoming equal 
at the upper end of the overdrive range. The photomultiplier measure¬ 
ments show an abrupt rise to a peak luminosity followed by a decrease to 
a relatively steady value. The measured peak, presumably 
corresponding to the partial equilibrium state, corresponds to a concen¬ 
tration product that lies about halfway between the values calculated 
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for partial and complete equilibrium over the entire range of overdrive, 
with the experimental and both calculated values coming together at the 
upper end of the range. Experimental limitations such as coilimation slit 
width and shock-front curvature are expected to reduce the measured 
peak, and may be responsible for all the difference. The densities 
measured by Duff, Knight, and Rink (1958) in overdriven detonations 
tend to lie slightly above the calculated values, and White’s measured 
densities are also above the calculated values by as much as 5% in some 
cases. Uncertainties in the specific refractivities may account for some of 
this discrepancy. 

The full range of measurements was made on unsupported detona¬ 
tions with quite different results. Interferograms, of which Fig. 3.3c is 
typical, show strong transverse perturbations. The structure decays over 
a distance of a few centimeters, and as it does so the density and 
luminosity fall. This transition region is followed by an extended region 
of the flow in which the density and luminosity change very slowly. The 
density measured from the interferogram agrees with the calculated 
value at the immediate rear of the reaction zone, but falls about 15% 
below that value at the end of the transition region. Because of the rise 
time of the gauge, about 25 nsec, details of the pressure change in this 
region cannot be obtained, but measured values corresponding to a dis¬ 
tance of several centimeters behind the front are 15% to 20% below those 
calculated. The [CO] [0] concentration product, from the luminosity 
measurement, also decreases in the decay region. The ratio of its obser¬ 
ved value at the end of the transition zone to the calculated CJ value is 
approximately the square of the ratio of observed and calculated 
pressures at this point. This result is as expected because, for small 
changes in pressure or temperature, the concentration product should be 
proportional to the square of the density. Finally, measured detonation 
velocities range from about 1.5% below the calculated ones at an initial 
pressure of 10 kPa to slightly above the calculated ones at 100 kPa. Note 
that no extrapolation to infinite diameter was made, and that the 
diameter effect (i.e., boundary-layer effect) is larger at low pressure. 

Of great significance for the interpretation of the results is White's ob¬ 
servation that a third class of "intermediate" detonations can be dis¬ 
tinguished experimentally. When one tries to overdrive an unsupported 
detonation by increasing the driver pressure above the CJ value, the 
detonation velocity remains nearly constant until the pressure measured 
at a point about 10 cm behind the front has increased to 30% or 40% 
above the value for the unsupported wave. White made a number of 
detailed observations of the flow profile behind the front over a distance 
of about 50 cm. Separate experiments had shown that over the range of 
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interest the luminosity is approximately proportional to the square of 
the pressure, so the pressure profile could be inferred from the 
luminosity profile obtained from the photomultiplier, which has a fast 
time response. White used two photomultipliers, one twice as far from 
the diaphragm as the other, to record the entire profile at two times. A 
clear picture of the nature of the flow emerges from these observations. 
In the intermediate range, between the unsupported detonation and the 
overdriven one, the detonation is followed by a shock wave (or a com¬ 
pression wave, depending on initial and driving pressures) that moves 
more slowly than the front, and therefore lags farther and farther 
behind. In the region between the front and the following shock, the flow 
is essentially the same as in the unsupported detonation. As the driver 
pressure is increased, the strength and speed of the following shock in¬ 
creases until, in the region of true overdrive, it has merged with the 
front, and the flow has a single-wave structure. 

3A2. Discussion 

The experimental evidence seems to agree, in general, with the 
hypothesis that the state point at the end of the reaction zone is on the 
weak branch of the detonation Hugoniot curve. Most measurements of 
detonation velocity, pressure, density, and final Mach number are con¬ 
sistent with the hypothesis. White’s measurements of the pressure 
profile in detonations intermediate between unsupported and over¬ 
driven are especially convincing in showing that the following flow is 
supersonic, as expected for a weak detonation. In this section we discuss 
some alternative hypotheses. It seems to us that the weak-detonation 
hypothesis is the only tenable one. 

Because all experiments are done in finite-sized tubes, the flow is 
neither exactly steady (independent of time) nor exactly one¬ 
dimensional, so the state point does not lie exactly on the Hugoniot 
curve and the Rayleigh line because these are the one-dimensional con¬ 
servation conditions. It has not been shown by direct measurement of 
two quantities (say density and pressure) with sufficient accuracy that 
the final state point lies on the Hugoniot curve. The small divergence of 
the flow, shown by the fact that the wave front is very nearly plane, in¬ 
dicates that the departure from one-dimensionality is very small. 

In any test like this, the calculations made for comparison must 
correctly represent the theory. There is no reason to believe that there 
are large errors in any of the calculations or in their input data. 

Another possible source of error arises from the fact that the measure¬ 
ments are made in tubes of finite size, and are not made at the center of 
the tube where the flow is most nearly described by the simple theory. 
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The pressure is measured at the wall and is thus affected by boundary 
layer flow, and the density is an integral measurement made by absorp¬ 
tion or refraction of radiation so that it represents a transverse average 
across the tube. Changing the size of the tube changes the relative 
thickness of the boundary layer, and changing the initial pressure 
changes the absolute thickness of the boundary layer. The experiments 
show that the measured values must be approximately correct, and that 
the errors are not large. 

White's measurements of the behavior of following waves, and the 
measurements of the propagation velocity of weak disturbances by Fay 
and Opel and by Edwards, Jones, and Price are interpreted to mean that 
the flow behind the reaction zone is supersonic, and the supersonic flow 
means that the detonation final state is on the weak branch of the 
detonation Hugoniot curve. In the long tubes used in the experiments, 
the expansion in the rarefaction wave following the detonation is very 
slow, and one-dimensional theory predicts a correspondingly slow in¬ 
crease of the Mach number from unity. However, finite tube diameter 
introduces another possibility. The boundary layer is formed by the drag 
of the tube wall on the moving gas behind the front, so the material near 
the wall moves more slowly than that in the center, and therefore falls 
behind the front faster. In addition, the heat loss to the wall cools the gas 
in the boundary layer so that its density is higher. The combination of 
high density and low velocity removes a considerable amount of material 
from the gas that is following the front at the CJ mass velocity. The ef¬ 
fect on the main flow is as if some fluid were leaking through the wall of 
the tube. The rarefaction behind the front is thus stronger than expected 
in any treatment that neglects the boundary layer, and the flow Mach 
number increases more than expected. 

Fay (1959) offers a qualitative treatment of this effect in the quasi- 
one-dimensional (nozzle) approximation. He notes that the strictly one¬ 
dimensional theory of Zeldovich (1940), in which the wall forces are con¬ 
sidered to be distributed uniformly across the tube, is inadequate. With 
average wall forces determined from pipe flow measurements, this 
theory gives velocity deficits a thousand times smaller than those 
measured experimentally. Fay’s treatment of the problem begins with 
an estimate of the total mass flux in the boundary layer and from this he 
obtains the equivalent rate of expansion of a nozzle that has no boun¬ 
dary layer. The estimate is based on experimental measurements of 
boundary layer growth in shock tubes. From this point on, the flow 
problem is that of a quasi-one-dimensional flow in a slowly enlarging 
channel. We discuss the same problem in Sec. 5G, except that there the 
rate of area increase is related to the shock-front curvature, whereas Fay 



assumes a plane front and uses his boundary-layer estimate of 
equivalent rate of area increase. Although the set of ordinary differential 
equations defining the channel flow could be integrated directly, it is 
simpler to formulate the problem in terms of the usual one-dimensional 
equations with a small but unknown correction term containing an in¬ 
tegral of the true pressure over the length of the reaction. Fay estimates 
the reaction-zone length by imposing the condition that the flow be 
frozen sonic at the end of the reaction zone, and assuming a single reac¬ 
tion and a simple form for the dependence of the progress of reaction on 
distance near equilibrium. Using this treatment, he is able to predict the 
velocity deficits of several different gaseous systems with an accuracy of 
10% to 30%. 

This quasi-one-dimensional theory gives the Mach number in the 
supersonic flow behind the reaction zone as a function of distance, and 
Fay and Opel (1958) suggest that the observed increase in Mach number 
and decrease in density might be accounted for in this way. Duff and 
Knight (1958) challenge this interpretation and present arguments 
against it. More recent detailed comparison of the predictions of the 
quasi-one-dimensional theory with experiment in large-diameter tubes 
by Edwards, Jones, and Price (1963) show that it does not agree with the 
observed results. Somewhat more convincing is White's (1961) remark 
that the ordinary one-dimensional treatment seems adequate to 
describe overdriven detonations, even though the flow parameters, the 
front curvature, and the boundary layer are not much different from 
those of the unsupported case. In conclusion, it seems likely that the ef¬ 
fect of the inherent transverse structure of the unsupported detonation 
wave is more important than the effect of finite tube diameter, at least 
in the large tubes used for the experiments described here. 

One of Fay's predictions is that a rapid change in density immediately 
behind the front is expected. A principal argument of Duff and Knight 
(1958) is that the density change is not observed, and the experimental 
results are presented by Duff, Knight, and Rink (1958), who found the 
density to be constant (within their precision of about 1/2%) over a dis¬ 
tance of 20 mm. Their experiment was done on a mixture of 0.3C 2 H 2 + 
0.3O 2 + 0.4Kr at an initial pressure of 37 kPa, and although they do not 
say so explicitly, presumably in their 75-mm tube. On the other hand, 
White (1961) found that the density decreased by about 15% over a 30- 
mm distance behind the front in a mixture of 2H 2 + 0 2 + 2CO at initial 
pressure of 15 to 30 kPa in his 82.5-mm square tube, when the detona¬ 
tion was unsupported. The overdriven detonation, however, had essen¬ 
tially constant density behind the wave front, showing that Fay's boun¬ 
dary layer explanation was not the correct one. White believes that the 
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decay of transverse structure in the unsupported detonation causes the 
density drop. The difference between White's observations and those of 
Duff, Knight, and Rink for the unsupported detonation is probably due 
to the difference in spatial scale of the disturbances on the front in the 
two systems. The calculated CJ temperature for the C 2 H 2 /0 2 /Kr system 
is about 5800 K compared to 3300 K for the H 2 /0 2 /C0 system. Observa¬ 
tions suggest that the higher the temperature, and thus the shorter the 
reaction time, the smaller the disturbances on the front will be. It may 
well be that the density decrease White observed is also present in the 
other system, but is too rapid to be seen. 

3B. SOLIDS AND LIQUIDS 

As mentioned in the introduction, the lack of a sufficiently accurate 
products equation of state precludes the straightforward comparison of 
theory and experiment used for gases. But there is an alternative: com¬ 
parison of the CJ pressure, measured conventionally, with the CJ 
pressure inferred (rigorously through the simple theory) from measured 
changes in the detonation velocity D under variations in the initial state. 

The measurement of D is done in the conventional way, using long 
rate sticks (cylinders), and removing the effects of finite charge diameter 
by extrapolation to infinite diameter. The conventional pressure 
measurement (see, for example, Deal 1957) requires measuring the 
initial free-surface velocity of a series of plates of different thickness 
driven by the explosive, and then extrapolating the results to zero plate 
thickness. There are some difficulties in interpreting the results; an ex¬ 
ample is mentioned in Sec. 3B1. Applying the method to the geometry 
used for the measurement of D involves a double extrapolation in plate 
thickness and charge diameter and is quite expensive, though it has 
been done. The more common method is to work in a one-dimensional 
system: the central portion of the end of a short (50 to 100 mm of run), 
large-diameter (160 to 200 mm) piece of explosive initiated with a plane- 
wave lens. With the length/diameter ratio thus restricted, a central one¬ 
dimensional region, not yet affected by edge rarefactions, is available at 
the end of the charge. Working in this geometry of course requires an ex¬ 
plosive with short reaction time so the initiation transients will be over 
quickly and a steady reaction zone will be achieved in the relatively 
short length of run available. The liquid explosive nitromethane chosen 
for this experiment satisfies this requirement. It also has the advantage 
over any pressed or cast solid of being perfectly homogeneous. 

For the solid explosives used in most applications, the question of the 
validity of the simple theory for the steady reaction zone may be 
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academic. The steady state may not be reached in the available length 
of run, typically 100 mm or less. Although much of the current research 
suggests that the steady state is not achieved, the answer is not yet 
definite. See Rivard et al. (1970), Davis and Venable (1970), Mader and 
Craig (1975), Bdzil and Davis (1975), and Davis (1976). These papers 
also throw some light on the interpretation of the conventional CJ- 
pressure measurements. 

3B1. Theory 

The first work on the general problem of the effect of initial-state 
variations on detonation velocity was done by Jones (1949), who con¬ 
sidered the information about the product equation of state which could 
be obtained from measurements of detonation velocity as a function of 
loading density. The theory presented here is due originally to 
Stanyukovich (1955, Chapter 7, Sec. 40) and Manson (1958). Wood and 
Fickett (1963) reviewed the theory and proposed its application to an ex¬ 
perimental test of the Chapman-Jouguet theory. 

The assumptions are essentially those of the simple theory described 
in Chapter 2. The flow must be steady and one-dimensional (laminar), 
and the reaction products must be in equilibrium at the end of the reac¬ 
tion zone, so that, at least on the time scale of the experiment, they are 
described by an equation of state of the form E = E(p, v). Then, given 
the Chapman-Jouguet hypothesis that the Rayleigh line and the 
Hugoniot curve are tangent for an unsupported detonation, one can 
show that the CJ detonation velocity varies in a simple way with the 
energy and density of the initial state. 

The equations used to obtain the desired relations are the Hugoniot 


and Rayleigh equations (2.3) and (2.6), 

E - E„ = 1/2 p(v„ - v) (3.1) 

Pi D 2 = p/(v 0 - v) , (3.2) 

and the thermodynamic identity Eq. (2.51) 

affy = 1 + a , (3.3) 

where 

y = -(d In p/d In v) s , (3.4) 

a - p(9v/0E) p , /3 = (9E/0p) v /v, (3.5) 
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and the relations which apply at the CJ point 


p = p<>D7(y + l) 

(3.6) 

v = Vo y/(y + 1). 

(3.7) 


The initial pressure p 0 and its variations are neglected here because 
the application is to condensed-phase explosives, and the variations that 
can be produced are very small. The quantity a is the same as that used 
by Jones (1949). Differentiation of the Hugoniot equations gives 

(9E/9p) v dp + (9E/9v) p dv - dEo “ 1/2 p(dv 0 - dv) 

+ 1/2 (v 0 ”“ v)dp, (3.8) 

which becomes, after elimination of (9E/9p) v by means of the ther¬ 
modynamic identity (3.3) and substitution of v/y for (v 0 - v) from Eq. 
(3.7) 

dp/p + ydv/v - [(y 4* l)dv 0 /v 0 + 2ydE 0 /pv]/[l 4- 2a -1 ]. (3.9) 

Differentiation of the Rayleigh equation (3.2) gives with the same sub¬ 
stitution for (v 0 - v) 

dp/p + ydv/v « 2dD/D + (y - l)dv 0 /v 0 . (3.10) 

The same combination of dp and dv occurs in both equations by virtue 
of the tangency of the two curves at the CJ state. Thus these differen¬ 
tials can both be eliminated. The variables p and v can also be 
eliminated by using the CJ relations, Eqs. (3.6) and (3.7). The result for 
dD/D is 

dD/D ~ - Advo/vo + BdEo/D 2 , (3.11) 

where 

A = (y - 1 “ a)/(a 4- 2), B = a(y + l) 2 /(a 4- 2). 

The coefficients A and B are to be evaluated at the CJ state, and they 
contain only two unknowns, the derivatives a and y at the CJ state. 
There is no assumption that a and y are constant. 

Now if some state variable X of the initial state of the explosive (such 
as T 0 for a liquid explosive) is varied, the change in detonation velocity 
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can be measured at several values of X to determine the derivative 
dD/dX. The procedure can be repeated with another state variable Y, 
and the two equations can be written 

D" 1 dD/dX = - (A/v 0 )dv 0 /dX + (B/D 2 )dE 0 /dX (3.12) 

D-MD/dY - -(A/v 0 )dv 0 /dY 4- (B/D 2 )dE 0 /dY. (3.13) 

The derivatives dv 0 /dX, dv 0 /dY, dE 0 /dX, and dE 0 /dY can all be deter¬ 
mined from measurements of the thermodynamic properties of the 
material. The two equations thus can be solved for the unknowns A and 
B, and also for a and y, provided linearly independent variations are 
chosen (i.e., the ratio dv 0 /dE 0 is not the same in the two sets of experi¬ 
ments). Substitution of y back into the equation for the pressure at the 
CJ point, (3.6), gives the pressure determined by derivatives, which is to 
be compared with the pressure measured directly. 

An interesting by-product is the first-order expansion of the equation 
of state in the form E(p, v) about the CJ point, 

E(p, v) = (9E/9p) v (p - pj) 4- (9E/9v) p (v - vj) 4- ... . (3.14) 

One partial derivative of the energy is p/a, and the other is 0v, Eq. (3.5). 

3B2. Experiment 

Wood and Fickett (1963) describe a number of ways of actually carry¬ 
ing out the desired initial-state variations discussed in the previous sec¬ 
tion, including those used in the experimental test made by Davis, 
Craig, and Ramsay (1965), The useful ones, of course, are those such 
that one variation is mainly a variation in initial density and the other 
mainly a variation in initial energy. 

Wecken (1959) and Manson (1958) used the variation method to 
determine detonation pressure, but they did not compare the result with 
pressure measured in another fashion to test the theory. A clear-cut ex¬ 
perimental test of the Chapman-Jouguet theory as defined above has 
been made by Davis, Craig, and Ramsay (1965), using nitromethane 
(CH 8 N0 2 ) as the test explosive. A change in initial temperature causes a 
change in both density and initial energy, but the effect of the density 
change is large compared to that of the energy change, so the initial tem¬ 
perature was used as one initial-state variable. The energy-change 
derivative was obtained by mixing the nitromethane with another ex¬ 
plosive with the same atomic composition but different heat of forma¬ 
tion. Because the atomic composition is the same, the assumption that 
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chemical equilibrium obtains at the end of the reaction zone ensures 
that the product composition at a given state point and, therefore, the 
product equation of state are the same. The explosive used is called 
Acenina, and is a mixture of equimolar amounts of acetonitrile 
(CHgCN), nitric acid (HNO a ), and water. The densities of nitromethane 
and Acenina are nearly the same, 1159 kg/m 8 (1.159 g/cm 8 ) and 1139 
kg/m 8 respectively at 4°C, but their initial energy densities differ by 
1.410 MJ/kg (337 cal/g), with nitromethane having the higher energy. An 
approximate calculation of the CJ state of nitromethane by Fickett 
(1962) gives 5.84 MJ/kg as the heat release of nitromethane, so the dif¬ 
ference is about 25%. The two materials, nitromethane and Acenina, are 
sufficiently miscible that measurements can be made at several dif¬ 
ferent internal energies, and the derivative can be evaluated for pure 
nitromethane. 

The two variations of the initial state are carried out from a reference 
state, pure nitromethane at 4°C. 

They are 

1. Variation of (mainly) the initial energy by changing the composi¬ 
tion of a mixture of nitromethane and Acenina at constant temperature. 

2. Variation of (mainly) the density by changing the initial tem¬ 
perature of pure nitromethane. 

The changes in both variables in each variation were of course carefully 
determined. The detonation velocity was measured over a temperature 
range from ~26°C to +34°C, and over a composition range from pure 
nitromethane to pure Acenina. The dependence of D on T„ and the 
dependence of D 2 on composition are both linear. Least-squares fits to 
these linear functions were used to evaluate the required differential 
changes from the reference state. The pressure was then calculated from 
these results, as described in the previous section. 

The conventional method of obtaining pressure consists of using the 
explosive to drive a material of known equation of state and measuring 
the initial free-surface velocity for a sequence of plate thicknesses. The 
extrapolation to zero plate thickness is made, and the pressure in the in¬ 
ert corresponding to that free-surface velocity obtained. The pressure in 
the explosive is obtained from an impedance-match solution. The 
results given for nitromethane at 4°C are 

p = (12.65 ± .54) GPa (126.5 kbar) from the initial state variation, 

p = (14.81 ± .1) GPa from the conventional method, 
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New values for the heat of formation of nitromethane have been given by 
Lebedev et al. (1970) and Wagman (1968), that change the pressure from 
the initial state variation. Also, Davis and Venable (1970) reviewed the 
conventional measurements, including some later ones, and corrected 
an error made when reducing free-surface velocity to pressure. The new 
results for nitromethane at 4°C are 

p = (12.2 ± .6) GPa from the initial state variation, 

p = (14.2 ± .4) GPa from the conventional method. 

The ± terms are the estimated 95% confidence limits. The error of 
measuring the change of detonation velocity with temperature is respon¬ 
sible for most of the uncertainty in the first value. The conventional 
pressure measurements show a structure in the pressure profile that is 
not predicted by theory, and therefore present some difficulty in inter¬ 
pretation, as discussed by Craig (1965) and Davis and Venable (1970). 
There has been some criticism of the measurements and the interpreta¬ 
tion given them. 1 We believe that the conventional pressure measure¬ 
ment is correct, that the difference between the two values is significant, 
and that it indicates a failure of one or more of the assumptions of the 
simple theory. 

Davis, Craig, and Ramsay (1965) also present a number of other ex¬ 
perimental results that cast doubt upon the simple theory. These are not 
reviewed here, except for one rather simple result. The initial-state 
variation experiments were also carried out for TNT, using melting of 
the material as the means for changing the initial energy. The density 
change was easily made in the solid by controlling loading density, and 
in the liquid by varying the initial temperature as was done for 
nitromethane. After correcting for the slight change in initial energy due 
to heating of the liquid, the values of (dD/dp 0 )? for solid and liquid 
TNT both at 1450.2 kg/m 8 (1.4502 g/cm 8 ) density are 

3.187 ± .027 m/s per kg/m 8 for the solid at 25°C, 

4.267 ± .5 m/s per kg/m 8 for the liquid at 93°C, 

l Petrone (1968) presents an alternate interpretation of the free-surface velocity measure¬ 
ments which would lower the implied detonation pressure to approximately the value ob¬ 
tained from the initial-state variation. His interpretation is based on a calculated 
reaction-zone length approximately three orders of magnitude larger than that estimated 
by Craig (1965). It appears to us that this result should be questioned, for it is based on an 
equation of state with an unphysically large heat capacity and, hence, low shock tem¬ 
perature, and appears to be inconsistent with some of Craig's planewave results. Duff 
(1965) has also discussed the interpretation of these results. 
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where the ± terms are 95% confidence limits. Because the detonation 
products are expected to be in almost the same thermodynamic states 
(the initial energy difference is only 0.19 MJ/kg [45 cal/g]), the two 
slopes are expected to be nearly the same. The large difference suggests 
immediately that the simple theory does not apply to at least one of the 
materials. This result has the advantage that there is no question of mis¬ 
interpretation of pressure measurements. Comparison of the pressure 
obtained from the initial-state variation with that obtained from the 
conventional method shows a difference about the same as that for 
nitromethane. The differences in the velocity derivatives and in the 
pressures indicate that, for TNT as well as nitromethane, one or more of 
the assumptions of the simple theory fail. 
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This chapter contains an introductory treatment of flow in a reactive 
medium, which forms the basis for considering steady detonations in 
Chapter 5 and their hydrodynamic stability in Chapter 6. 

The object is to understand how, for the same initial and boundary 
conditions, the behavior of a fluid with chemical reaction differs from 
that of one without reaction. The differences can be striking, for the 
presence of an exothermic chemical reaction makes self-sustaining 
detonation waves possible. In steady flow, the effect of chemical reaction 
is essentially the same as that of heat addition, for it transforms 
chemical bond energy into that of heat and bulk motion. 

Except for a few very special cases, there are no explicit solutions of 
the equations. They are studied by theoretical analysis of their general 
properties and by numerical calculation of particular cases. 

Because they are relatively tractable, the steady detonation solutions 
discussed in the next chapter play an important part in this study. In 
this case the partial differential equations reduce to ordinary ones. 
Much can be learned about the nature of their possible solutions by 
theoretical study of their phase space, particularly the nature and loca¬ 
tion of the critical points. The analysis is similar to that of nonlinear 
mechanical systems. With this knowledge of the phase space as a 
necessary guide to proper procedure in the neighborhood of the critical 
points, quite accurate numerical calculations of particular cases are 
possible. 

In this chapter we give a more general discussion. The first step is to 
write the equations in different forms, including the characteristic form, 
which emphasize different physical relationships. The properties of the 
different forms are discussed, and the quantities which appear are 
related to more familiar ones. The next step is the consideration of the 
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types of wave motions to be expected. Here useful results can be ob¬ 
tained by qualitative discussion, and, in some cases, by linearization. 

Section 4A presents the equations, the assumptions on which they are 
based, and the general analytic study of their properties, including 
specialization to the case of steady flow. Section 4B collects the proper¬ 
ties of the simple fluid used in most of the discussions of the following 
two chapters—a binary mixture of polytropic gases. Section 4C dis¬ 
cusses possible wave motions, principally the propagation of shock and 
rarefaction waves moving into a medium initially in chemical 
equilibrium. 

The thermodynamic properties of reactive flow were first discussed 
comprehensively by Campbell (1951). The pioneering work in the 
formulation of the equations of motion with an arbitrary number of 
chemical reactions and their application to detonations is that of 
Kirkwood and Wood (1954), and also Wood and Kirkwood (1957). We 
follow their notation. Some general references are Vincenti and Kruger 
(1965), Strehlow (1968a), Wegener (1969), Gruschka and Wecken (1971), 
and Clarke and McChespey (1976). 

4A. THE MODEL 

The equations of motion are the Euler equations with the addition of 
chemical reaction, i.e., the equations of compressible flow in which 
transport properties (viscosity, heat conduction, diffusion, radiation) 
are neglected. For the most part these are specialized to time-dependent 
laminar flow in one space dimension with plane (slab) geometry. 

The necessary mathematical assumptions will be written down as 
needed. Here we discuss the physical ideas on which they are based. The 
fluid is imagined to be subdivided into elements which are sufficiently 
small to be idealized as mathematical points but sufficiently large and 
homogeneous to be characterized by values of the state variables, which 
thus become smooth functions of position and time. It is assumed that 
local (i.e., within each element) partial thermodynamic equilibrium ex¬ 
ists with respect to all degrees of freedom except chemical reaction. An 
equivalent statement is that at any given time each fluid element has, 
given its current chemical composition, a Boltzmann distribution of 
energy states. The state defined by this distribution is not one of 
chemical equilibrium, which is approached at a finite rate. All other rate 
processes (e.g., vibrational relaxation) are treated as infinitely fast so 
that they are always in equilibrium. Of course these other processes can 
be and often are assigned finite rates and included by a formalism 
similar to that for chemical reaction, but for simplicity we omit them 
here. 
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This description of the state of affairs is seen to be a realistic one if we 
consider the collision processes which produce it. Since only a small 
fraction of the collisions produce chemical change, while nearly all are 
effective in contributing to the equilibration of other degrees of freedom, 
chemical equilibration is relatively slow. It is also clear that in regions 
where the flow gradients are appreciable in a distance comparable to a 
mean free path, such as in a shock transition, even an efficient collision 
process may be unable to maintain equilibrium in the face of a rapidly 
changing state, so that the description will not be realistic within such 
regions. 

Since chemical reaction is the only process treated as not in 
equilibrium, it is the only mechanism for entropy production other than 
the shock transition, which, with the neglect of transport effects, ap¬ 
pears as a jump discontinuity. In contrast to many force-flux problems, 
the chemical reaction rates are assumed to be functions of the local ther¬ 
modynamic state and not of the flow gradients. 

In Sec. 4A1 we give a detailed account, with numerous examples, of 
how to put the chemistry into the equations of motion. The main task is 
finding an economical formulation of the law of definite proportions. 
This constraint — that all composition changes take place through 
chemical reaction — allows both the composition and the reaction 
kinetics to be reduced to the specification of a small set of formally con¬ 
structed stoichiometric reactions . The progress variables of these 
reactions replace the composition (mole fractions of all the species). A 
relatively straightforward problem is transforming from chemist’s units 
(moles) to physicist's units (ordinary mass units). 

In Sec. 4A2 we set down the functional forms and general properties of 
the equation-of-state and reaction-rate functions. We also impose some 
conditions on the first and second derivatives of the equation of state 
which qualify it as ’’well-behaved.” 

In Sec. 4A3 we write the equations of motion and specialize them to 
one dimension. The constitutive relations now consist of both the equa¬ 
tion of state and the reaction rate 

E(p,v,A) 

r(p,v,A), 

and to the equations of motion is added the equation for the rate of 
reaction 

A = r(p,v,A). 
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We have here specialized to a single reaction. The dot denotes a 
Lagrangian (particle) time derivative. 

In Sec. 4A4, we examine the equations of motion and discuss some of 
their general properties. It seems to us conceptually important to note 
that the equations can be written down and solved without any mention 
of entropy and without any reference to thermodynamics, other than the 
statement that the equation of state as defined above exists. However, 
thermodynamics is of some use in clarifying the physical meaning of 
some of the terms, and in relating them to more familiar quantities. 

What one might call the master equation — the relation between p 
and p in an adiabatic displacement — is obtained immediately by ex¬ 
pressing the differential of E in the energy equation E = - pv in terms of 
those of its arguments. It is (for one reaction) 

p = c 2 p + pc 2 <rX 

with 

p 2 c 2 s ( p + E v )/E p 
pcV = - Ex/Ep. 

At this point, c and a are defined by these relations, but are not further 
identified. We do see immediately, however, that in the absence of reac¬ 
tion (A = 0), c 2 is just the usual sound speed, and that the product <rA or 
or, which we call the thermicity, or thermicity product, gives the 
pressure change due to reaction. Its sign depends on the sign of the 
dimensionless thermicity coefficient a, as well as on the direction of 
reaction (sign of A). 

The characteristic analysis gives u + c as the characteristic speed, the 
propagation velocity of infinitesimal disturbances or derivative discon¬ 
tinuities, thus identifying c as a sound speed. Application of ther¬ 
modynamics shows its to be the frozen sound speed, the adiabatic 
derivative at fixed composition, which is the acoustic speed in the high- 
frequency limit. The equilibrium sound speed, the adiabatic derivative 
at equilibrium composition, which is the acoustic speed in the low- 
frequency limit, does not appear explicitly in the analysis at this point. 
The complete significance of these two velocities is not apparent until a 
global analysis of some simple flow problems is made in Sec. 4C. 

The significance of the thermicity coefficient a is brought out by ap¬ 
plying thermodynamics to express it in other forms. It can be expressed 
as the sum of two terms: the volume increase due to reaction at constant 
pressure, and the heat release of the reaction at constant pressure. It 
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thus represents the transformation of energy, obtained from breaking 
chemical bonds and from the change in the number of particles or 
molecular sizes by chemical reaction, into energy of heat and motion. 
The importance of the volume term has often been overlooked; it can be 
quite important in practical applications. 

In Sec. 4A5 we specialize the equations to one-dimensional steady 
flow. These are formally equivalent to those for heat addition in a 
constant-area channel (except that the rate of heat addition is a function 
of the local state, instead of being controlled independently), and they 
have the same striking dependence on the sign of the local sonic 
parameter 1 - M 2 (M being Mach number), with sonic points being of 
special interest. The steady equations have as integrals the shock con¬ 
servation relations for mass, momentum, and energy, which relate any 
two points in the steady flow. The energy equation, however, now has a 
heat-of-reaction term, and gives the family of partial-reaction Hugoniot 
curves with parameter X described in Sec. 2C. 

In Sec. 4A6 we present a useful relation which we call the shock- 
change equation. It relates the rate of change of shock strength to the 
reaction rate and the pressure- or velocity gradient immediately behind 
the shock. We do not make much use of it in this book, but it does offer 
some additional practical insight. 

4AL Chemical Reactions 

A single progress variable X specifies completely the transformation of 
chemical species in the reaction A — B. We spent very little effort in 
Chapter 2 to describe its meaning. The real chemistry of explosives is 
more complicated than A —► B, and it is not immediately obvious how to 
translate the notation and language of chemists into that of fluid 
dynamicists. Two problems, how to describe chemical reactions with a 
small number of variables, and how to transform the units, are the sub¬ 
ject of this section. 

The set of mole numbers per unit mass of system 
n = (n!,n 2 , ...,n s ) 

defines the composition of a chemical system composed of s species. The 
equation of state 

E = E(p,v,n) 

depends on the composition. The chemical reaction equations, because 
they are constrained by the requirement that the number of each kind of 
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atom remains constant, provide relationships among the components of 
n. We can replace n by a smaller number of independent variables X, 
and write 

E = E(p,v,X). 

The additional requirement that all the components of si be non- 
negative means that the n-space, and therefore the X-space, has 
stoichiometric boundaries. The X-space is used for many discussions of 
the equations of motion. Fortunately, all, or almost all, the forms of 
detonation are illustrated when X has only two components, and our dis¬ 
cussions are limited to that case. A reader interested in the physics of 
detonation, but who does not intend to make detailed chemical calcula¬ 
tions, might skip most of the details in the rest of this section. 

The system for this discussion is a fluid element or particle which is by 
our assumption a closed adiabatic system, i.e., one in which no heat or 
matter enters or leaves, although of course external forces acting on the 
boundaries can do work on (or have work done on them by) the element. 
Our system is also by assumption a spatially uniform one; it is the usual 
fluid element which is small enough to be considered uniform, but large 
enough to be considered continuous without any statistical effects of the 
individual atoms. The properties of our fluid element change with time, 
and the time derivative is denoted by a dot over the appropriate symbol. 

Changes in chemical composition take place through chemical reac¬ 
tion. Let there be s species and t reactions. Let n u i = 1, ..., s, be the 
number of moles of species i per unit mass. The ni are not all indepen¬ 
dent because they are connected through the chemical reaction equa¬ 
tions. It is convenient to replace the nt by a set of progress variables Aj, 
j = 1, ..., t, one for each reaction. These also do not in general form an in¬ 
dependent set since there are usually more reactions of kinetic interest 
than the number of A’s needed to describe the composition. For our 
theoretical discussion we need an independent set to describe the com¬ 
position, and this set, fewer in number than the Aj, can be obtained from 
linear combinations of them. The independent set is not unique, and in 
addition to the requirement that it provide a complete description of the 
composition we can require that it be convenient to use. Reducing the 
number of progress variables used is equivalent to reducing the number 
of equations describing the chemical transformation, and care must be 
taken to include the rates of all reactions correctly. Much of Appendix A 
is devoted to the methods used to effect the reduction. 
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It is obvious that we will be concerned with the s species, the t reac¬ 
tions, and some number of independent progress variables, and that 
there will be numbers of moles per unit mass, mass fractions, 
stoichiometric coefficients, rates, molecular weights, etc., to go with 
them. To simplify the expressions we use the usual vector notation in 
which the symbol written in boldface indicates the collection of all the 
individual subscripted members with that symbol, such as A to indicate 
the collection of all t of the Aj; A = (Ai,A 2 , A t ). 

A chemical reaction is written as 

^laiXi *=» SibiXj , i =* 1, ..., s ; e.g., 2H + 0 *=» OH + H, 

in which X t represents a molar mass or a molecule of species i, and the 
dimensionless stoichiometric coefficients ai and bi (some of which may 
be zero) give the minimum number of molecules of each type par¬ 
ticipating in the reaction. We require that the chemical reaction equa¬ 
tion represent an actual kinetic (collisional) mechanism, and we call it 
an elementary or actual reaction, distinguished, for example, from 2H a 
+ 0 2 1 =» 2H a O, which simply indicates that hydrogen and oxygen com¬ 
bine by some mechanism to form water. 

We can imagine a bimolecular reaction involving a two-body collision, 

H + OH H 2 + 0, 

and a corresponding termolecular reaction involving a three-body 
collision, 

H + OH + 0 2 £=» H 2 + 0 + 0 2 

with the 0 2 contributing or carrying off some kinetic energy and momen¬ 
tum but otherwise unchanged in the collision. In each of these reactions 
the same chemical change takes place, and they are said to be 
stoichiometrically equivalent, but the kinetic mechanisms are different 
and they have different reaction rates. A set of elementary reaction 
equations may be linearly combined into a smaller set of stoichiometric 
reaction equations describing the chemical transformations. This is 
what is done in selecting the linear combination of A's. The effective 
reaction rates for the stoichiometric reactions are linear combinations of 
those for the elementary reactions. The procedure is described, with an 
example, in Appendix 4A. 
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In writing the equations of motion we need a mathematical expression 
of the conservation-of-mass constraint (the law of definite proportions) 
on the chemical transformation. This is obtained by introducing a 
slightly different set of net stoichiometric coefficients 

Vi = b t — ai 

and writing the reaction equation as 


Zi 7i Xi = 0. 


A coefficient 7i is negative for reactants and positive for products, and is 
the net value if the same species appears as both reactant and product. 
For example, the elementary reaction 

2H + 0 <=* OH + H 

is written as 

H + Ot? OH. 

We also need for the equations of motion an expression for the rate of 
change of the concentration of species. As the reaction proceeds, the 
rates of change of the concentrations of the species involved are related 
by the law of definite proportions 

= hjj/i^ = ... i\Jn = ... = n Jv*. 

A natural definition of the progress variable for the reaction is 
A = rij/iq. 

A reaction rate 7 is defined for each reaction in terms of the rate of 
change of A for that reaction. It is usually given in units of the change of 
the number of moles per unit volume per unit time, so 

7 = pA. 

The most commonly used form of reaction rate is the dilute-gas or 
mass-action rate 



7 - k f IIiCi ai - k b il|Ci b| 


Ci * pn,, (4.1) 

where Ci is the molar concentration in moles per unit volume, and k f and 
k b are the rate multipliers for the forward and back reactions. The mul¬ 
tipliers depend on the state variables other than the composition. The 
Arrhenius form 

k f = ke" Et/RT 


with constant multiplier k and activation energy Et is often used. The 
form for k b is the same, of course, but k and Et have different values. 

Ordinary mass units, rather than molar units, are used in writing the 
equations of motion, and thus to add chemical reaction equations to the 
set of equations we need to express the reaction formalism in these units. 
We replace specific mole numbers n 4 with mass fractions m t , 
stoichiometric coefficients % with new ones v x which make the equations 
represent the transformation of a unit mass of material, the progress 
variable A with the dimensionless progress variable A, and reaction rate 
7 with r, defined as follows: 


m t = niMi 


Vi ” FiMi/M with M * 1/2 2i|?i|Mi 
X = MA 
r = X, 

where Mi is the molecular weight of species i. The quantity M is the 
mass transformed in the reaction; it could as well have been defined as a 
sum over the net reactants or the net products, eliminating the 1/2 and 
the absolute value sign. Combining these definitions with the earlier 
ones, we find the new and old rates related by 

r - (M/p)? 

and the rate of change of mass fraction given by 
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rhi = Pik. 

This equation can be integrated to give 
m, - m? - vi(X - A 0 ); 

we usually take A 0 = 0, and choose the m? to describe the initial composi¬ 
tion, so that 


m t - m°i + v x A. (4.2) 

The sum of the mass fractions must be one, Sinq ■ 1, independent of A. 
This condition is satisfied because our definition of p { is such that 


XxPx = 0 . 


The chemical reaction equations are written in these new units as 

Si*®} - 0, 

where {X,} represents unit mass of species i. The equation we wrote in 
elementary form as 

2H + O *=5 OH 4- H, 

and in net value form as 

H + Ot? OH, 

becomes in the new units (with M = 17) 

- 1/17 {H> - 16/17 {0} + 17/17 (OH) - 0. 

Thus 1/17 unit mass of reactant H (the negative sign identifies a reac¬ 
tant) combines with 16/17 unit mass of reactant O to form unit mass of 
product OH. The rate of the reaction can be written (in the mass-action 
approximation) as 

r - M[p a ~ 1 k f n i (m 1 /M i ) a i“p b "ik b n i (m i /M i ) b i], (4.3) 



where 


a = Z t ai 


and 


b = 2),bi. 

In this rate expression we have factored out p to display the density 
dependence of the rate. The rate expression, complicated as it is, with 
kf = kf(p,T) and mi = m^A), is already a gross simplification; however 
for modeling purposes we often choose the extreme simplification 

A —> B (forward reaction only, M = 1) 

r = k(l - A) 

with k = constant. Fortunately most of the interesting phenomena can 
be illustrated without using a realistic rate function. 

Generalization to a set of t chemical reactions is straightforward, and 
we write the set of reaction equations as 

ZUxajjXi Zf=ibjiXi, j = 1, ..., t 


and define 


— bji — aji 


Vji — i/jiMi/M J with M J — 1/2 2i| Pji| Mj 
Aj — M j Aj 

r J = K 

The mass fraction is now given by 


mj = nfi + Dj^jiAj 


taking A^ = 0 for all j. Once again the condition 2hmi = 1 independent of 
A is satisfied, since SjSjj/ji = 0 because, as discussed before for the single 


84 


85 







FLOW IN A REACTIVE MEDIUM 


Chap. 4 


reaction, 'B i v n = 0 for every reaction. The rate is related to the usual 
chemist's rate (the one usually found in tables) by 

= (MVp)?J (4.4) 

and in the mass action approximation is 

ij = Mi [p <a J kfllj (mi/Mj^ji-p^j ** k b IIj(m./Mi) b jQ , 
where aj = Siaji and bj = 2,bji. 

As stated earlier, the set of X's arising from these manipulations does 
not in general form a set of independent variables for the composition. 
There is a X for each elementary reaction, and the number of elementary 
reactions may be quite large. The number considered depends on how 
closely one wishes to approximate the actual kinetic mechanisms, of 
which there are a great many. It is possible, as described in Appendix A, 
to reduce the number of X's to a smaller number which does form an in¬ 
dependent set of variables defining the composition, by expressing some 
as linear combinations of the others and thus eliminating them from the 
set. In all subsequent discussion we assume that the reduction to an in¬ 
dependent set has been performed. Note, however, that in com¬ 
putational work the simplest algorithm results from integrating the rate 
equations for the elementary reaction set, since the reduction is avoided. 
It of course takes more computation time and storage space, a considera¬ 
tion which has become less important as computer power has increased. 

Suppose there are n independent reactions. In later discussions we 
make much use of n-dimensional X-space, the space of their indepen¬ 
dent X's. In this space the physically accessible region is the convex 
polytope defined by the condition that all mass fractions be non¬ 
negative: 

mi ^ 0, i ■ 1, ..., s. 

Each face of the polytope is an (n - l)-dimensional hyperplane given by 
one of the equations mj = 0. A few examples are given here and in Ap¬ 
pendix A. 

Example 1. Reaction A t?B; initial conditions m£ « 1, mj ■ 0. The 
stoichiometric coefficients are v A = —1 and v B - 1, or we 
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may write v - (—1,1); m A ■» 1 - X, and m B 25 X, and the two 
equations mj = 0 give the region of accessible X-space as 
0 £ X £ 1. Here the polytope reduces to a line and the 
hyperplanes to the points X « 0 and X = 1, which are the 
pure-species points. 

Example 2. Parallel reactions A B and A±=*C; initial conditions ™ 
1, mg = mg « 0. The stoichiometric coefficients are v x - 
(—1,1,0) and v 2 = (—1,0,1), so the mass fractions are 
m A = 1 — Xi - X 3 , m B = Xi, and m c * X 2 . The m x = 0 equa¬ 
tions give the boundaries of the accessible space; the 
polytope is a triangle and the hyperplanes its sides, as 
shown in Fig. 4.1a. The comers of the triangle are pure- 
species points. 

Example 3. Consecutive reactions A^B, and B s=* C; initial conditions 
m£ = 1, mg » mg = 0, Thus Vi = (-1,1,0) and v 3 = 
(0,—1,1), so m A “ 1 X lf m B = X t - X 2 , m c - X 2 . The 
polytope is again a triangle, but located differently from 
that of Example 2, as shown in Fig. 4.1b; note that \ x fixes 
the amount of A transformed and that the maximum X 2 at 
given Xi lies on the line m B = 0. The comers are pure-species 
points. 

Example 4. Same as Example 1, but with 50% inert diluent. Reaction 
A + I s=* B + I; initial conditions * 1/2, mg = 0, m? - 
1/2. Thus V * (—1,1,0) and m A * 1/2 - X, m B = X, mi = 1/2. 
This time the mj = 0 equations limit the accessible region to 
0 £ X £ 1/2. 


Example 5. Reactions A + B^C and A ±=> D; initial conditions = 
2 M a /(2M a + M b ), mg * M B /(2M A 4- M B ), mg = mg * 0, so 
we start with two molecules of A for each molecule of B. In 
the previous examples all the Mi were equal, and the p si 
either 0 or 1; here v x « [™M A /(M A 4- M B ), ”M B /(M A 4- M B ), 
1,0] and v 2 = (-1,0,0,1), and m A ■ 2 M a /(2M a 4- M b )- 
[M A /(M A 4- Mb)] Xi - X 2 , m B = M b /(2M a 4* M B ) - 
[M b /(M a 4- M B )] Xi, m c = X t , and m D - X 2 . The accessible 
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n fl " 2n 8 

(a) (b) (C) 


Fig. 4.1, Accessible regions of X-space for some examples. In (c), the inter¬ 
cepts are \\ = 2M A /(2M A + Mb), XJ « (M A + M B )/(2M A + M B ). 

4A2. Equation of State and Rat© 

In discussing the equations of motion we choose to proceed as far as 
possible with a minimum set of assumptions before bringing in classical 
thermodynamics and the entropy. To this end we write the equation of 
state and rate in terms of the variables which appear in the equations of 
motion as they are derived from first principles. We thus write them in 
the form 

E = E(p,p,A) 


r - r(p,p,A). 


We note again that the rate is assumed to depend only on the local state, 
and not on the flow gradients. 

This form of the equation of state is "incomplete" in that it does not 
specify the temperature, which must be calculated by the integration 
procedure described in Appendix 4B. 

As we develop the equations of motion, without using ther¬ 
modynamics, we find that sound waves propagate with velocity 

c = v[(p + E v )/E p ] 1/2 , 
where 

E v = (3E/6v) Pt x 
E p - (0E/0p) v , x . 
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To assure that the sound speed be real, a necessary condition for our 
equations to make sense, it is sufficient to assume 

E v > p 
E p > 0. 

We make these assumptions throughout. 

This is all that needs to be said before proceeding to the discussion of 
the equations of motion, but we digress here to relate E v and E p to quan¬ 
tities which may be more familiar, using classical thermodynamics. 
With entropy S = S(p,v,A) we have, from the first law, 

E p = TS P 

E v = TS V - p. 

The sound speed c is given by 

p 2 c 2 « -(8p/6v) St x =* Sv/Sp = (p + E v )/E p . 

Thus we see that the definition of c in terms of E v and E p agrees with the 
usual one in terms of the isentropic derivative, and also that the require¬ 
ment E p > 0 is equivalent to the requirement S p > 0, which is commonly 
used. 

As we go on to the discussion of shock and detonation waves, it sim¬ 
plifies the discussion to make an additional assumption to assure that 
the Rayleigh line intersects the Hugoniot curve in no more than two 
points, and we often call the equation of state satisfying this assumption 
"well-behaved." A simpler sufficient condition for most of the discussion 
is 


(0 2 p/9v 2 )s,x > 0, 

which assures that the isentropes are concave upward. For a discussion 
of possible equation-of-state restrictions and their consequences see 
Courant and Friedrichs (1948), p. 141, and references given there, and 
Cowan (1058). 

4A3. Equations of Motion 

The equations of motion express the conservation of mass, momen¬ 
tum, and energy for a fluid. We use the inviscid equations, often called 
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the Euler equations, plus those describing the progress of the chemical 
reactions: 1 


p + p div u = 0 

(4.5a) 

u + v grad p = 0 

(4.5b) 

E + pv = 0 

(4.5c) 

X = r. 

(4.5d) 


For n reactions there are n + 5 equations. The dependent variables are 
p, p, X, and u (we use p and v interchangeably throughout), and the in¬ 
dependent variables are x, y, z, and t (position and time). The dot over a 
symbol denotes its time derivative along a particle path, i.e., 

f = f(x,y,z,t) 

f « f t + (u • grad)f, 

where f is any function of the independent variables, e.g., E in Eq. 
(4.5c). 

Specialized to one dimension (slab geometry), and a single reaction, 
these equations become 


p + pu, = 0 

(4.6a) 

u + vp x = 0 

(4.6b) 

E + pv = 0 

(4.6c) 

Ui 

If 

v< 

(4.6d) 


This special case is sufficient for most of our discussions. Other special 
cases are given in Appendix 4C. 

To simplify the notation, most of the following discussion is for the 
case of a single reaction. The extension to more than one reaction is ob¬ 
vious in most cases. For some examples, see Appendix 4D. 

‘Notice that u and the operator grad are ordinary vectors in three-dimensional space, 
while X and r are vectors in the reaction hyperspace. 
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4A4. Other Forms of the Equations of Motion 

We display here other forms of the equations of motion, and discuss 
the significance of the various quantities which appear and the influence 
of the chemical reaction on the motion. 

We begin by obtaining the relation between the changes in p, p and X 
in a fluid element, an important relation which is fundamental to the 
rest of the discussion. We first eliminate E from the energy equation of 
motion E + pv = 0 by using the differential relation for the equation of 
state E(p,p,X), 

dE = Epdp 4* E v dv + E*dX, 
and then solving for p to obtain the desired result: 

p = - p 2 c 2 v + pcVA = c 2 p + pc 2 <rX = c 2 p -f pcVr (4.7a) 

c 2 - v 2 (p + Ev)/E p (4.7b) 

a = (9p/3X) E , v /pc a . (4.7c) 

The precise physical significance of the velocity c and of the dimen¬ 
sionless coefficient a remain to be determined. We see that for the case 
of no reaction, X « 0, we have just p = c 2 p; since the change is adiabatic, 
c is the sound speed. With reaction, c turns out to be the characteristic 
speed, which is also the frozen sound speed defined below. The last term 
pc 2 at gives the deviation in p-p space from the corresponding displace¬ 
ment without reaction. If at is positive, the pressure change for a given 
density change is larger than it would be without reaction. The product 
<rr is, roughly speaking, proportional to the rate at which chemical bond 
energy is transferred to the flow, that is, the rate at which it is transfor¬ 
med into thermal energy and motion. 

Our equations of motion turn out to be of hyperbolic type. The impor¬ 
tant physical property of equations of this type is that they exhibit wave 
motion — the propagation of disturbances which are in some sense 
sharp-fronted. There are two different but essentially equivalent 
methods for the analytical study of such equations: the method of 
characteristics and the study of acceleration waves. 

The method of characteristics (Courant and Friedrichs, 1948, Chapter 
2; Thompson, 1972, Chapter 8; Chou and Hopkins, 1972, Chapter 6) is 
more familiar to workers in gas dynamics; we follow it here. 
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Although we will make no use of the acceleration-wave method here, it 
is sufficiently important and relevant that we comment on it briefly 
before proceeding. An acceleration wave is defined as a derivative dis¬ 
continuity in p and u such as that at the head of a rarefaction wave. Its 
strength is defined as the jump in the value of the derivative. The 
method consists of studying the propagation and variations in strength 
of such waves. The relation between the two methods is apparent: ac¬ 
celeration waves propagate along characteristics. Although very old, this 
acceleration-wave approach has been developed extensively only in re¬ 
cent times, beginning with the work of Truesdell and his students. See, 
for example Truesdell (1969), and Chou and Hopkins (1972), Chapter 5. 

The first step in putting the equations into characteristic form is to 
eliminate p from the mass conservation equation so that it contains 
derivatives of p and u only, as does the momentum equation. Using the 
adiabatic relation just derived to perform this elimination, we obtain the 
set 


p + pc 2 u x = pcVr 
u + vp x - 0 
p - c 2 p = pc 2 ar 
A = r, 

where we have chosen to write, as the third equation, the adiabatic rela¬ 
tion, Eq. (4.7a), in place of the one for energy conservation. The first and 
third equations are now inhomogeneous, with the thermicity term pcVr 
appearing explicitly on the right. Although the internal energy has been 
eliminated, the equation of state is still needed to calculate c. 

The characteristic analysis finds certain directions, the characteristic 
directions, along which the partial derivatives combine into total 
derivatives. It results in a set of equations in the so-called characteristic 
form, which define the characteristic directions and define the differen¬ 
tial relationships which must be satisfied along them. Our equations in 


characteristic form are 


(dx/dt) + = u + c 

(4.8a) 

(dx/dt)_ = u - c 

(4.8b) 

(dx/dt)o = u 

(4.8c) 



(dp/dt)+ + pc(du/dt)+ = pcVr 

(4.8d) 

(dp/dt). - pc(du/dt)_ = pc 2 <rr 

(4.8e) 

p - c 2 p = pcVr 

(4.80 

X = r. 

(4.8g) 


The first three equations define the characteristic directions. The last of 
these states that the direction of the particle paths is characteristic. The 
last two equations (4.8f,g) are thus unchanged by the transformation 
since they contain only total derivatives in this direction. The rest of the 
transformation is straightforward: The equations (4.8d,e) relating p and 
u along the other characteristic directions are obtained from the first two 
of the original set by writing out p and u in terms of their partials with 
respect to x and t, multiplying the second equation by pc, adding it to or 
subtracting it from the first, and collecting terms to form the total 
derivatives in the characteristic directions. 

In problems involving the propagation of disturbances there must be a 
wavefront which separates the undisturbed region from the disturbed 
region. The importance of the ± characteristics, besides the simplifica¬ 
tion of the equations, is that, for weak disturbances, one of them is the 
wavefront. Their slopes u ± c are just the expression of the idea that 
sound waves (weak disturbances) propagate at velocity c with respect to 
the fluid particles moving at velocity u. The waves corresponding to the 
4- characteristics, Eq. (4.8a), are called forward-facing, and those 
corresponding to the - characteristics, Eq. (4.8b), are called backward¬ 
facing. Discontinuities in the slope of the dependent variables, for exam¬ 
ple those at the head of a rarefaction wave, also propagate along 4- and 
- characteristics. (Discontinuities in the variables themselves form 
shocks and cross the characteristics.) Discontinuities in p and X (but not 
in p and u) may be maintained along a particle-path characteristic, as 
for example at an interface between two different materials or at some 
other contact discontinuity. 

To this point the principal assumptions, other than the neglect of 
transport properties, have been (1) that a state of local partial ther¬ 
modynamic equilibrium exists everywhere, with only the chemical reac¬ 
tions not in equilibrium, and (2) that E and r are functions of p, p, and X. 

We now extend this assumption to include the local applicability of all 
of equilibrium thermodynamics (the usual assumption of irreversible 
thermodynamics). For this to be useful we have to assume that the tem¬ 
perature function T(p,v,X) is also given as part of the equation-of-state 
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information. With our analytical apparatus augmented in this way, we 
can obtain an equation for the rate of entropy production by the 
chemical reaction, and relate quantities such as c and a to more familiar 
ones. 

To get the entropy-production equation, we begin with the ther¬ 
modynamic differential relation for the internal energy: 

E = TS - pv + 2i/i t ih| (4.9) 


Hi - (dF/9m,) T , P , 

where F is the specific Gibbs free energy, S is the specific entropy, and 
is the specific chemical potential of species i. Using the relation m ( = i>,X, 


the last term can be transformed to 

Si/ttiriii •» (AF)X (4.10a) 

AF ■ (9F/9X) T , P = 2,i>,/ii (4.10b) 

A = (9/dX) T . P ; (4.11) 

combining the above expression for E with the energy equation of mo¬ 
tion E + pv = 0 gives the rate of entropy production 

S = - (AF/T)r = - (AF/T)X. (4.12) 


The quantity AF measures the deviation from chemical equilibrium, 
and is negative for excess of reactants and positive for excess of products. 
The condition for chemical equilibrium is that F be a minimum as a 
function of X at constant T and p, that is, that 


AF = 0. 


The coefficient AF and the rate r must have opposite signs, so that the 
entropy production is always positive, except at a point of chemical 
equilibrium, where both AF and r vanish. About a point of chemical 
equilibrium, the rate can be expanded in a Taylor's series in AF. The 
linear term is positive and nonvanishing {for more than one reaction it is 
the positive definite Onsager matrix [Wood and Salsburg (1960), Eq. 
( 2 . 21 )]}. 



We next express c and a in terms of more familiar quantities, and 
discuss their significance. The desired relations are obtained by the 
usual thermodynamic transformations, the details of which are given in 
Appendix 4D. We find 


c 2 ” (9p/9p) s ,x 

(4.13a) 

a m (9p/9X) E , v /pc 2 

(4.13b) 

= - GJ/Cp)(9E/9X) p , v 

(4.13c) 

= p(9v/9X) h.p 

(4.13d) 

= Av/v - 0AH/C P , 

(4.13e) 


where the constant pressure heat capacity C p and thermal expansion 
coefficient 0 are defined by 

C p = (9H/9T) p ,x ; 0 = (9v/9T) PiX /v. 

The velocity c is called the frozen sound speed because the derivative is 
taken at fixed composition. In some references it is denoted by c 0 or a 0 . 
Also of interest is the equilibrium sound speed 


c| = (9p/9p) 8l AF-o, (4.14) 

for which the derivative is taken at equilibrium composition, that is, 
with the composition shifting during the displacement so as to maintain 
chemical equilibrium. The relations between c and c e , derived in Appen¬ 
dix 4D for n reactions, are, for one reaction 

cl = c 2 [l - cV/(9AF/9X)s, v ]> (4.15) 

C e <, C. 

It is the frozen sound speed c which appears in the characteristic equa¬ 
tions. Thus an acceleration wave (slope discontinuity in p and u such as 
a rarefaction wave head) moves into a stationary medium with speed c. 
This result, while formally correct, does not tell the whole story. What 
happens is that after a time the bulk of the disturbance moves with 
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equilibrium sound speed c e , but is preceded by a precursor wave moving 
at speed c, whose amplitude decays exponentially with time. The 
phenomenon is similar to that seen in the propagation of elec¬ 
tromagnetic waves in a dispersive medium (Stratton, 1941). Some ex¬ 
amples are given in Sec. 4C. Typical differences in the values of frozen 
and equilibrium sound speeds are given in Sec. 5A5. 

As stated earlier the product ax is a measure of the rate of transforma¬ 
tion of chemical bond energy to molecular and bulk translational energy. 
In an unreacted explosive, the material consists entirely of reactants in 
metastable equilibrium with the reaction waiting to be triggered by 
some agency. Hence r is initially positive and a must be positive if the 
material is to be an explosive. The last form of a given above, Eq. 
(4.13e), is important because it shows that both the volume change and 
energy change of the reaction contribute to the explosive performance. 
Even a material with zero heat of reaction but with Av/v > 0 and thus a 
positive a would support a detonation and have the usual properties of 
an explosive. All useful explosives do in fact have a positive heat-release 
term (negative AH), but the volume-change term is often large enough 
to have important practical consequences in work with condensed ex¬ 
plosives. An example of this may be found in the search for high-energy 
compounds which might make better explosives. At one time, boron 
compounds were thought to be quite promising because, with reasonable 
assumptions about the composition of the reaction products, quite large 
values of AH could be calculated. However, the volume-change term, 
while positive, is significantly smaller than in conventional explosives 
because the products consist of fewer molecules with larger molecular 
weight. Detailed calculations (Mader, 1961) showed that the improve¬ 
ment in performance for the intended applications is marginal at best. 

For a mixture of two polytropic gases with the same (constant) 
specific heat capacity, transformed into each other by a single chemical 
reaction, the pressure, enthalpy, and a are 

p = nRT/v 


H = C P T - Xq, 


a = An/n + q/C p T, (4.16) 

where n is the number of moles per unit mass and An is the mole change 
in the reaction. 



Sec. 4A 

As noted earlier, we have written our results for a single reaction, but 
generalization to the n-reaction case is straightforward in most cases. 
Quantities like X, a, r, AF, etc. become n-component vectors. The 
products or and (AF)r become dot products 0*r(= 2j<rjrj) and AF*r. 
The definition of 0 would be written (9p/9A) E , v , meaning a vector with 
components » (9p/Xi) BfV ,\> the prime on X indicating constant X J? 
j i. The general form of the relation between the frozen and 
equilibrium sound speeds, Eq. (4,15), is given in Appendix 4D. 

4A5. Steady Solutions 

For a uniform initial state the equations of motion have one¬ 
dimensional steady (time-independent) solutions of the form discussed 
in Chapter 2. These consist of a plane shock moving with constant 
velocity followed by a flow region in which the chemical reaction 
proceeds to completion. In a coordinate frame moving with the shock the 
flow is steady between the shock and the plane at which the reaction ter¬ 
minates. 

The frame in which the flow is steady will be called the shock frame, 
or sometimes the steady frame , in contrast to the laboratory frame in 
which the undisturbed material is at rest. These are compared in Fig. 
4.2. In the laboratory frame the shock moves toward positive x with 
velocity D, the velocity relative to the material ahead. In the shock 



(a) Laboratory frame 


Unreacted Stationary Reacting 

material shock moterlal 


Fig. 4.2. Laboratory and shock 
coordinate frames. The numerical 
values of u D and D are the same. 
Positive x is to the right and 
velocities are positive throughout. 




(b) Shock frame 
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frame, the shock is at rest at x = 0 and the undisturbed material moves 
into the shock with positive velocity u<, equal in sign and numerical 
magnitude to D. The direction in which the shock faces is reversed in the 
two frames so as to have positive velocities throughout. The velocity of a 
shocked particle with respect to the shock, a commonly occurring quan¬ 
tity, is u in the shock frame and D - u in the laboratory frame; it has of 
course the same numerical magnitude in either. We do not distinguish 
the frames by the symbols used for velocity, as is sometimes done (that 
is, here the symbol u stands for the particle velocity in the given frame in 
either case), and the frame being used must therefore be specified in 
each instance. An exception to this convention is the symbol D, which 
will sometimes be used interchangeably with u 0 to denote the velocity of 
the undisturbed material in the steady frame. 

Since by definition the steady solution does not depend on the time, 
we obtain the equations for it by dropping the time derivative terms 
from the flow equations. From Eqs. (4.5) we thus obtain 

u p % + pu x — 0 

puu x + p x = 0 

uE x + puv» = 0 

uAx = r, 

with u the particle velocity in the shock frame. Together with the equa¬ 
tion of state and the rate 

E = E(p,p,A) 


r = r(p,p,A), 


these determine the steady solution. The partial derivatives with respect 
to x now become just ordinary derivatives and are so written from here 
on. The first three flow equations may be transformed by substitutions 
among themselves into the equivalent forms 


d(pu)/dx = 0 

(4.17a) 

d(pu 2 + p)/dx = 0 

(4.17b) 

d(E + pv + 1/2 u*)/dx = 0. 

(4.17c) 
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These can be integrated immediately to give the Rankine-Hugoniot rela¬ 
tions, which are usually transformed into 

pU = p 0 Uo 

(R = (|OoUo ) 2 - (p - Po)/(v 0 - v) - 0 

3C = E(p,v,A) - E(p o ,Vo,0) - 1/2 (p + po)(v„ - v) = 0. 

As the reaction proceeds in the shocked material, A changes from zero 
at the shock to the final equilibrium value, so that each point of the 
steady flow has an associated value of A. With the appropriate value of A 
inserted, these equations connect any point in the flow with the initial 
state. As we have seen in Chapter 2, for a given large enough value of u 0 , 
they determine at most two flow states for each value of A. Disregarding 
for the present the solution on the weak branch of the Hugoniot curve, 
whose accessibility will occupy much of our attention later, we see that 
they give a unique solution for the state variables p, u, and p as functions 
of A. It remains to determine the dependence of A on distance. This is ob¬ 
tained by integrating the rate equation beginning at A = 0, x - 0 at the 
shock. Since all of the flow variables are now functions of A alone, it 
becomes just as ordinary differential equation for A(x): 

dA/dx = r(A)/u(A). 

It is often convenient to display the steady solution in the form of the 
state history seen by a moving observer. The only such observer we will 
have occasion to consider is one riding on a particle and recording its 
state as a function of time. All particles passing through the steady solu¬ 
tion of course have the same history. Along a steady-solution particle 
path we may change from the independent variable x to the independent 
variable t through the transformation 

dt = dx/u. 

We make the convention that whenever the steady-state derivative is 
written with t as independent variable, a particle history is implied. The 
rate equation, for example, becomes 

dA/dt = r. 

We use the derivative notation d/dt everywhere in writing the steady- 
state equations. Its physical meaning is of course identical to that of the 
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dot used for the Lagrangian derivative in the time-dependent equations; 
both denote the change of a particle property with time. 

Making use of the differential relation between p, p, and X for an 
adiabatic change, Eq. (4.7a), we can obtain single equations for the time 
derivatives of each of the state variables along a steady-state particle 


path. These are 

dp/dt = - puVr/i? (4.18a) 

du/dt = narfa (4.18b) 

dp/dt = - pcrr/fy (4.18c) 

dE/dt = - pvarfa (4.18d) 

dS/dt = - (AF)r/T (4.18e) 

dX/dt = r (4.18f) 

V « 1 - M 2 ; M « u/c. (4.18g) 


These equations show that in the steady flow the state point in the p-v 
plane moves with increasing time down the Rayleigh line if axfa > 0, and 
up the Rayleigh line if at fa < 0. Immediately behind the shock wave the 
flow is subsonic and i? > 0, so that if chemical energy is released to the 
flow, i.e., if err >0, the pressure decreases, and if energy is absorbed from 
the flow, the pressure increases. If at any point y becomes zero, then or 
must also become zero if the derivatives of the flow variables are to 
remain finite. The importance of the points at which these quantities 
vanish will be seen in the examples to follow. 

Finally, we remark that it is sometimes convenient to write the equa¬ 
tions for the steady solution in terms of velocities in the laboratory frame 
instead of using velocities in the shock frame. The change-over is easily 
accomplished by replacing u by (D - u) and u 0 by D. As examples con¬ 
sider the integral mass conservation relation and the equation just given 
for du/dt: 

Steady Frame Laboratory Frame 

PoUo = pu p 0 D = p(D - u) 

du/dt = natfa -du/dt « (D - u)or/[l - (D - u) 2 /c 2 ] 
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4 AS. The Shock-Change Equation 

A very useful relation, which we call the shock-change equation, 
relates the time rate of change of the strength of a shock to the velocity 
or pressure gradient, the reaction rate, and the sonic parameter y just 
behind it. The original idea goes back to Jouguet (1917), who obtained a 
rather complicated version without chemical reaction, and used it to 
analyze the decay of (instantaneous-reaction) spherical detonation 
waves. There is a large literature on its application to a great variety of 
materials; see, for example, Chapter 5 by Herrman and Nunziato in 
Chou and Hopkins (1972), or Chen and Gurtin (1971). We give a deriva¬ 
tion in Appendix 4E. Specialized to plane flow, the result is (in the 
laboratory frame) 

(dp/dt) s = pc 2 ( 0 T-~r?u x )/[l + p 0 D(du/dp)ac], (4.19) 

where (dp/dt)§ is the rate of change of shock pressure with time, 
(du/dp) 3C is the rate of change of particle velocity with pressure along the 
Hugoniot curve for the unreacted material, u x is the gradient of particle 
velocity, and v\ = l-(D-u) 2 /c 2 is the sonic parameter. The denominator 
will be positive for most equations of state. In the numerator the term at 
is related to the net rate at which chemical bond energy is released to the 
flow by the chemical reaction, and the term i/u x is related to the rate at 
which energy is transported to the rear by the flow. 

The condition that the flow be steady is that these two terms exactly 
balance, so that the numerator vanishes, and the shock pressure is cons¬ 
tant in time. For positive or and subsonic flow (i? >0), the gradient u x 
(and therefore also p x in the laboratory frame) must be positive to 
achieve the balance required for the steady state. Thus, in moving back 
away from the shock in a detonation, the particle velocity and the 
pressure fall as energy is released. 

The equation has an additional application to steady reactive flow. 
Since the Rankine-Hugoniot equations apply at any point in the flow, it 
also applies at any point, provided that (dp/dt) s = 0 is interpreted to 
mean that the pressure is constant with time along any line parallel to 
the path of the shock front in x-t space, and that (du/dp)^ is evaluated 
on the appropriate partial-reaction Hugoniot curve. The terms in the 
parentheses must therefore be of equal magnitude at every point in 
the steady flow. Setting the parentheses on the right to zero, in fact, 
and recalling dx = udt, gives the steady-flow equation (4.18b). Roughly 
speaking, we may say that the gradient acts like a rarefaction, 
transporting energy to the rear, and that this loss must be compensated 
by the energy supplied by the chemical reaction. 
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Adams and Cowperthwaite (1965) and Nunziato, Kennedy, and Har¬ 
desty (1976) have used the shock-change equation to study the initiation 
of explosives by shock waves. Pack and Warner (1966) used an assumed 
approximation to the shock-change equation, called Whitham's approx¬ 
imation (see Whitham, 1974, Chapter 8), in a similar study. The approx¬ 
imation doesn't work well for any but the earliest stages of the problem, 
because it can have no steady solutions. Pack and Warner recognize the 
difficulties, and get interesting results in spite of them. It is instructive 
to compare the methods and results. Additional work has been done by 
Cowperthwaite and Adams (1967) and Cowperthwaite (1969a). 

4B. MATERIAL PROPERTIES 

Simple models of the material have been much used in studying the 
solutions of the reactive flow equations. We make extensive use of them 
in our exposition, particularly in Chapter 5. Ideally, such a model should 
contain the principal features of interest, but be sufficiently simple to 
allow qualitatively correct results to be obtained analytically, thus ex¬ 
posing in optimum fashion the most interesting features of the solution. 
If approximate numerical results of useful accuracy can also be obtained 
in this way, so much the better. The motivation for constructing such a 
model is nicely described by Lighthill (1957) in his account of the con¬ 
struction of what has come to be called the "Lighthill gas." 

The two perhaps most widely used simple models are described below. 
We have been able to use some variation of these wherever we have had 
occasion to work out a simple example for purposes of illustration. Both 
are based on the simple poly tropic gas form for the equation of state of a 
pure component 

E = pv/(y — 1), y constant, (4.20) 

and use some form of the forward Arrhenius reaction rate 

r = k(l - X)e -ElyBT . (4.21) 

The first form is the simplest and can be applied to both gaseous and 
condensed-phase explosives (with quite different values of the cons¬ 
tants), but does not contain all of the desired properties. The second is 
an appropriate generalization of the Lighthill gas which contains in 
some form all the desired features but which applies directly only to 
ideal gases. The description of this second form also serves to illustrate 
in more complete fashion the application of the thermodynamic for¬ 
mulae of Sec. 4A4. 
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When an idealized fluid is needed for study, a single reaction is often 
assumed with its rate given by the mass-action law with Arrhenius rate 
constants. This is a severe oversimplification of real systems, which or¬ 
dinarily have many elementary reactions. These can of course be 
replaced by a smaller number (but usually more than one) of 
stoichiometric reactions, but only at the cost of having the more com¬ 
plicated effective rates which are linear combinations of the elementary 
rates. As examples, see the ozone system described in Appendix 4A and 
the hydrogen-oxygen system described in Chapter 5. 

4B1. The Polytropic Gas 

This simplest model treats the system as an ideal mixture of 
polytropic gases all having the same (constant) heat capacity. The com¬ 
ponents A, B, C,.... are transformed into each other by reactions with no 
mole change 

A s=5 B, A s=» C, B s=i C, .... 

Thus both the heat capacity and the number of moles of the mixture are 
constant. There is, of course, no allowance for different sizes of the dif¬ 


ferent molecules. 

The equation of state is 

E = pv/(y - 1) - Q (4.22a) 

Q — SiAiqi (4.22b) 

with \i and qi the progress variable and (constant) heat of 
(stoichiometric) reaction i. The isotherms are 

pv = RT, (4.23a) 

and the constant-composition isentropes are 

pvT = constant. (4.23b) 

Other quantities of interest are 

H = E + pv = 7 pv/(y - 1) - Q (4.23c) 
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ffi = (7 - l)q,/c 2 . (4.23e) 

For a binary mixture, with mole fractions x A = (1 - X), x B = X, the 
equilibrium composition is given by 

x B /x A = exp[q/RT+(S B -S A )/R], (4.24a) 

with S B - S A the (constant) entropy difference between the pure compo¬ 
nents. The frozen and equilibrium sound speeds for a binary mixture are 
related by 

c|/c 2 = 1 - y<r 2 /[yW/(y - 1 ) + x A ‘ + xs‘], (4.24b) 

Eqs. (4.24) are obtained by specializing the results of Sec. 4 B 2 . 

With appropriate values of the constants, this equation of state can be 
applied to both gases and condensed-phase explosives. For gases y is the 
heat capacity ratio, always less than or equal to 5/3. For condensed- 
phase materials, we must abandon pv = RT, so y can have larger values, 
determined by comparison with experiment, and typically about three. 
The equation of state is usually applied only to the detonation products, 
not the unreacted liquid or solid, and temperature and entropy are not 
available . 2 For many purposes the temperature is not required. Most 
hydrodynamic calculations, for example, need only an equation of state 
of the form E(p,v). The limitation does, however, preclude consideration 
of reversible reactions and the accompanying phenomena of chemical 
equilibrium, as in Eqs. (4.24). 

Some restrictions must be observed in applying this form to 
condensed-phase explosives. Consider the single-reaction case. For the 
products, represented by X = 1, it has been widely used with reasonable 
success. For the reactants, represented by X = 0, it is probably fairly ac¬ 
curate for pressures of the order of the detonation pressure, but is poor at 
low pressures — less than a few gigapascals. For example, the calculated 
initial sound speed is several orders of magnitude too small. All the 
partial-reaction Hugoniot curves have the same asymptote v/v 0 = 
(7 - 1 )/(y + 1 ), and the X = 0 Hugoniot curve lies very close to the 
asymptote for all but very low pressures. (See Sec. 2C). For CJ detona¬ 
tion in a condensed-phase explosive the calculated von Neumann spike 

2 The problem of determining the temperature from the internal energy given in the form 
E(p,v) is taken up in Appendix 4B. The function T(p,v) is the solution of a partial differen¬ 
tial equation whose coefficients are functions of p,v, and the partial derivatives of E. With 
physically reasonable choices for the initial conditions of integration, the polytropic gas 
form for E gives grossly inaccurate results for the temperature of the detonation products of 
condensed explosives. 



pressure is twice the CJ pressure (for any value of 7 ), a not unreasonable 
result. Choosing q to match the measured CJ pressure and velocity 
usually gives a reasonable value in agreement with thermochemical es¬ 
timates. For a steady-state calculation based on the von Neumann 
model, where the state point moves down the Rayleigh line and remains 
in a region of relatively high pressure, this equation of state is probably 
reasonably accurate. 

The neglect of p G often gives a considerable simplification of analytic 
results. It is clearly justified for condensed-phase explosives under the 
conditions of interest here. For gases the resulting error is also small; the 
calculated CJ pressures are typically in error by only a few percent. 

Simple rate laws, like 

r “ k(l — A), 


or 

r = k(l — A) 1/a , 

which do not have any temperature dependence, are often used with this 
equation of state. 

4B2. Biliary Mixture of Different Polytropic Gases 

This form allows for a mole change in the reaction and differences in 
the heat capacity, but is restricted to gaseous explosives. It consists of an 
ideal mixture of two polytropic gases with a single reversible reaction, 
represented as 

A + 1 )B, (4.25) 

in which species A and B may have different (constant) heat capacities. 
In this equation the symbols A and B denote a mole of the species, and 8 
the mole change. The equation, then, is in the usual chemist's notation 
for a reaction, and 8 is an integer or rational fraction. 

All the expressions to follow are written using specific units, i.e., all 
quantities are stated for a system of unit mass. The only exceptions to 
this rule are the mole change 8 and the molar gas constant R. The sub¬ 
scripts A and B indicate that the specific quantity subscripted is that for 
unit mass of the indicated (pure) species. The subscript 0 indicates that 
the quantity is to be evaluated at the initial pressure and temperature. 
The equations are written assuming A 0 = 0 . 

The initial number of moles per unit mass of A is 1/Ma, where M A is 
the molecular weight of species A, and the initial state (A = 0) consists of 
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pure A. At any stage of the reaction the total number of moles per unit 
mass is 

n = (1 + X5)/M A (4.26) 

The mole fractions x A and x B are 

x A = n A /n = (1 - A)/(l + A6) (4.27) 

x B = n B /n = A(1 + 5)/(l + A5), (4.28) 

where n A and n B are the number of moles of A and B. The equation of 
state is 

pv = nRT = (1 + A5)RT (4.29) 

with R = R/M a , so that R is the specific gas constant for species A. We 
use subscript zero to denote an arbitrary reference state (T 0 ,p 0 ) for each 


pure component. Letting 

q = - AH 0 = - (H„ - H a ) q (4.30) 

^E p C pB C PA , (4.31) 

the frozen heat capacities, internal energy, and enthalpy are 

C p = C pA + XACp (4.32) 

C v = C p - nR = C p - (1 + Afl)R (4.33) 

E = E oA + Cy(T — T 0 ) — Xq (4.34) 

H = H oA + C P (T - T 0 ) - Xq = H oA + C pA (T - T c ) 

+ A[—q + AC P (T - T 0 )]. (4.35) 

The entropy and free energy are 


s = S oA + X(Sb - S A )o + Cp In (T/To) - (1 + A5)R In (p/p„) 

- (1 + A5)R (x A In x A + x B In x b ) (4.36) 
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F = H - TS. (4.37) 

For the quantities c 2 , <r, and AF occurring in the flow equations, we 
need expressions for the quantity y, and the partial derivatives of 


volume, enthalpy, and entropy. These are 

7 - Cp/C v (4.38) 

Av = (dv/aX) T . P « [5/(1 + A5)]v (4.39) 

AH = (aH/3X) T .p = -q + AC P (T - T 0 ) (4.40) 

AS = OS/aX) T . p = (Sa - S A )o + ACp In T/T 0 

- 5R In p/po - Rln (x B 1+ fyx A ). ( 4 . 41 ) 

In terms of these the desired quantities are 

c 2 = 7pv (4.42) 

<r - Av/v - AH/(C P T) (4.43) 

AF = AH - TAS. (4.44) 

The condition for chemical equilibrium is 
AF = 0 
or 


Xb 1 + Vx a = (T/T 0 ) AC p /R (p/p 0 )' 6 exp{[q - AC P (T - T 0 )]/RT 

+(S b -Sa)o/R}- (4-45) 

The mass-action rate is given by Eq. (4.3). The rate multipliers k f and 
k b are not independent since r must vanish at equilibrium. Taking ad¬ 
vantage of this fact, and assuming that Eq. (4.25) is the elementary 
reaction, the mass-action rate can be transformed (see, for example, 
Fickett, Jacobson, and Wood, 1970, p. 49) to 

r = k(l - A)e- Et/RT (1 - e AF/RT ). (4.46) 
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We call this the "Arrhenius rate." The "irreversible-reaction" model 
that we use in many places has the back-reaction arbitrarily suppressed. 
It is the limit of Eq. (4.46) as AF —► -<». The actual limit is, of course, 
physically unattainable, because it would require something like 
(S B “ S A )o —> 00 in Eq. (4.45). However, the true equilibrium point, par¬ 
ticularly in condensed-phase explosives, can lie so far to the right that 
the difference is of no practical consequence. 

The equilibrium and frozen sound speeds are related by 

-a±MM?- )(4 47) 

c 2 «yR)Dya-6(1 + X6)' 1 ] 2 + (1 + X«)~ 1 [x“‘ + (1 + S) 2 x" 1 ] 

where the right-hand side is to be evaluated at the values of the 
variables corresponding to the equilibrium composition at which the 
relation is to be applied. This expression is obtained from Eq. (4.15) by 
straightforward but lengthy manipulation of the partial derivatives. The 
Lighthill gas can be obtained from the above equations by setting 6 = 1 
and AC P = R. 

4C. REPRESENTATIVE FLOWS 

We discuss here some representative one-dimensional flows, other 
than detonations, which illustrate some of the effects of adding chemical 
reaction to the effects considered. The first three sections are brief sum¬ 
maries of topics with which we are not directly concerned, included for 
the sake of completeness. Sec. 4C1 is just a reminder that the reader 
needs some background in a few of the elements of supersonic compressi¬ 
ble flow. In Sec. 4C2 we point to the existence of hydrodynamic in¬ 
stability in a spatially uniform reacting system. Microscopic fluctua¬ 
tions give rise to local hot spots that continue to grow if the reaction is 
sufficiently sensitive to temperature. For this problem, heat conduction 
is an important effect. Sec. 4C3 is concerned with the acoustics of a reac¬ 
tive medium, an extensive subject with which we are not much concer¬ 
ned. 

In Sec. 4C4 we consider the propagation of a shock into a reactive 
material at equilibrium. This differs from a detonation in that the initial 
state is a true equilibrium state, and not a state far from equilibrium 
preserved by a vanishingly small reaction rate. Because the initial state 
is one of true equilibrium, both the frozen and equilibrium Hugoniot 
curves pass through it, in contrast to the detonation case, so shocks of all 
strengths are possible and there is nothing like a CJ condition. If the 
shock is generated and supported by an instantaneously started 
constant-velocity piston, the initial shock is to a point on the frozen 
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Hugoniot curve. This initial configuration decays to the final steady 
solution consisting of a shock to a lower pressure point on the frozen 
Hugoniot curve, followed by a steady reaction zone. The lead shock 
jump, of course, displaces the state instantaneously, so the original com¬ 
position is no longer the equilibrium composition, and reaction begins 
immediately to bring the system back to equilibrium. An important 
result is that, regardless of the sign of a, the thermicity product or is 
always negative, so the reaction process is effectively endothermic, and 
the pressure rises through the steady reaction zone. 

Another interesting result comes from considering small piston 
velocities. If the piston velocity is so small that the steady-solution 
propagation velocity is less than the initial-state frozen sound speed, the 
shock decays to zero strength in finite time, and becomes the head of an 
acoustic precursor, running at the frozen sound speed, and decaying in 
strength exponentially with time. The bulk of the disturbance travels at 
a lower velocity that, in the limit of zero piston velocity, approaches the 
equilibrium sound speed. The steady solution extends to infinity in both 
directions, and is called a "diffuse" or "fully dispersed" shock. The roles 
of the two sound speeds are now clear; in the acoustic limit the 
equilibrium sound speed becomes the group velocity and the frozen 
sound speed becomes the phase velocity. 

The rarefaction wave into a reactive equilibrium state, discussed in 
Sec. 4C5, has some of the same properties. At early time we have a self¬ 
similar frozen wave with the head propagating at frozen sound speed, 
and at late time an equilibrium wave with the head propagating at the 
slower equilibrium sound speed, preceded by an exponentially decaying 
precursor propagating at frozen sound speed. 

4CL Flow Without Reaction 

The equation of motion (4.6) are, when r = 0, the usual equations for 
plane, time-dependent flow in a nonreacting medium, with the neglect 
of all transport effects. Since there are many excellent standard works 
on hydrodynamics which treat these flows, they will not be discussed 
here. It will be assumed, however, that the reader has some familiarity 
with them. 

4C2. Reaction Without Flow 

The case of a spatially uniform perturbation of material initially in a 
spatially uniform state is described by the equations (4.6) with initial 
values of u, u x , and p x all zero. This type of perturbation might be ac¬ 
complished by heating by radiation which is very weakly absorbed by 
the medium to produce a uniform nonequilibrium state. The resulting 
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sequence of states will be spatially uniform only if the system remains 
hydrodynamically stable at all times. 

With large enough activation energy the system is unstable; local hot 
spots form and initiate flames, so that the flow becomes three- 
dimensional. Jones (1975) has treated this stability problem in the short 
wave-length limit for the Euler equations, with the result that the 
system is unstable for nonzero activation energy. Borisov (1974) gives an 
extensive qualitative discussion of the problem, with a review of the ex¬ 
perimental work. 

4C3. Sound Waves in a Reactive Mixture 

Probably the simplest case of the interaction of the motion of a sub¬ 
stance with the chemical reaction is in a mixture of reacting species in 
chemical equilibrium through which a sound wave is propagating. The 
infinitesimal variations in pressure and temperature caused by the 
sound wave cause infinitesimal shifts in the chemical equilibrium with 
delays characterized by the chemical reaction rate, and these in¬ 
finitesimal shifts give rise to finite, and sometimes large, changes in the 
sound velocity, which is a ratio of infinitesimals. At a sufficiently low 
sound frequency the shift in equilibrium follows the variations caused by 
the sound wave, and the wave propagates at the equilibrium sound 
speed, Eq. (4.14). At sufficiently high sound frequency the equilibrium 
does not shift appreciably in the half period of the sound wave, and the 
wave propagates at the frozen sound speed, Eq. (4.13a). The energy of 
the sound wave is absorbed by a material which reacts chemically, as is 
indicated by the fact that the entropy production term is always 
positive, Eq. (4.12). The equations which describe the propagation of a 
plane sound wave in a reacting medium can be obtained by linearizing 
Eqs. (4.6) about the equilibrium composition, but for some applications, 
such as investigating material properties by measuring sound dispersion 
and velocity, transport properties must also be considered; see Herzfeld 
and Litovitz (1959). The complicated problem of the amplification of 
sound waves propagating in non-equilibrium reacting mixtures has also 
received considerable attention; see, for example, Garris et al. 
(1975). 

4C4. Shock Wave in a Reactive Mixture 

A shock wave propagating in a reactive mixture initially in ther¬ 
modynamic equilibrium provides a reasonably simple illustration of the 
interaction of flow and reaction variables. The Hugoniot curves in the 
p-v plane are shown in Fig. 4.3. The equilibrium Hugoniot curve is the 
representation of Eq. (2.5) with AF(p,v,X) = 0 at every point, so that X 



Fig. 4.3. Diagram of equilibrium 
and frozen Hugoniot curves and 
isentropes through an initial state 
of chemical equilibrium O. The 
Rayleigh line with propagation 
velocity D = c G shown as a chain 

line (— -) is the dividing line 

between sharp and diffuse shocks. 


changes along the curve. The frozen Hugoniot curve is the representa¬ 
tion of Eq. (2.5) with X held fixed at its value for equilibrium of the in¬ 
itial state. The frozen and equilibrium isentropes, which are tangent to 
their respective Hugoniot curves at the initial state point, are also shown 
in Fig. 4.3 for volumes greater than that of the initial state. For all sub¬ 
stances having a thermodynamically stable equilibrium state, regardless 
of the sign of <r, the frozen isentrope and Hugoniot curve will be steeper 
than the corresponding equilibrium curves at the initial state O. For the 
simple substance of Sec. 4B2, consideration of the equilibrium relation 
AF = 0 shows that these curves cross only at the initial state point. This 
is typical for a well-behaved equation of state. Thus the processes are en¬ 
dothermic, having at < 0 throughout. 

If Fig. 4.3 had been drawn for a nonreacting material, only the frozen 
Hugoniot curve would appear. A shock wave, in such a medium, has a 
final state defined by the intersection of the Hugoniot curve with the 
Rayleigh line, Eq. (2.3), through the initial state. The slope of the 
Rayleigh line is proportional to the square of the shock velocity, and the 
shock velocity approaches the sound velocity as the shock pressure is 
reduced to zero. Thus the minimum shock velocity corresponds to the 
Rayleigh line tangent to the Hugoniot curve at the initial point, and less 
steep Rayleigh lines are physically meaningless. 8 For a shock in a 
reacting medium we have both the frozen and equilibrium Hugoniot 
curves. A Rayleigh line which intersects the equilibrium Hugoniot curve 
at both the initial point and some higher pressure point, representing a 
shock transition in the material, will, for small enough propagation 

8 We ignore intersections in the regions v > v„. 
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velocity, intersect the steeper frozen Hugoniot curve only at the initial 
state. Because of this, there are two distinctly different types of shock 
solutions. They are divided by the Rayleigh line with propagation 
velocity D = c„, shown as a chain line in Fig. 4.3, where c„ is the frozen 
velocity of sound, Eq. (4.13a), in the material at the initial state. 

For D > c 0 , say D,, the steady solution consists of a shock discon¬ 
tinuity from O to Ni, on the Rayleigh line D t , followed by a zone of 
chemical reaction carrying the state point from Ni to S,. The material 
velocity is raised to u t , Eq. (2.4), which is therefore the steady piston 
velocity required to maintain the steady solution. The pressure profile is 
diagramed in Fig. 4.4a, together with some earlier profiles in the time- 
dependent flow produced by a piston instantaneously accelerated to this 
constant velocity. The shifting of composition due to reaction always 
results in a net shift from translational to chemical bond energy. The 
same piston velocity Uj in the frozen material (i.e., with the reaction in¬ 
hibited) would produce a shock, represented by the Rayleigh line D;, to 
the state S( which would extend back to the piston. In the reacting 
material, a piston instantaneously accelerated to velocity u t at t = 0 
produces, for times much less than the reaction time, just this shock to 
state S,' because the material has not changed from the initial composi¬ 
tion. As time goes on and the reaction proceeds, the flow pattern ap¬ 
proaches the steady solution with final state Si. Numerical time- 
dependent calculations, i.e., the integration of Eqs. (4.6), can be found 
in Fickett, Jacobson, and Wood (1970), p. 30. 

For a propagation velocity D < c 0 , say D», such as is represented by 
the Rayleigh line D t in Fig. 4.3, a complication arises. Signals moving at 
the frozen sound velocity in the initial state c 0 will run ahead of the 
steady flow profile which propagates at the velocity D 2 . No shock discon¬ 
tinuity is involved; all the points along the Rayleigh line between 0 and 
S 2 can be attained in sequence. The pressure profile of the steady solu¬ 
tion is approximately profile 4 of Fig. 4.4b. It is similar to that for a 
viscous shock. 

The steady piston velocity required to maintain this configuration is 
u 2 . The corresponding frozen shock is the state S 2 on the Rayleigh line 
D 2 . This is the shock which a piston discontinuously accelerated to 
velocity u 2 would produce in the reacting material for times in which no 
appreciable reaction takes place. The shock strength decreases exponen¬ 
tially with time, and its velocity approaches the frozen sound speed c 0 . 
The bulk of the disturbance moves at velocity D 2 ; the configuration 
eventually approached is the steady solution in a frame moving with this 
velocity. It is called a fully dispersed shock, or sometimes a diffuse 
shock, and was first described by Bethe and Teller (1942). A numerical 




(a) d > c 0 



(b) D < c 0 


Fig. 4.4. Shock waves in a gas in chemical equilibrium. The laboratory 
frame is used, and the shock is traveling to the right, (a) Sharp shock, D > 
c 0 . (b) Diffuse shock, D < c 0 . The numbered curves are diagrams of suc¬ 
cessive profiles in the flow generated by pistons instantaneously ac¬ 
celerated to the constant velocities u, and u 2 , respectively, of Fig. 4.3. The 
last profile in each case is the steady configuration. 
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calculation of a similar time-dependent problem can again be found in 
Fickett, Jacobson, and Wood (1970), p. 31. Typical profiles are 
sketched in Fig. 4.4b. 

It is important to notice how the steady-state shock wave in a reacting 
medium differs from the simpler steady shock in a nonreacting medium. 
In the nonreactive case the shock wave is localized at a point in the mov¬ 
ing reference frame and is followed by a constant state. In the reactive 
case, the steady diffuse shock is always infinite in extent, and the sharp- 
fronted wave has a large extent which may be infinite or not depending 
on the form for the reaction rate. The steady solution is not a configura¬ 
tion which the wave has at any finite time, but only one which is ap¬ 
proached in infinite time. 

Diffuse shocks are ordinarily not of great practical importance since 
their strength is limited by the ratio of the frozen and equilibrium sound 
speeds. For typical gas systems the maximum pressure ratio for a diffuse 
shock is about 1.3. 

4C5. Rarefaction Wav© in a Reactive Mixture. 

A rarefaction wave propagating into a reactive mixture initially at 
equilibrium provides another reasonably simple example of the interac¬ 
tion of flow and reaction variables. If a piston is suddenly withdrawn 
with finite constant velocity, the initial flow configuration is that of a 
centered rarefaction wave in the frozen material. The frozen isentrope 
lies below the equilibrium isentrope, Fig. 4.3, so the process is exother¬ 
mic, with err > 0 throughout. At late times the configuration approaches 
that of a centered rarefaction wave in the equilibrium material. The 
head of the initial frozen wave moves at the initial-state frozen sound 
speed c 0 . The amplitude of the disturbance between x = c 0 t and x = c eo t, 
where c eo is the equilibrium sound speed in the initial state, decays ex¬ 
ponentially with time so that at t = «> the slope discontinuity appears at 
x = c eo t, and the head of the wave appears to be moving at the initial- 
state equilibrium sound speed. Some stages of the process are sketched 
as pressure profiles at different times in Fig. 4.5. 

Numerical calculations for flows of this type have been performed by 
Wood and Parker (1958), and by Arkhipov (1962). In these examples the 
approach to the equilibrium flow configuration is found to be very slow 
compared to the reaction rate. 

APPENDIX 4A. CHEMICAL REACTION EQUATIONS 

For the theoretical discussion of detonation we need a set of indepen¬ 
dent progress variables which define the chemical composition, and for 




Fig. 4.5. Diagrams of profiles of a 
rarefaction wave generated in a gas in 
chemical equilibrium by suddently 
withdrawing a piston with finite 
velocity. The points labeled c eo and c 0 
are the equilibrium and frozen sound 
speeds in the initial state. 


each of these the effective rate of the corresponding formal reaction. In 
this appendix we describe the method, with some examples, for the 
reduction of the elementary chemical reaction equations to an 
equivalent independent set of formal reactions. 

In Sec. 4A1 we showed that a set of t elementary chemical reaction 
equations involving s species can be written 

SUi'jilXJ = 0, j = 1, ..., t (4A-1) 


and also that 


21.i *ji = 0. (4A-2) 

For each of the t reactions of Eq. (4A-1) there is a progress variable Xj, 
and in general they are not independent variables. For example, in the 
simple case of 

A *=» B (4A-3) 

the elementary reactions are usually 

A + A ^ A + B, (4A-4) 

which means that an A molecule collides with another A molecule and 
that one of them is transformed to a B molecule, and 

A + B t* B + B, (4A-5) 

in which A collides with B to make the transformation. 

In the usual mass action approximation of chemical kinetics, the rates 
for Eqs. (4A-3), (4A-4), and (4A-5) can be written, as in Eq. (4.3), 
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A- 

r„ = M A (k 8 mA/M A - k 8 m B /M B ) 

r 4 = 2M A p[k(m A /M A ) 2 - k 4 (m A /M A )(m B /M B )] 

i, = (M a + M B )p[la(ro A /M A ) (m B /M B ) - k s (m B /M B ) 3 ]. 

In the notation of Eq. (4A-1), all three of Eqs. (4A-3), ( 4 A- 4 ), and ( 4 A- 5 ) 
are idential, and thus obviously not independent. For our purposes the 
chemical transformation by all three reactions can be represented by the 
single formal reaction 

A ms B, 

whose rate of transformation is just the sum 
r « r„ + r 4 + r„ 
and whose progress variable is 
X 888 X| + X. + Xf. 

Notice how complicated the rate is for this very simple (unphysically 
simple) set of chemical reactions. The six k t and k t are all functions of 
temperature and pressure, X enters through the m t in various ways, and 
the density dependence in r» is different from that in r< and r 9 . 

Another kind of reaction which can also be represented by Eq. (4A-3) 
is the set 

2A i—5 Ag 

A 2 + A ±=5 2A + B, 

if one of the reactions is much faster than the other. For this set 
m A = 1 - 2X| + X» 

!»a 2 — Xj ~ X 2 


m B = X 2 . 

If the first reaction is very fast, it will maintain equilibrium, and is 
described by 



K = c A ,/ci » pn As /(pn A ) a 

= p“Hm A /M Aa )/(m A /M A ) 2 

888 (Ma/2p)(Xs - X a )/(1 - 2Xi + Xj) s , 

where K is the equilibrium constant, usually a function of temperature 
and pressure. We assume that K is small, because if it is not, the initial 
composition is not even approximately pure A. In this case 

as A 2 = X 

and m A - 1 - X, m Aa = (2pK/M A )(l - X) 2 from the equilibrium equa¬ 
tion, and m B = X. The rate for the reaction set is the rate for the second 
reaction, because the first is, by assumption, so fast that it stays in 
equilibrium. With the mass action approximation the rate is 

r = 3M A [pK(m Aa /M Aa )(m A /M A ) - p 8 £(m A /M A ) 2 (m B /M B )] 

888 3(p/M A ) 8 [2KE(l - X) 8 - £X(1 - X) 2 ]. 

This rate must be added to the other rates to describe the progress of the 
formal reaction 

A B. 

The examples given above show several interesting features. The 
representation of the reactions as A ^ B is not as far from reality as 
might be thought. The rates, however, are very complicated. The num¬ 
ber of elementary reactions, and therefore the number of parts to the 
rate expression, is large, and is usually reduced to the smallest number 
which will give the accuracy desired. There are many more possibilities, 
for example the termolecular reactions, than we have considered here. 

As an illustration of further properties of the set of elementary reac¬ 
tions, consider the following set of reactions for collisions among three 
species of oxygen, elementary reactions written in the usual molar units 
on the left, and in the form for transformation of unit mass on the right: 

(1) 0 3 + 0 8 0 + 0 2 + 0 8 - 1{0 8 } + 1/3(0} 4 2/3{0 2 } - 0 

(2) 0 8 + 0 1=5 20 + 0 2 - 1{0 8 } + 1/3(0} 4- 2/3{0 2 } - 0 
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(3) 0 8 + 0, t=s 0 + 20, - 1(0,} + 1/3(0} + 2/3(0,} = 0 

(4) Os + 0 ^ 20, - 3/4(0,} - 1/4(0} + 1(0,} = 0 

(5) 0, + O *=* 30 - 1(0,} + 1(0} = 0 

( 6 ) 0 , + 0 , ^ 20 + 0 , - 1 ( 0 ,} + 1 ( 0 } - 0 . 

Writing i « 1,2,3 for 0, 0,, and 0, respectively, and Vj for the collec¬ 
tion (pji, i>jt, I'j,), the reaction equations become 

Vi = v, = v, = (1/3,2/3,-1) 

V, = v, = (1,—1,0) 

v 4 = (-1/4,1,-3/4) = 3/4 V, - 1/2 V,. 

Clearly there are only two independent reactions, and we might choose 
v a = Vi = (1/3,2/3,-1) 

Vb = v, = (1,-1,0) 

to represent the set. For the rates we must satisfy the fundamental 
relationship 

lhi = SjVjirj. 

To accomplish this we just take the expression of each v J4 in terms of 
v ai , and ensure that all terms are included, by using the coefficients of 
the v al . The appropriate rates (related to ordinary chemists rates by Eq. 
(4.4) are 

r a = ri + r 2 + r, + 3/4 r 4 
r b - — 1/2 r 4 + r, + r„. 

There is no unique choice of the two independent reaction equations, 
and they may be chosen to satisfy special requirements. One might 
choose instead 
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v A = Vi + 2/3 V, = (1,0,-1) 

Vb = Vj — 1/3 V, = (0,1,-1), 

so that the first reaction represents the production of 0 from 0, and the 
second the production of 0, from 0,. With this choice we have 

Vi - V, = V, = 1/3 V A + 2/3 V B 

v 4 = -1/4 V A + V B 

V, = V, — V A — Vb, 

so the rates are 

r A = 1/3 (r x + r, + r,) - 1/4 r 4 + r, + r, 

r B = 2/3 + r, + r,) + r 4 - r, - r,. 

The coefficients of the r t in these expressions could equally well be 
chosen by inspection of the equations in their original form to see how O 
and 0, are produced in or removed from the system by the reactions. 
The progress variables are defined by 

— r A , Ab = r B , 

and the mass fractions (assuming the initial state is pure O,) by 
m a = 1 - X A - X B 
m t = A a 
m, = A b . 

The diagram in A-space is like that of Fig. 4.1(a). 

The other choice, with 

Va = (1/3,2/3,-1), v b - (1,—1,0), 

yields 
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m, = 1 - A„, m, - 1/3 A a + A b , and m 2 - 2/3 A a - A b . 

The accessible region of X-space now includes negative values of A b . It is 
shown in Fig. 4A-1. 

The examples are simple enough that the relationships can be seen by 
inspection, but it is easy to imagine a set of reaction equations which are 
not so simple. Fortunately there are methods for finding an independent 
set of equations for any homogeneous system of the form of Eq. (4A-1), 
and these are described in any textbook of linear algebra, for example 
Franklin (1968), Shields (1964). If, as in Eq. (4A-1), there are t reactions 
among s species, the terms v n form a t X s matrix, with t rows and s 
columns. The rank n of the matrix is defined as the dimension of the 
largest nonzero determinant which can be formed from the rows and 
columns of the matrix. Determinants are square, and therefore the rank 
cannot be larger than the smaller of t and s; Eq. (4A-2) states that each 
row of the matrix has zero as its sum, and reduces the rank at least one. 
It can be shown that the number of independent reactions needed to 
represent the set is the rank of the matrix. A possible choice for the in¬ 
dependent reactions is the set made up from Eq. (4A-1) of those in the 
rows of the matrix used to make the nonzero determinant. 

Suppose an independent set of equations 

2!-i ?ki(XJ = 0, k = 1 , ..., n 

is chosen. Then it will be possible to express the original v }i in terms of 
the since they are dependent, as 

Vj = SkCjkVk, j = 1, ..., t. 

This vector equation represents t X s equations for the c Jk . For each j 
(that is, for each elementary reaction equation) there are a set of s equa¬ 
tions, one for each component of Vj. The rate for independent reaction 
equation k is then 

X Q 

Fig. 4A-1. The accessible region of X- 
space for one choice of the minimum 
set of reaction equations for the 
transformation of 0 8 to O and 0 2 . Part 
of the accessible region has negative 
values of X b . 
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fk = 2).! Cj k rj, k = 1, ..., n. 

These n rates are for the n independent reactions, and corresponding to 
each we have 

X k = r k 

m, = Jkifk 
m, = m? + 28 .! DkiV 

The reduction to the minimum number of equations is essential for 
theoretical discussion, because the X-space, an n-dimensional 
hyperspace with the independent A's along the n axes, is revealing of the 
important properties of solutions to the detonation problem. Obtaining 
a set of independent A's and minimizing the dimension of the space are 
important simplifications. 

APPENDIX 4B. TEMPERATURE FROM INTERNAL ENERGY 

In many hydrodynamic problems the natural form for the equation of 
state is E = E(p,v), and usually other thermodynamic functions are not 
needed. The temperature can be obtained from the internal energy 
rather simply if, in addition, some initial data are known. 


From the expression 

dE = TdS - pdv (4B-1) 

we can write 

(9E/0v) T = T(0S/0 v) t - p (4B-2) 

and from the Maxwell equation (taken from dA = - pdv — SdT) 

(0S/0v) T - (0p/0T) v - Tp- 1 , (4B-3) 

where the subscript notation for partial differential implies T = T(p,v). 
From dE - E p dp + Eydv we find 

(0E/0v) t ■ Ep(0p/0v) T + E v (4B-4) 

and from the usual rule for partial derivatives 
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Op/8v) T = -T v /T p . (4B-5) 

Eqs. (4B-4) and (4B-5) can be combined to get 

(0E/9v) T - - EpT v /Tp + E v . (4B-6) 

Eqs. (4B-2) and (4B-3) can be combined to give 

(9E/9v) t = T/Tp - p. (4B-7) 

Equating the right-hand sides of (4B-6) and (4B-7) we find 

(E v + p)T p - EpT r = T, (4B-8) 


which is the partial differential equation for T(p,v) with coefficients 
known if E(p,v) is given. 

Equation (4B-8) is hyperbolic, and by putting it in characteristic form 
we can identify the initial data that are needed to determine tem¬ 
perature. Along the characteristic 



(4B-9) 


Eq. (4B-8) becomes 

- T p (dp/dv) c - T v - T/Ep (4B-10) 

or, equivalently, 

(dT/dv) c = - T/E p . (4B-11) 

We recall [see Eq. (4.7b)] that 

- (E v + p)/E p = (9p/9v) s (4B-12) 

and realize that the characteristic curves defined by (4B-9) are isen- 
tropes. Thus if E(p,v) is given in some region of p,v space, and T is given 
along some nonisentrope (noncharacteristic) arc, then T(p,v) is deter¬ 
mined over the band between the isentropes through the end points of 
the arc, as diagrammed in Fig. 4B-1. 
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These equations apply for any fixed value of X. For each X another in¬ 
itial data arc is required. 

A good general discussion of this problem has been given by Cow- 
perthwaite (1969b). 

This approach can be extended, and the ratio of specific heats can be 
found. Equation (4B-8) can be divided through by T, and rewritten as 

(E v + p)(9 In T/9p) v - E p (9 In T/9v) p = 1. (4B-13) 

Then the partial derivative with respect to In p is taken, and the order of 
differentiation interchanged as needed, remembering that 

[9(9 In T/0p) v /0 In p] v - [0(0 In T/0 In p) v /0p] v 

- (0 In T/0p) v , (4B-14) 

and using Eq. (4B-13) to eliminate (9 In T/0v) p . Then we define 

Z = (0 In T/0 In p) v , (4B-15) 

and rearrange to find 



Fig. 4B-1. Temperature integration for E(p,v). 
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—[(E v + p)/Ep]Zp + Zy = (p/v){Z[v(E V p + l)/pE p 

- vE pp (Ev + p)/pE£ - v(E v + p)/p*E„] + vEpp/Eg}. (4B-16) 

The left-hand side is just (dZ/dv)c, analogous to Eq. (4B-11). The ex¬ 
pression in the square brackets on the right hand side is easily shown, 
using the identity 7 = v(E„ + p)/pE p , to be just y p . The last term on the 
right-hand side is found, using 0 = E p /v, to be 0 p /0 2 . Thus Eq. (4B-16) 
can be written 

(dZ/dv) c - (p/v)(Z T p + 0 P /0 2 ). (4B-17) 

Some manipulation of thermodynamic derivatives gives the identity 

Z - 1 = 0y(l - C v /C p ). (4B-I8) 

An identical procedure, except that the derivative of Eq. (4B-13) is 
performed with respect to In v, yields 

(dY/dp) c = - (v/pHYrv/ 7 2 - «v/(l + a) 2 ], (4B-19) 

where 

Y = (8 In T/d In v) p = [0(C P / C v - 1 )] _1 (4B-20) 

The application of these expressions, discussed briefly in Sec. 2 B, to 
equations of state of the form E = E(p,v) shows where these equations 
break down in their thermal properties. If T and Cp/C v are known (or can 
be guessed) at any point on an isentrope, their values can be computed 
everywhere along that isentrope. 

APPENDIX 4C. EQUATIONS OF MOTION FOR SLAB, CYLIN¬ 
DER, AND SPHERE SYMMETRY 

We write down here the equations for lineal flows described by one 
space variable x and time t for slab, cylinder, and sphere symmetry in 
both Eulerian and Lagrangian variables. For Eulerian coordinate x: 

p + pu x = - pau/x a = 0 for slab 

1 for cylinder 

2 for sphere 
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U + VPx = 0 

E + pv = 0 


For a > 0, x is the distance from the center. 

Often in computational work it is convenient to replace x by the 
Lagrangian coordinate h, defined by 

dh - px“(dx - udt), 

so that h is mass per unit area for slab symmetry, mass per unit angle 
(radians) per unit length for cylindrical symmetry, and mass per unit 
solid angle (steradians) for spherical symmetry. Using the usual techni¬ 
ques of partial differentiation to change f(x,t) to f(h,t), it is easy to show 
that the particle-path (Lagrangian) derivative denoted by a dot over the 
symbol is (9/dt) h , so that for any f = f(h,t) it follows that f = f t . 
After making the transformation we obtain 


p + p 2 x“u h = - pau/x or v = (x“u) h 
u + x“p h = 0 

E + pv = 0 or 8 + (pux“) h = 0, 6 » E + 1/2 u 3 


The characteristic equations are, in the Eulerian coordinate x, 


(dx/dt)± = u ± c; x = u 

(dp/dt)± ± / 0 c(du/dt)± = pc 3 (0*r - au/x) 

E + pv = 0 


For the Lagrangian coordinate h, replace the first line by 
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(dh/dt) ± = ±pcx“; x = u. 

, Throughout, the particle-path energy-conservation relation 
E + pv = 0 may be replaced by = <?j> + pc a 0-r or by § = - (AF/T) r 
with E(p,p,X) replaced by S(p,p,X). 

APPENDIX 4D. FROZEN AND EQUILIBRIUM SOUND 
SPEEDS AND 0 

In this appendix we derive a relationship between the frozen and 
equilibrium sound speeds, and some different forms of 0 . The manipula¬ 
tion of partial derivatives so common in thermodynamics is complicated 
here by the fact that when there are n independent reactions there are n 
+ 2 independent variables, say (S,v,\) for example, in the expressions. 
We use the standard vector notation, where 

X = (\ lt K ..., A„), 

and extend the notation to derivatives so that, for example, (9T/9X) S . V is 
a vector whose ith component is (9T/9Ai) 8 ,v,Xj,.i»si- In the subscript nota¬ 
tion for partial differentiation, for which the independent variables must 
be specified, this vector derivative is written Tx. The second derivative 
Txx is an n X n matrix with element ij (the jth component of the ith row) 
equal to (d*T/dA|9A J )s >v . The dot product Txx’dX is the vector whose ith 
component is 2 j(9 a T/9 A,9Aj) 8 , v dAj. Equation (4.10b) defines AF = 
(9F/9 X) t ,p for one reaction, and this definition must be extended to n 
reactions where it becomes a vector AF whose ith component AF t is 
(9F/9X t ) T .p. Notice that in the subscript notation the independent 
variables are (S,v,X), while in defining AF we used (T,p,X); thus AF ^ 
Fx. The derivative (dAF/dX) s , v = AFx is an n X n matrix with element ij 
equal to (9AFi/9Xj) 8 .v, and the dot product (9AF/9X) 8 .v*dX is a vector 
whose ith component is 2j(9AFi/9Aj) 8 ,vdAj. 

The frozen sound speed is most simply defined for the independent 
variables (S,v,X) 

v a (9p/9v) 8 .x = - c a , (4D-1) 

and the equilibrium sound speed for the set (S,v,AF): 

v a (9p/9v) 8 , &F=0 - - c a . (4D-2) 

The relation between these two sets is 
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Equation (4.9) 


dE = TdS - pdv + AF-dX 


(4D-4) 


can be used to express the partial derivatives in terms of familiar quan¬ 
tities. Here 

T - (9E/9S) v ,x = E s 
- p = (9E/9v) 8 ,x = E v 


AF = (9E/9X)s. v = Ex, 


(4D-5) 



and from the requirement that the order of partial differentiation not af¬ 
fect the result, that is, E s .x = Ex, 8 , which gives the Maxwell relations of 
thermodynamics, we obtain 


E s .x = (9T/0X) s ,v = Tx 


(4D-6) 


E x ,s = (9AF/9S) v ,x 


(4D-7) 


and therefore 


Tx = AF S . 


(4D-8) 


Similarly, from 

Ex,v ~ E v .x, 


we obtain 


(4D-9) 


Also, differentiating AF with respect to X in (4D-5), we have 


AFx = Exx = f, 


(4D-10) 
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Substituting from Eqs. (4D-8), (4D-9), and (4D-10) into Eq. (4D-3), we 
have 


d(AF) = TxdS - pxdv + A-dX. 


(4D-12) 


This is solved for dX by multiplying from the left by the inverse 4 of 
f, and 


dX = - f _1 -TxdS + <J> _1, pxdv + <jr‘>d(AF). 


(4D-13) 


From this expression we obtain 


(0X/9v)s,af “ ♦“‘•Px* 


(4D-14) 


Now from the rules for partial differentiation 


?X/s,v vv S,AF 


(4D-15) 


and the terms in this expression can be replaced to give 


- p 2 c| = -pV + px-^-'-px, 
where c e is defined by 


(4D-16) 


- p 2 cl =(0p/0v) s ,AF 


in which AF is constant but not necessarily zero. Equation (4D-16) can 
be rearranged as 


c! = c 2 — v a (px-<jr‘-px). 


(4D-17) 


Now we specialize to AF = 0. Again from the rules for partial 
differentiation, 


m 


m 


PX = (0p/0X)s.v - (0p/0X) E>v + (0p/0E) v ,x(0E/0X) 8 , v 


(4D-18) 


4 In the discussion following Eq. (4D-26) below we show that 4>~* exists. 
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but at AF = 0 

(0E/0X)s, v = AF = 0 (4D-19) 

and 

px - (0p/0X) BlV . (4D-20) 

From the definition of 0 

(0p/0X) E|V - pc 8 0, (4D-21) 

so that 

Px —pc 8 © (4D-22) 

and finally, after substituting back into Eq. (4D-17), we find 

c| = c 2 (l — c’O-f'-O). (4D-23) 

When this is specialized to one reaction, Eq. (4.15), the term 

(4D-24) 

becomes 

<r 8 /(0AF/0X) 8 ,v. (4D-25) 

It remains to be shown that (4D-24) or (4D-25) is always positive. We 
do this by expanding E(S,v,X) in X about AF = 0, to find 

E(S,v,X) - E(S,v,X e ) + Ex-dX + dX-f-dX + .... (4D-26) 

Because Ex = AF, the second term is zero at equilibrium. Now at 
equilibrium a closed system must have a minimum in the energy at con¬ 
stant S,v. Therefore the third term in Eq. (4D-26) can never be negative, 
and this requirement is expressed by saying that the matrix <|> must be 
positive definite. A theorem of matrix algebra states that the inverse of a 
positive definite matrix is also positive definite, and that therefore 

©•<£-‘•0 ^ 0. (4D-27) 
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Thus it follows from Eq. (4D-23) that we arrive at the result stated in 
Eq. (4.15) 

Ce £ c - (4D-28) 

For the different forms of 0, Eq. (4.13), we begin by obtaining some 
preliminary results. We now change our subscript notation to denote 
partial derivatives for the set of independent variables 

(p»v,A). 

The preliminary results needed are 


E P = TS P 

(4D-29) 

H v - TS V = pCp//3 

(4D-30) 

pc 2 = Cp/dEp 

(4D-31) 

$ s (0v/0T) p ,x/v. 



The first and second of these are obtained directly from 
dE = TdS - pdv + AF-dX 
dH = TdS + vdp + AF-dX 
and 

H v = (0H/aT) p , x (6T/0vU = pCp/0. 

The third is obtained as follows, using the first two: 

pV = - (0p/0v) 8 ,x = S v /Sp = pCp//JEp. 

With these in hand, we transform the first form of a, Eq. (4.13b), to 
the second, Eq. (4.13c) 

(0p/0X) E , v /pc 2 = - (Ex/E p )/(Cp/dE p ) = - (d/C p )E*. 
and then the second to the third, Eq. (4.13d), 
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- (d/C p )Ex = — pH v ‘Ex = - pH^Hx = p(0v/0X) H , P . 

and finally the third to the fourth, (Eq. 4.13e), using v = v(XT,p) 
p(0v/0X) h.p = p[(0v/0X) T . p + (0v/0T) p ,x(0T/0X) H ,p] 

- Av/v - d(0H/0X)x,p/(0H/0T) p ,x 
= Av/v - d^H/Cp. 

APPENDIX 4E. SHOCK CHANGE EQUATION 
We work in the laboratory frame. The equations of motion in one 


space variable are (Appendix 4C) 

Pt + up* + pc 2 u x = pcV (4E-1) 

u t + uu x + vp x = 0 (4E-2) 

\p = 0 * r - au/x, (4E-3) 

where we have used Eq. (4.7a) to replace p by p. Derivatives along the 
shock path are given by 

(dp/dt) s = pt + Dp x (4E-4) 

(du/dt)§ = u t + Dux. (4E-5) 

Add (4E-1) to (4E-4), and (4E-2) to (4E-5) to obtain 

(dp/dt) s + (u - D)px + pc 2 Ux = pcV (4E-6) 

(du/dt) s + (u - D)u x + vpx = 0. (4E-7) 


Eliminate p x by multiplying (4E-7) by - p(u - D) and adding to (4E-6), 
to obtain 

(dp/dt) s - p(u - D)(du/dt) s - p(u - D) 2 u x + pc 2 u x “ pc 2 \p. (4E-8) 

The derivatives of p and u along the shock path are related by the 
Hugoniot curve (in p-u space) for the material as 
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(dp/dt) s = (du/dt)g(dp/du)ac, 


(4E-9) 


where the subscript 3C denotes a derivative along the Hugoniot curve. 
Using (4E-9), the conservation of mass relation 


p(D - u) ■ p 0 D, 


(4E-10) 


and some rearrangement, one obtains the shock-change equation 


(dp/dt) 8 - petty - jju x )/[l + p 0 D(du/dp)jc] 


(4E-11) 


where if is the sonic parameter 


V * l-(D-u) a /c* 


(4E-12) 


This is the form given as Eq. (4.19). If u„ is eliminated instead of p K the 
result is 


(dp/dt) s = petty ~ u(/»oD)-‘px]/[l + (1 - if)- ‘pJXdu/dpJscJ. (4E-12) 
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In Chapter 3 we reviewed the failure of the simple theory to predict 
the experimental results in gaseous systems. As this failure was becom¬ 
ing apparent, a substantial theoretical effort was mounted to see if there 
were other types of steady solutions which would give better results. 
Although not the complete answer to the problem, this hope turned out 
to be well founded. Removing the restrictions of the simple ZND model 
can produce a new type of steady solution, which we call the weak or 
eigenvalue solution, in contrast to the normal or CJ solution of Chapter 
2. The eigenvalue solution has the property suggested by the experimen¬ 
tal results: it terminates at a point on the weak or supersonic branch of 
the detonation Hugoniot curve, below the CJ point. 

What changes in the model give rise to the eigenvalue solution? 
Roughly, introducing any essentially endothermic or dissipative effect 
opens up the possibility of an eigenvalue solution. This could be a mole 
decrement in the reaction, a secondary endothermic reaction, slight 
radial divergence of the flow, viscosity, etc. The earliest example is von 
Neumann's (1942) pathological detonation due to a mole decrement. 
Whether we have the CJ or the eigenvalue solution in a particular 
system depends on the details of all the constitutive properties of the 
mixture of unreacted and reacted material—reaction rate, equation of 
state, viscosity, etc. In the eigenvalue solution, the location of the final 
state on the detonation Hugoniot curve and thus the steady propagation 
velocity, depend on these constitutive details. This is in sharp contrast 
to the CJ case, where the final state and steady propagation velocity de¬ 
pend only on the equation of state of the reaction products. 

Although the eigenvalue solution shifts the final state in the right 
direction to improve agreement with experiment, it is not the whole 
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story. Both the hydrodynamic stability theory (Chapter 6) and ex- 
perimental observation (Chapter 7) show that the steady one¬ 
dimensional solution is usually unstable, being replaced by a three- 
dimensional time-dependent structure. Nevertheless, the steady one¬ 
dimensional solutions are of considerable interest. They presumably 
represent the actual flow in some (transverse average) approximation. 
They are of interest in their own right, as part of the theory of reactive 
flow. They are a necessary preliminary to the study of hydrodynamic 
stability in Chapter 6, in that a thorough knowledge of the 
mathematical object to be perturbed is a necessary preliminary to the 
study of the perturbation itself. Finally, their study should have general 
application to many fluid flow problems with a kinetic process, for ex¬ 
ample the whole field of shock-induced phase changes, including 
polymorphic transitions in crystals. 

The results of the investigations of these steady solutions have unfor¬ 
tunately not received the attention they deserve. The rather formal 
mathematical arguments and the unfamiliar geometrical spaces in 
which the equations are most conveniently studied have left most ex¬ 
perimentalists with a limited appreciation of the work and its implica¬ 
tions. We simplify the presentation as much as possible by starting with 
the simplest models and introducing complications one at a time, work¬ 
ing out simple examples as we go. We concentrate on concepts and 
representative results, leaving the details to the original papers. Even so, 
there is much material to be covered. 

The basic assumptions remain those of the ZND model. We seek one¬ 
dimensional (or quasi-one-dimensional) plane, laminar solutions, 
steady in a frame moving with a constant velocity D. Except in Sec. 6F, 
where we include transport effects, the solution begins with a lead shock 
(moving at the same constant velocity) which triggers the reaction. 

Under the steady assumption, the problem reduces to a set of ordinary 
differential equations. Except in Sec. 5F, the shock wave is assumed 
to be of infinitesimal thickness, so the state of the material changes in¬ 
stantaneously from the initial state to the shocked state. The state im¬ 
mediately behind the shock (called the von Neumann point) is thus the 
initial point for the integration of the equations. This solution is, for 
mathematical rather than physical reasons, conveniently considered in 
a space where some variable, usually pressure or particle velocity, is 
represented as a function of the reaction progress variable(s). The set of 
ordinary differential equations has, as usual, a one-parameter family of 
solutions, or integral curves. The solution to the problem posed is the 
particular integral curve selected from the family by imposing the initial 
condition that it start from the von Neumann point N. We call this in¬ 
tegral curve the solution, the reaction path, or I N . It terminates at the 
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end of the region of steady flow, which is followed by a constant state or 
by a time-dependent flow. We call the state at the end of the steady 
region the final or terminal state. In considering the character of the 
solutions the approach described in Chapter 2 is used. The nature of the 
solutions is first studied with the propagation velocity D as a parameter 
(the D-discussion). With this knowledge in hand, the problem of satisfy¬ 
ing a given rear boundary condition and the corresponding determina¬ 
tion of an appropriate following flow is taken up (the piston problem). 

As stated above, the solution may be of either the CJ or normal type, 
or the weak or eigenvalue type, depending on the properties of the fluid. 
The CJ type is similar to the familiar solution for the ZND model dis¬ 
cussed in Chapter 2. The unsupported wave propagates at CJ velocity 
with sonic flow at the end of the reaction zone, and the overdriven wave 
propagates at a velocity above CJ velocity with subsonic flow at the end 
of the reaction zone and extending back to the following piston. 
Although the pressure profile and the length of the reaction zone depend 
on the rate of the chemical reaction, the propagation velocity and the 
final state depend only on the equation of state and not on the reaction 
rate. This is a consequence of the mathematical result that the strong (or 
CJ) point in which such solutions terminate is a nodal-type critical point 
of the differential equations. 

The weak type of solution is quite different. The solution for the un¬ 
supported detonation can terminate satisfactorily only for a unique val¬ 
ue of D, the eigenvalue, for which it can pass through a sonic saddle point 
(called the pathological point P) and proceed on down to the weak nodal 
critical point W. This eigenvalue velocity and the final state of this solu¬ 
tion, in contrast to the normal case, depend on the rate function. The 
final state is supersonic, with pressure and particle velocity less than the 
CJ values. The unsupported detonation runs at this special velocity, 
with the flow at the end of the reaction zone supersonic. The following 
rarefaction therefore falls farther and farther behind the terminal state, 
so the reaction zone is followed by an ever-widening zone of constant 
state. For piston velocities between the particle velocities at the weak 
and strong points for the special value of D, a double wave structure ex¬ 
ists and the steady reaction zone is followed by a slower-moving shock 
wave. For piston velocities above this range the solutions are similar to 
the usual overdriven ones. 

The cases treated are summarized in Table 5.1, to which it is 
suggested that the reader refer as he proceeds through the chapter. 
Throughout, the equation of state is assumed to be well-behaved. 
Transport effects are neglected, except in Bee. 5F; and the flow is 
assumed to be one-dimensional and plane (constant-area channel) ex¬ 
cept in Sec. 6G. 
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5A. ONE REACTION, a > 0 

In this section we consider an explosive which undergoes a single reac¬ 
tion for which <r is always positive. Some of the illustrations are 
qualitative diagrams with certain features exaggerated to better display 
the properties of interest. In making them we have in mind the ideal gas 
of Sec. 4B2 with 5-0, C pA ■ C pB , and q > 0. 

We discuss both the irreversible case (with some repetition of Chapter 
2) and the reversible case. The principal features of interest are the X- 
space diagrams, which serve as an introduction to the later sections, 
and, for the reversible reaction, the effect of the equilibrium sound 
speed. 

Secs. 6A1 and 5A2 describe the equation-of-state and Hugoniot-curve 
properties for both fixed and equilibrium composition. Secs. 6A3 and 
6A4 describe detonations for irreversible and reversible reactions. The 
correspondence with the first two sections is that the final state for the 
irreversible reaction is the fixed-composition state of complete reaction, 
whereas that for the reversible reaction is the equilibrium state of in¬ 
complete reaction. Sec. 5A5 gives some numerical examples showing the 
magnitude of the effect of making the reaction reversible, and Sec. 6A6 
displays a complete numerical solution for a realistic gas system, dilute 
hydrogen/oxygen. 

SAL Properties at Fixed Composition 

We list some properties of the material at fixed composition. Deriva¬ 
tions follow from the assumption of steady flow and the assumptions 
about the equation of state, and may be found in Evans and Ablow 
(1961) or the standard references given there. 

As in Sec. 4A2, we require for the state function E ■ E(p,v,X), 

E v > - p and E p > 0. 

Recall that these assumptions are equivalent, taking S = S(p,v,A), to 


S v > 0 and S p > 0. 
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ensuring that the isentropes and Hugoniot curves are everywhere con¬ 
cave upward. A typical set of isentropes and Hugoniot curves are shown 
in Fig. 5.1a. 

The properties which we emphasize are 

1. Each isentrope has one and only one point at which a Rayleigh line 
through p 0 ,v 0 is tangent to it in the p-v plane. The locus of all such 
points, referred to as the locus of tangents, is a continuous curve passing 
through p 0 ,v 0 . 

2. Along a Rayleigh line, Eq. (2.3), the entropy has a single maximum 
which occurs at the point where the Rayleigh line intersects the locus of 
tangents. 

3. The way in which the isentropes intersect the Rayleigh line deter¬ 
mines the sonic character of the steady flow. If the isentrope is steeper 
than the Rayleigh line in the p-v plane, then in the steady reference 
frame we have subsonic flow with c > u (in the laboratory frame 
c > D - u). If the Rayleigh line is steeper than the isentrope, then the 
flow is supersonic with c < u. 

4. It follows from property 3 that the locus of tangents separates the 
p-v plane into subsonic and supersonic regions, and that on the locus the 
flow is exactly sonic, with c = u and r/ = 0. The locus of tangents is 
therefore usually called the sonic locus. 

5. The entropy along an Hugoniot curve, Eq. (2.6), with A fixed, has a 
single minimum at the point where the Hugoniot curve crosses the locus 
of tangents (sonic locus). The Hugoniot curve, Rayleigh line, and isen¬ 
trope passing through such a point all have a common tangent, as shown 
in Sec. 2C. In the p-v plane this common tangent coincides with the 
Rayleigh line. Above and below the common point, the isentrope lies 
between the Rayleigh line and the Hugoniot curve. 

6. Jouguet’s Rule: When a Rayleigh line crosses an Hugoniot curve in 
two points, the flow at the upper point is subsonic and that at the lower 
point is supersonic. 

7. When a Rayleigh line crosses an Hugoniot curve in two points, then 
a new shock Hugoniot curve centered at the lower intersection also 
passes through the upper intersection. This new shock Hugoniot curve 
does not in general coincide with the original Hugoniot curve centered at 
Po,v 0 except at the two points in question, as shown in Fig. 5.1b. This 
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CURVE THROUGH 
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Fig. 5.1. Curves at fixed composition: (a) Hugoniot curve and isentropes. 

(b) Shock connection between upper and lower intersections. 

property is important to the double-wave structure which appears in 
later sections of this chapter. 


5A2. Properties at Equilibrium Composition 

We next consider the equilibrium equation of state p e (v,E), defined by 
the requirement that the (varying) composition X at any given v,E be the 
equilibrium value A e , that is 

p e (v,E) = p(v,E,A e ) 

AF(v,E,A 0 ) ® 0, 

the second equation determining X 8 . 

The isentropes are less steep than those at fixed composition (the 
equilibrium sound speed being less than the frozen). The equilibrium 
Hugoniot curve, Fig. 5.2, is also less steep, and is of course not a member 
of the family of (fixed-compositon) partial-reaction Hugoniot curves. 

The equilibrium Hugoniot curve has two points at which a form of the 
Chapman**Jouguet condition is satisfied. One is the point at which the 
locus of tangents (to the frozen isentropes) crosses the equilibrium 
Hugoniot curve. This point is called the "frozen CJ point" or CJ 0 . The 
Rayleigh line through it is tangent to the frozen isentrope there and the 
flow is thus frozen-sonic. The equilibrium Hugoniot curve is not tangent 
to the frozen isentrope here. The other is the point at which an 
equilibrium isentrope is tangent to the equilibrium Hugoniot curve. 
This point is called the "equilibrium CJ point" or CJ 8 . It is more like the 
CJ point of the simple theory of Chapter 2. The equilibrium Hugoniot 
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Fig. 5.2. Partial-reaction and Fig. 5.3. Detonation with one irrever- 
equilibrium Hugoniot curves for sible reaction in the polytropic gas 

the case of a single reversible pv = (7 — 1 ) (E + Xq), 7 =» 1.2, q - 50 

reaction, calculated for the fluid RT.. 
parameters of Sec. 5A5. 

curve is a minimum there. Jouguet's rule in terms of the equilibrium 
sound speed holds on the equilibrium Hugoniot. Above CJ. the flow is 
equilibrium subsonic, with c. > u, below CJ, it is equilibrium super¬ 
sonic, with c. < u, and at CJ„ it is equilibrium sonic, with c e = u. 

For any well-behaved equation of state, the frozen C J point always lies 
below the equilibrium CJ point in the p-v plane. The frozen CJ point is 
by definition frozen sonic so that c = u there; but since the frozen sound 
speed is everywhere greater than the equilibrium sound speed, that is 
c > c 8 (Eq. 4.15), we must have c e < u at CJ 0 . Thus CJ 0 is equilibrium 
supersonic and must therefore lie on the supersonic branch of the 
equilibrium Hugoniot curve, that is below CJ e . 

5A3. Detonation with One Irreversible Reaction 

We are now ready to consider the steady solution for the simplest case: 
a single irreversible reaction. In the p-v plane, Fig. 6.3, all states of the 
steady solution lie on the Rayleigh line for the given D. As a particle 
passes through the shock at the front, the state is first changed instan¬ 
taneously, without reaction, from the initial point 0 to the von 
Neumann point N. It then moves down the Rayleigh line as the reaction 
proceeds. Although the steady solution does not contain all points of the 
Rayleigh line lying between points N and O, it is convenient to consider 
the properties of the entire set of points comprising this segment, ex¬ 
cluding only those (if any) lying outside the stoichiometric boundary. 
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S 

Fig, 5.4. Variation of p with X along 
c three different Rayleigh lines for a 
single irreversible reaction with 
positive a. 

w 


0 1 

X 

Solutions p = p(X) are obtained by eliminating v from the equations 
for the Rayleigh line and the Hugoniot curve, using the explicit equation 
of state E « E(p,v,X), with D as a parameter. Figure 5.4 shows the solu¬ 
tions in p-X (variation of p with X along the Rayleigh line) for different 
values of D. Each solution has a strong (subsonic) and a weak (super¬ 
sonic) branch. The arrows show the direction in which the state changes 
with time as a particle traverses the steady solution. This is, of course, 
always toward increasing X, since the back reaction is excluded by 
assumption. Each solution has a vertical tangent where it crosses the 
sonic locus. At this point the Rayleigh line is tangent to a partial- 
reaction Hugoniot curve, so that X has its maximum value. 

The weak branch of each curve is not of physical interest because it 
cannot be reached from point N for any value of D under the assump¬ 
tions about the mechanism of initiation of reaction. A weak continuous 
solution could be achieved by having initiation (by some outside agency) 
take place on a plane moving with velocity D without appreciable 
pressure rise. 

5A3.1. D-Discussion 

The steady solutions p « p(X) with D as a parameter are obtained 
from the conservation equations without consideration of the rate equa¬ 
tion. Obviously it must also be satisfied, and its effect enters as a restric¬ 
tion on the values of the parameter D. 

For D < Dj, Fig. 5.4 suggests that there is a steady solution starting 
from point N and terminating on the sonic locus (i.e., consisting of the 
upper branch of the inner parabola). Such a solution is immediately 
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suspect, for the steady flow equations (4.18) give infinite derivatives at 
the sonic point {r} = 0 by definition, r > 0 since X < 1, and a > 0 by 
assumption). A more rigorous argument excludes such a solution by 
showing that it fails to satisfy the characteristic equation (4.8d) 

(dp/dt)+ 4- pc(du/dt) + ■ pcVr. 

The argument proceeds as follows. The path of the sonic locus in x-t 
space has slope dx/dt = u-fc = D. The equation holds on this path since 
it has the characteristic direction dx/dt - ufc. The state is constant on 
this path since in a solution steady in a frame moving with velocity D 
any line dx/dt = D is by definition a constant-state locus. Hence the left- 
hand side vanishes while the right-hand side does not (since or > 0 as 
shown above), and we have a contradiction. 

Thus the only acceptable steady solutions are those which terminate 
with or = 0 and thus X = 1, i.e., on the q = 50 RT 0 Hugoniot curve of Pig. 
5.3 and the right-hand edge X = 1 of Fig. 5.4. This excludes all values of 
D less than Dj, leaving D ^ Dj as the range of acceptable solutions. 

5A3.2, The Piston Problem 

By the "piston problem", Sec. 2A3, we mean the construction of a 
complete solution to the flow equations, containing a steady reaction 
zone at the front and having a prescribed (piston) velocity u p at the rear. 

The problem, then, is to construct, for the given piston velocity, some 
flow spanning the space between the terminal state of the steady solu¬ 
tion and the piston. At the same time we must also determine the value 
of D having that steady solution for whose terminal state this is possible. 

Before getting down to cases, we pause to clarify one point. For the 
common forms of the reaction rate, an infinite time is required for the at¬ 
tainment of chemical equilibrium, so that the length of the reaction zone 
is formally infinite, and whatever flow we attach behind it starts at in¬ 
finite distance behind the front. Of course, any given small deviation 
from equilibrium is attained at a finite distance behind the front and af¬ 
ter a few characteristic reaction times the state of any particle is in prac¬ 
tice indistinguishable from the equilibrium one. In any actual experi¬ 
ment there are other effects to be considered. For example, the lateral 
flow expansion discussed in a later section, present in any finite- 
diameter charge, in effect terminates the reaction zone at a finite dis¬ 
tance from the front. 

For Up ^ Uj (in the laboratory frame) the solution consists of that 
steady zone whose terminal state has u - u p (thus D ^ Dj) followed by a 
uniform state (the same as this terminal state) extending back to the 
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piston. For u p > Uj we have overdriven detonations, and for u p = Uj (thus 
D s Dj) a supported CJ detonation. For u p < Uj we have an unsupported 
CJ detonation, consisting of the CJ steady solution followed by a (time- 
dependent) rarefaction wave which reduces (increases in the steady 
frame) the particle velocity to that of the piston. The rarefaction wave is 
followed by a uniform state extending back to the piston. The greater 
the difference between u p and Uj, the stronger the rarefaction. 

Can the head of the time-dependent rarefaction wave legitimately be 
joined to the end of the steady zone? At the joining surface between 
these two regions the x-derivatives must be discontinuous because they 
are changing with time on one side and constant on the other. Such dis¬ 
continuities can occur only along a characteristic curve of the flow. In 
the steady zone, constant states occur, by definition, along lines of slope 
D in the x-t plane, while characteristics have slope u + c. Therefore, 
along such a joining surface the condition D = u + c, equivalent to t? = 0, 
must be satisfied. Since the CJ point is sonic, this condition is satisfied 
and the joining may take place there. 

We are thus able to exhibit complete solutions for the entire range of 
piston velocities. 

5A4, Detonation with One Reversible Reaction 

The reversible case (both forward and backward reactions) is more 
complicated. In our discussion of it we follow unpublished work of Z. W. 
Salsburg (1959). Figure 5.5 shows the integral curves and the 
equilibrium Hugoniot curve JC e . Points S and W are the intersections of 
the Rayleigh line with the equilibrium Hugoniot curve. The frozen CJ 
point Co is the intersection of the sonic locus with the equilibrium 
Hugoniot curve. The equilibrium CJ point C e is formed by the 
coalescence of S and W at D « D e . Note that in the range D e < D < D 0 , 
point W lies on the subsonic 1 branch. The weak branch is disposed of in 
the same way as before. Again the arrows show the change in the state 
point with time. Their direction follows from the sign of the 
rate—positive to the left of the equilibrium Hugoniot curve and negative 
to the right. Again the curves have a vertical tangent where they cross 
the sonic locus. 

The S-v diagram, Fig. 5.6, offers another view of the same system. 
Since the entropy must increase with time in our adiabatic fluid ele¬ 
ment, the state point in this diagram always moves upward to higher S. 

1 Where the unmodified words "subsonic" or "supersonic" are used, the adjective "frozen" is 
to be understood. 
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The variable v serves as a measure of distance along the Rayleigh line. 
The slope of the curves may be found from Eqs. (4.18c, e): 

(dS/dv) = -(j/AF)/(<rvT). (5.1) 

They have extrema at equilibrium points AF - 0 and at sonic points 

- 0. At point N, AF is negative and dS/dv is positive. The first ex¬ 
tremum at point S on the equilibrium Hugoniot is a maximum (or in¬ 
flection point) and the next extremum, which is either at the sonic locus 
or at point W on the equilibrium Hugoniot, is a minimum. When S and 
W coalesce to form C„ an inflection point of zero slope is formed, and 
similarly for C 0 , formed by the coincidence of W and the sonic locus. 
Notice that the extremum at the sonic point changes from a minimum 
above the equilibrium Hugoniot to a maximum below as AF changes 
sign, and that the extremum at point W changes from a maximum above 
the sonic locus to a minimum below as »? changes sign. 

Before proceeding to the remainder of the discussion, we pause to list 
those properties of the solutions which turn out to be general results for 
the more complicated systems treated in the following sections: 

1. The vertical slope of the integral curves at the sonic point, Fig. 5.5. 
Most other thermodynamic variables (p, T, E, r) plotted against X also 
have a vertical tangent at this point. The entropy reaches a local max¬ 
imum or minimum in a cusp at the sonic locus. 

2. The uniqueness of the solution for given D. That is, if we begin the 
integration of the differential equations anywhere on the integral curve, 
its subsequent course is determined unless it begins at the sonic point, 
where the simple type of double-valuedness seen in Fig. 5.5 obtains (sub¬ 
sonic and supersonic branches both entering or leaving the sonic point). 

3. The appearance of point W on the subsonic branch for D e < D < D 0 
in the reversible case. 

5A4.L B-Dhmmlon 

For D < D e we have, as before, no steady solution. For D > D„ we have 
overdriven detonations terminating at the stirong point S on the 
equilibrium Hugoniot. The portion (frozen strong, equilibrium weak) of 
the equilibrium Hugoniot from just below C e down to and including C 0 , 
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having D e < D < D 0 is inaccessible since the state point cannot 
proceed beyond the equilibrium point S. This property is special to the 
one-reaction case; for two or more reactions the more complicated 
geometry of the A-space allows this segment to be reached under some 
conditions. For D - D e we have the unsupported CJ detonation ter¬ 
minating at C e . Its property of not being a frozen-sonic point causes 
some difficulty which will be discussed in the next section. Note that if 
the state point were somehow displaced to a point slightly beyond C e on 
this integral curve it would proceed on to i; = 0 (in Fig. 5.6 the entropy 
increases to the right of the zero-slope inflection point C e ). Presumably 
this possibility has no physical significance since C e itself is reached only 
in infinite time. 

5A4J* Pkton Problem 

For Up > u 8 (with u e the particle velocity at the equilibrium CJ point 
C e ) the complete solution again consists of the steady reaction zone 
followed by a uniform state extending back to the piston. For u p > u B 
(thus D > D e ) we have overdriven detonations, and for u p = u e (thus D = 
D e ) we have a supported "CJ" detonation. The situation to this point is 
like the irreversible case, with D e the minimum propagation velocity. 
The unsupported case offers some difficulty, however, because all the 
admissible steady solutions down to and including that for D = D e have 
(frozen) subsonic terminal states, so that a rarefaction cannot be simply 
joined on at this point. The frozen CJ point C 0 , which is sonic and would 
allow this joining, is inaccessible to any solution beginning at point N, 

Strictly speaking, no exact solution to the complete flow problem for 
this case has been found. But Wood and Salsburg (I960) offer an approx¬ 
imate one which constitutes a plausibility argument in favor of D e as the 
unsupported detonation velocity. To see what this is, recall the discus¬ 
sion in Sec. 4C of a rarefaction wave moving into a material at chemical 
equilibrium (in the present case that issuing from the end of the steady 
zone with state C e ). At late time, deviations from equilibrium within the 
rarefaction wave are small, so that to first approximation the charac¬ 
teristic velocity is u + c e and the head of the wave may be joined to the 
terminus of the steady zone at C e . In the next approximation the rarefac¬ 
tion wave has an exponentially decaying precursor penetrating the reac¬ 
tion zone, which is thus slightly perturbed from the steady solution, 
while the rarefaction wave is not quite that described in Sec. 4C, since it 
is moving into material not quite at equilibrium. The reaction and 
rarefaction regions are separated by a small zone in which the flow 
derivatives, although not discontinuous, change rapidly. The charac¬ 
teristic diagram, Fig. 5.7, for unsupported detonations in the irreversible 
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End of steody zone 



End of (asymptotically 
approached) steady zonX 



Fig. 5.7. Characteristic diagram at Chapman-Jouguet velocity for (a) 

irreversible reaction, (b) reversible reaction. 

and reversible cases makes them appear quite different, for in the rever¬ 
sible case, Fig. 5,7b, the characteristics from the rarefaction penetrate 
the reaction zone. The amplitude of the signals which propagate along 
them, however, decays exponentially with time. 

5A5. Magnitude of the Effect of Reversibility 

Differences between frozen and equilibrium sound speeds in gases 
typically range from 5 to 10%. In the neighborhood of the CJ point, the 
difference is about 7% for the idealized reversible-reaction system 
described below, and 10% for the dilute hydrogen/oxygen system 
described in Sec. 5A6. Other numerical examples are given by Strehlow 
(1968a), p. 157, Vincenti and Kruger (1965), p. 260, and Soloukin (1966), 
p. 137. In condensed explosives, typical differences are 1 to 2% in 
calculations we have done, one of which is given in Table 5.2. 

For detailed comparison in a gas, we have calculated two idealized 
systems with exactly the same heat release at the CJ and CJ e points, at¬ 
tained in one case by an irreversible reaction and in the other by a rever¬ 
sible reaction. The first system, with irreversible reaction and q = 50 
RT 0 , is that of Fig. 2.11. The second is the same except that q = 100 RT 0 
but the reaction is reversible with the equilibrium constant chosen to 
give X « 1/2 at the equilibrium CJ e point, so that the heat release at this 
point, Xq ~ 50 RT 0 , is unchanged. These are compared in Table 5.2. The 
C J pressures differ by about 5% for the gaseous system, compared to 2% 
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Table 5.2 CJ STATES TO ILLUSTEATE EFFECTS 
OF EEVEESIBLE CHEMICAL REACTION 


System 

State 

P 

D 

c 

c© 

Y a 

Ve a 

Condensed 

CJ. 

32.45 

8.7959 

6.829 

6.746 

3.373 

3.292 

Condensed 

CJ. 

31.86 

8.7970 

6.786 

6.701 

3.371 

3.289 

Gas 1 

CJ 

21.53 

6.2162 

3.464 

— 

1.2 

— 

Gas 2 

CJ. 

23.29 

6.2347 

3.487 

3.255 

1.2 

1.046 

Gas 2 

CJ. 

21.77 

6.2508 

3.482 

3.250 

1.2 

1.045 

*7 = (9 In p/9 In v)s,x; 7e 

= (9 In p/9 In v) s ,af = 0 . 





Condensed Systems Solid explosive RDX at p 0 = 1.8 Mg/m 8 calculated with the 
Lennard-Jones-Devonshire equation of state, using the parameters of the third 
("central point") entry of Table 4.2, p. 88 , and the p Q « 1.8 entry of Table Dl, p. 
139, of Fickett (1962). 

Gas 1: Irreversible reaction. A — B, 7 = 1 . 2 , q « 50 RT 0 , r = k(l - X)e~ Et/RT , the 
fluid of Fig. 2.11. 

Gas 2s Reversible reaction. A *=» B, 7 = 1 . 2 , q = 100 RT 0 , r = k(l - X)e~ Et/RT (l - 
e^F/RT) en tr 0 py difference between A and B is chosen to make X = X* = 1/2 
at the CJ e point. The equilibrium composition is (1 - X)/X = K; K = K© 
exp[(q/R)(T ‘* 1 - T 0 -1 )]. The required value of In K c is 91.777. The rate mul¬ 
tiplier k = 1166.6 is chosen to place t = 1 at X = 1/2. 

Units; For the condensed system, p is in GPa, and velocities are in km/s. For the 
gases, p is in units of p 0 and velocities in units of c 0 . 

Additional details for the two gas systems are given in Figs 5.8 and 5.9. 
The system with reversible reaction has about 0.3% higher detonation 
velocity. Figure 6.8 shows the Hugoniot curves, and the steady profiles 
for p and T. The frozen Hugoniot curves are, of course, steeper than the 
equilibrium Hugoniot curve. In the steady profile, the temperature max¬ 
imum is almost nonexistent in the reversible case because the slope of 
the equilibrium isentrope is almost the same as that of the isotherm. 
Figs. 5.9a and 5.9b show the variation of the frozen and equilibrium 
sound speeds and Mach numbers along the A = 1/2 Hugoniot curve for 
the system with reversible reaction. The equilibrium sonic point (CJ e 
point) is marked on the curves for c 0 and M e and the frozen-sonic point 
(which is the same as the frozen CJ point for the irreversible system) is 
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Fig. 5.9. Additional properties of 
the irreversible and reversible 
systems, (a), (b) Variation of c, and 
c, and of M, (=[D - u]/c.) and M 
(=[D — u]/c) along the X = 1/2 
Hugoniot curve of the reversible 
system, (c) Loci of CJ points in the 
p-v plane for the two systems, ob¬ 
tained by varying q (see text). 
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marked on the curves for c and M. Fig. 5.9c shows the loci of CJ points 
for the two systems generated by varying q. In the variation for the 
reversible system, K 0 (see Table 5.2) is chosen for each q to make 
X = X 0 = 1/2 at the CJ 8 point. 

5A6. A Realistic Example: Hydrogen/Oxygen 

The hydrogen/oxygen system has been extensively studied and the 
kinetics are well understood. A short discussion and some calculations 
are presented here for contrast with the simplified systems we have used 
for illustration. Strehlow (1968a) gives an elementary treatment; and 
Browne, White, and Smookler (1969) list most of the possible elemen¬ 
tary reactions. 

The branching-chain reactions of this system give the reaction zone a 
structure not found in our simpler examples. A small subset of the 
elementary reactions illustrates the main features: 

(la) H + 0, t, OH + O 

(lb) 0 + H s t=t OH + H 

(lc) OH + H a s=i H,0 + H 

(2) H + OH + M t. H 2 0 + M. 

The reaction process takes place in two stages. The first is the almost 
thermally neutral induction stage in which the pressure, temperature, 
and number of moles remain macroscopically constant at the von 
Neumann values while the atom and radical (H, 0, and OH) concentra¬ 
tions increase approximately exponentially with time from very small 
initial values via the branching-chain dissociation reactions (la), (lb), 
and (lc). The second stage involves the usually slower exothermic 
recombination of the atoms and radicals through a number of three- 
body processes like reaction (2). These, of course, make a negligible con¬ 
tribution to most of the induction stage because their rates are propor¬ 
tional to products like [H][OH]. 

The induction stage starts from an initial concentration of atoms and 
radicals which is quite small but known to be significantly larger than 
their equilibrium concentrations in the undisturbed material. The 
mechanism which produces these is not understood in detail; it may be 
that most of the dissociation takes place within the shock. The effective 
activation energy for the induction stage is that of reaction (la), about 
18 kcal/mole, for it is the slowest and thus the rate-determining step. 
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The exponential nature of the growth may be easily seen by considering 
the extreme case in which reactions (lb) and (1c) are much faster than 
(la) so that the OH and O produced by (la) are immediately converted 
to H a O and H, that is, the O produced by (la) is converted by (lb) to OH 
and H, and the OH thus produced by (la) and (lb) is then converted by 
(1c) to H a O and H. The net effect is 

H + 0 3 4- 3H 2 *=> 2H a O 4- 3H, 

so that the net H-atom concentration doubles at each step and the early 
growth is proportional to e 3kt , where k is the forward rate constant for 
reaction (la). 

As the products accumulate to the point where terms in the rate equa¬ 
tions such as [H][OH] are no longer negligible compared to those such as 
[H][H 2 ], the recombination reactions like reaction (2) come into play 
and the recombination stage begins. In this stage the pressure decreases 
and the temperature (and here the mole number) increase in the conven¬ 
tional way for an exothermic reaction in steady flow. The recombination 
rates are relatively insensitive to temperature but more sensitive to den¬ 
sity because they require three-body collisions. Thus the ratio of the 
recombination to induction-zone lengths decreases with increasing 
density. 

A rough stoichiometric summary of the course of the reaction is 

(1) 2H 2 4* 0 3 H 2 0 + H + OH, AH - 0 kcal/mole; An = 0 

(2) H + OH H 2 0, AH - ™116 kcal/mole; An - -1. 

As stated earlier, the heat release takes place in the recombination zone. 
As will be seen in the computer results presented below, the principal 
oversimplification is the neglect of 0 and the setting of OH equal to H. 
Actually 0 and OH are about equal throughout and are considerably 
smaller than H. 

The negative mole change for the recombination stage raises the ques¬ 
tion of the possibility of a pathological detonation, that is, one in which 
a becomes negative at some point. Although the X-space has not been 
explored in detail, this possibility appears to be unlikely, for the 
negative mole change term in <r, Eq. (4.16), amounts to only 3% of the 
total value of a for the stoichiometric recombination reaction (2). 

In passing we comment that the much studied hydrocarbon systems 
have a similar but less well-known reaction mechanism. The observed 
over-all activation energy for the induction zone is about the same as for 
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hydrogen/oxygen, probably because reaction (la) is still the rate- 
determining step. The induction-zone reactions are mildly exothermic, 
so that the mechanism, while predominantly a branching chain, takes 
on some of the character of a thermal explosion, with a more rapid tem¬ 
perature rise at the transition to the recombination zone. The recom¬ 
bination zone is still the strongly exothermic part of the reaction process, 
with smaller mole decrement and faster rate than in hydrogen/oxygen, 
so that at the same density the reaction zone has more nearly a square- 
wave shape. 

Using computer programs 2 available at the Los Alamos Scientific 
Laboratory, we have calculated the steady CJ reaction zone for the 
dilute hydrogen/oxygen system described in Table 6.3. The results, Fig. 
6.10, are plotted on three different distance scales to properly display the 
induction and recombination segments. The tabulated CJ point is the 
equilibrium CJ point. 

6B. TWO IRREVERSIBLE REACTIONS 

We work out here the simplest case of more than one reaction. Despite 
its simplicity, it gives interesting results and introduces many of the 
concepts needed for more complicated systems. 

The equation of state is the poly tropic gas with no mole change 

pv - (7 - 1)(E + Q) (6.2) 

Q = Aiqi + A 3 q 2 . (S«3) 


The two reactions are taken to be consecutive 


A- B 


B -> C, 

with progress variables A! and A a related to the mass fractions by 
A 2 * 1 - x A 


2 The computer programs are HUG (Bird et al. 1964) which calculates the shock and CJ 
states, and KIN which integrates the rate equations for the steady solution. KIN was con¬ 
structed by LASL by C. Hamilton, with a plotting capability added by J. D. Jacobson. 
The calculations it performs are essentially those described by Duff (1958); the program is 
similar to that of Garr and Marrone (1963) except that the thermodynamic functions are 
entered as polynomial fits of tabulated values. 
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Table 5.3 CJ DETONATION IN 2H 2 + O* + 9Ar 
(po = l@.l kPa, To = 300 K D = 1572 m/s, <c 0 = 
344.9 m/s, D/co ■ M 0 = 4.558) 
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DISTANCE (CM) 


Fig. 5.10. Calculated steady reaction zone for the CJ detonation of Table 


nt 

der to display the induction and recombination zones, which have very dif¬ 
ferent lengths. The dimensionless axis labels are temperature T/T 0 , 
pressure p/p 0 , particle velocity u/co (laboratory frame), density p/p 0 , 
specific enthalpy (H - Ho)/RT 0 , characteristic speed pc/p 0 c 0 , and specific 
mole number n/no. Note that, for maximum resolution, different vertical 
scales are used for the composition of each species. 
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and first-order rates depending on composition only 

dXi/dt = r» = 1 - Xi = x A (5.4a) 

dXj/dt = r a = X x - X 2 - x B . (5.4b) 

We consider two cases 

(1) both reactions exothermic: q x > 0, q a > 0 

(2) second reaction endothermic: q x > 0, q a < 0. 

The first case turns out to be identical to that of one reaction (with the 
same total heat release), Sec. 5A3. The second is more interesting. The 
thermicity 

&‘V — diTi + ff 2 r 2 (5.5) 

passes through zero as the reaction proceeds, giving our first example of 
an eigenvalue detonation. Physically, one may think of a solid explosive 
with an endothermically decomposing binder. 

3B1. Both Reactions Exothermic 
We take 

q x = q a = 25 RT 0 . 

The family of partial-reaction Hugoniot curves, Fig. 5.11, is still a one- 
parameter family, as in Fig. 5.3, with the parameter Xq replaced by Q * 
X x q x + X a q a , Eq. (5.3), so that along any one Hugoniot curve the total 
heat release is constant, and the composition may vary over pairs of X x 
and X a satisfying Q ■ constant. 

Figures 5.12 through 5.14 show the full p-X x -X a base plane or X-space. 
The pressure surface, Fig. 5.12, resembles the p-X space for one reaction, 
Fig. 5.4, being a one-parameter (D) family of surfaces instead of curves. 
Each surface is a cylinder whose generators (light lines) are horizontal 
lines with base plane slope dX a /dX x ~ —qi/q a ; that is, they are lines of 
constant Q. Each surface has a vertical tangent plane along one 
generator; as we shall see below, this generator is the sonic locus. Each 
reaction path (heavy line) has a subsonic branch beginning at point N 
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Fig. 5.11. Diagram of the partial-reaction Hugoniot 
curves in the p-v plane for two irreversible reactions, 
both exothermic. 

and a supersonic branch beginning at point 0, meeting at a point on the 
sonic locus. 

In the A-plan©, Figs. 5.13 and 5.14, lines of constant x A , x c , and x B are 
horizontal, vertical, and parallel to AC, respectively. Loci of constant Q 
are lines of slop© -qt/qa * *“1? with that for the maximum Q of 60 RT 0 
passing through the upper right comer at point C, and that for Q « 0 
through the lower left corner at point A. To keep the mass fractions 
positive, and X 3 must be confined to the stoichiometric triangle ABC: 

OS Ai £ 1 (5.6a) 

0 £ As £ Ai. (5.6b) 

The arrows show the phase portrait, or family of all possible integral 
curves of the rate equations (5.4), which we may write as 


dAs/dAi — r a (Ai,A 9 )/ri(Ai,Ag) — (A* — A a )/(1 — A*). (6.7a) 
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Fig. 5.12. The p-Ai-A 3 apace (stereo pairs) for the three values of D 
shown in Fig. 5,11. The generators of the surfaces are lines of constant 
Q. The sonic locus is shown in the base plane where it lies within the 
stoichiometric boundary; this occurs here only in case (a). 
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Fig. 5.13. The A,-A, plane. For 
each value of D, the sonic locus 
coincides with some line of cons¬ 
tant Q. 



X| X, 

(o) 0<0j (b) DbDj 


Fig. 5.14. The X-plane for two ranges of D, with the 
sonic boundary added. 

The phase portrait is discussed here, even though it is not necessary for 
this simple case, because it is essential later. We neglect, for the mo¬ 
ment, the interior boundaries arising from the conservation conditions 
which exclude some regions. The only integral curve of direct interest is 
of course the one (the reaction path) starting at the origin A, - X, ■ 0 of 
Fig. 5.13 (point N of Fig. 5.11). With this initial condition the solution of 
Eq. (6.7a) is 

A a = At + (1 - A,) In (1 - Ai), (5.7b) 

which is the reaction path plotted in Figs. 6.12-6.14. Other integral 
curves are indicated because they help to determine its properties. The 
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critical points, where both rates vanish so that dA^dAj = 0/0, are of 
special interest. Their topology can be determined by a standard 
analysis (see, for example, Davis [1960], Chapter 11) which we will not 
describe here. Away from the critical points the qualitative phase por¬ 
trait is easily constructed from the differential equation (5.7a). For ex¬ 
ample, on the stoichiometric boundary AC the derivative dAs/dt is zero, 
and just inside it both dAj/dt and dAi/dt are positive, so this bound¬ 
ary is a locus of turning points at which integral curves have zero slope 
and are concave upward. The remainder of the phase portrait is easily 
seen to be as shown. On the right boundary Ai = 1 the integral curves 
have infinite slope. Point C turns out to be a nodal critical point. Critical 
points of nodal and saddle type are discussed in more detail later; here 
we simply note that all of the integral curves end in this point, and enter 
it with infinite slope. 

The conservation conditions which confine the steady solution to the 
Rayleigh line impose an additional boundary in the X-plane whose posi¬ 
tion depends on D. On a given Rayleigh line, Q has a maximum value at 
the point where the Rayleigh line is tangent to a partial-reaction 
Hugoniot curve, for example point T of Fig. 5.11. Call this maximum 
value Qmax(D). The corresponding restriction in the X-plane is 

Q - A t qi + A a qa £ Q man (D). (5.8) 

This adds the additional boundary Q = Q m ax(D) shown as a hatched line 
in Fig. 5.14a. This boundary is called the sonic line or sonic boundary 
because it is the image of a tangent, and therefore sonic, point in p-v. As 
D increases, it moves up and to the right in the X-plane, passing through 
the upper right corner C for D - D,. In Fig. 5.12, it is the projection onto 
the base plane of that generator of the cylindrical surface along which 
the surface has a vertical tangent. 

We remark that our assumption that the reaction rates depend only 
on X makes this example degenerate. Here both the super- and subsonic 
branches of the reaction path in the pressure surface have the same pro¬ 
jection onto the base plane. Were we to let the reaction rates depend on 
other state variables as well, this would not be the case. A more general 
case is treated in Sec. 5D. 

5S1.1 D-Bkeumim 

For D < Dj the segments NT and OT of Fig. 6.11 map into the upper 
and lower branches of the reaction path of Fig. 5.12a. As shown there 
and in Fig. 5.14, the reaction path terminates on the sonic boundary, 
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with nonzero rate, so that, as shown earlier, it cannot be a steady solu¬ 
tion. 

For D = Dj, the sonic boundary is at Xi ■ X 2 - 1, the upper right cor¬ 
ner of Fig. 5.14b, and the reaction is complete at the complete-reaction 
sonic point, that is, the CJ point. The upper branch, Fig. 5.12b, is the 
steady CJ solution. 

For D > Dj the sonic point has moved outside the stoichiometric 
triangle, the complete reaction point Xi *= X 8 = 1 is subsonic, and the two 
branches, Fig. 5.12c, no longer meet. The upper branch is the steady 
overdriven solution. 

The steady solutions are thus exactly those of the one-irreversible- 
reaction detonation of Sec. 6A3 having the same total heat release. 
There are steady solutions terminating in sonic and subsonic points for 
D = Dj and D > Dj respectively, and no steady solution for D < Dj. 

5B1.2. Platon Problem 

The piston problem is identical to that of the corresponding one- 
reaction detonation, with the overdriven solutions susceptible to 
degradation by rarefactions from the rear, and with the C J solution the 
unsupported detonation. The important property, that the final states of 
the steady solutions are independent of the reaction rates, still holds. 

5B2. Second Reaction Endothermic (Eigenvalue Detonation) 

With the second reaction endothermic, that is, q 8 < 0, we have our 
first example of an eigenvalue detonation. Our assumption of irrever¬ 
sibility is now less realistic for the second reaction, for the heat absorp¬ 
tion shifts the equilibrium-composition to a point of less complete reac¬ 
tion. But this is unimportant for the purpose of illustrating the main 
features. The practical interest in this case arises because many solid ex¬ 
plosives consist of a mixture of an explosive and an inert binder, and a 
possible course for the reaction is the exothermic reaction of the ex¬ 
plosive followed by the endothermic decomposition of the binder. 

We take the system of the preceding example with the values of q t and 
q a changed to 

q, = 100 RT C (5.9) 

Qa = -75 RT„. (5.10) 

The p-v diagram, p-Xi-X* space, and X-plane (Xi-X s base plane) are 
shown in Figs. 6.15-6.18. The projection on the p-X, plane, not used in 
the preceding section, is shown in Fig. 6.19. 
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Fig. 5.15. Diagram of the 
partial-reaction Hugoniot curves 
in the p-v plane for two irreversi¬ 
ble reactions with the second 
reaction endothermic. The 
Q = 44.8 RT 0 Hugoniot curve is 
the highest attainable. Rayleigh 
line D is tangent to this curve. 

0 0.2 0.4 0.6 0.6 1.0 

VOLUME v/V Q 

The negative sign of q a changes the slope of the straight lines which 
are the constant-Q contours, Eq. (6.3), from negative to positive, Fig. 
6.17, with profound consequences. Each of these contours is still the 
sonic boundary, Eq. (6.8), for some value of D. Let Q be the value of 
Qmax(D) for which the sonic boundary is tangent to the reaction path, 
Fig. 5.17. For Q > § the sonic boundary lies to the right of the contour 
Q >■ §, so the entire reaction path is accessible and along it Q increases 
from zero at A to the maximum value Q ■ 44.8 RT 0 at the point where 
the reaction path is tangent to Q ■ Q, and then decreases to 25 RT, at C. 
The locus of neutral thermicity o*r = 0, Eq. (5.5), is shown as a dashed 
line in Fig. 5.17. Its intersection with the sonic boundary, called the 
pathological point P, is the sonic point ofneutral thermicity. It plays an 
important role in the problem. For Q = Q it coincides with the tangent 
point mentioned above. 

The reaction-path topology in the pressure surface has also changed. 
Fig. 6.16 shows the p-Xi-X 8 space, and the projections, for three represen¬ 
tative values of D, of the reaction paths onto the p-X! plane. The special 
value of D, which we call D, for which the sonic boundary is tangent to 
the reaction path, Fig. 6.17, is the analog of Dj in the normal detonation. 
For D > B the reaction path has two vertically separated segments, the 
upper entirely subsonic and connecting points N and S, and the lower 
supersonic and connecting points 0 and W. For D < D there are two 
horizontally separated segments, each having both a subsonic and a 
supersonic branch. Only the left segment is accessible from points N and 
0; it is like the p-X curves for one reaction, Fig. 5.4. For D = D we have 
the saddle configuration centered at point P. Note that only at D = D, 
with the reaction path passing through P, is the weak point W accessible 
from N. 

532.1. D-Dkemaion 

For D < D only the upper branch of the left segment (Fig. 5.19) can be 











Fig. 5.17. The X-plane. The 
thermicity 0*r = 4- cr g r 3 is 

positive to the left and negative 
to the right of 0*r - 0. 



Fig. 5.18. The X-plane for three values of D. 



Fig. 5.19. The p-X t diagram 
for a two-reaction detonation 
ith second reaction endother¬ 
mic. The dashed curves show 
integral curves in the 
neighborhood of the 
pathological point (see text). 
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the unacceptable sonic point T where the rate is nonzero and O-r is 
positive, asjeen from Fig. 5.17. 

For D = 6 the reaction path, as noted above, is tangent to the sonic 
boundary at the pathological point P, and the two segments, Fig. 5.19, 
have now joined at the center in point P. Referring also to the p-v plane, 
Fig. 5.16, the state point first moves from N down to P. From P it can 
proceed on down to the weak point W or turn around and go back up to 
the strong point S. The choice will depend on the rear boundary condi¬ 
tion. Note that P is an interior sonic point of the reaction zone in either 
case, and that in the strong case the pressure has a minimum and a first- 
derivative discontinuity at P. To summarize: D is the eigenvalue 
velocity, the unique velocity for which point P lies on the reaction path, 
and P is a saddle point, the only point through which the supersonic part 
of the surface can be reached. 

Finally, for D > fi, with the reaction path entirely within the sonic 
boundary, the maximum value of Q on the reaction path remains un¬ 
changed, so that the state point in the p-v plane turns around at this 
value of Q, moving from point N down to point M and back up to S (the 
upper segment in Fig. 5.19). The reaction zone, though entirely sub¬ 
sonic, continues to have an interior pressure minimum. 

5B2.2. Piston Problem 

The piston problem presents some new and interesting possibilities. 
Diagrams of a possible set of solutions are given in Fig. 5.20, where % 
and u w are the final strong and weak particle velocities for D = B. Con¬ 
sider first any piston velocity u p > %, Fig. 5.20a. The solution is the 
usual overdriven one followed by a uniform state between the end of the 
reaction zone and the piston. As discussed above there is a minimum in 
the pressure profile within the reaction zone. The entire flow is subsonic 
with respect to the shock front, so any disturbance in the rear can 
propagate to affect any region. 

For Up = u 8 , Fig. 5.20b, there are two possible configurations, each of 
which is followed by the same uniform state back to the piston. The first, 
the upper one in the figure, is the strong solution terminating at the sub¬ 
sonic point S. In an experiment in which the piston velocity is slowly 
decreased, it is expected to appear first because it is the continuous ex¬ 
tension of the overdriven solution. The other solution with the same ter¬ 
minal state is a double-wave solution consisting of the steady reaction 
zone solution terminating at the supersonic point W, followed by a shock 
with final state S. This shock moves with the same velocity as the front 
since its Rayleigh line SW coincides with that for D (see property 7, Sec. 
5A1). 
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Fig. 5.20. Pressure-distance profiles for possible steady 
solutions of the two-reaction detonation with second 
reaction endothermic. The circle marks the end of the 
steady zone. 

For piston velocities between Os and u w , the terminal state W can be 
matched to the piston by means of a shock which recedes from the reac¬ 
tion zone, Fig. 5.20c. The shock connects points W on D = D, Fig. 5.15, 
with the piston by increasing the particle velocity. 

As the piston velocity is decreased .still further, the strength of the 
following shock decreases and it recedes more rapidly from the reaction 
zone. Finally, at piston velocity u w , Fig. 5.20d, the reaction zone is con¬ 
nected to the piston by a uniform flow at state W. For lower piston 
velocities, Fig. 5.20e, a rarefaction wave is required to reduce the parti¬ 
cle velocity to that of the piston. Since point W is supersonic with 
respect to the front, the head of this rarefaction wave will recede from 
the front. This configuration then consists of, from front to back: the 
steady reaction zone terminating at the supersonic point W, an ever- 
widening region of uniform state, a forward-facing rarefaction wave, and 
finally, an ever-widening region of uniform state between the tail of the 
rarefaction wave and the piston. 
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SC, ONE IRREVERSIBLE REACTION WITH A MOLE DECRE¬ 
MENT (PATHOLOGICAL DETONATION) 

In the preceding section the pathological detonation was introduced. 
The energy release coefficient 0 was made to change sign by making the 
second of two consecutive reactions endothermic. In this section the 
pathological detonation with one irreversible reaction is considered, the 
sign change of <r being caused by a decrease in the number of moles as 
the reactants change to products. These two types of pathological 
detonation have very similar flow configurations, and the main purpose 
of this section is to illustrate the complications introduced into the p-v 
plane when partial-reaction Hugoniot curves cross. 

The detonation in which the reaction has a large mole change is of 
considerable practical interest, although the real systems have com¬ 
plications which are not included in this example. Detonation in a dust 
of finely powdered aluminum suspended in gaseous oxygen is expected 
to show a large mole decrement combined with a large heat release. A 
stoichiometric mixture of hydrogen and oxygen also has a mole decre¬ 
ment. In both cases, however, the products are not just A1 2 0 8 or H a O, 
since these molecules dissociate at high temperature to reduce the mole 
decrement. 

The case at hand was first discussed by von Neumann (1942). Con¬ 
sider the irreversible reaction 

A - (1 + 8) B, (5.11) 

where 8 is negative so there is a mole decrement. The energy and volume 
terms in the energy release coefficient a, Eq. (4.16), have opposite sign, 
so a may change sign at a point in the steady flow for some choice of the 
values of those terms. The case in which the sign of cr does change is, of 
course, the one of interest in this section. It can be shown that the 
partial-reaction Hugoniot curves then cross in the p-v plane, and that 
they have an envelope on which <r « 0. This can be seen by recalling that 
for a > 0 the successive Hugoniot curves lie above those for lesser degree 
of reaction, and for & < 0 below those for less reaction, so that the en¬ 
velope is the locus a = 0. The partial-reaction Hugoniot curves are 
shown ^in Fig. 5.21, and the solutions in p-A in Fig. 6.22. 

Let D denote the value of D for which the Rayleigh line is tangent to 
the o* = 0 envelope. For D > 8 the subsonic and supersonic branches are 
separated as shown in Fig. 5.22, since part of the Rayleigh line lies above 
the envelope and therefore above all of the partial-reaction Hugoniot 
curves. Starting at the shock point N, the state point moves down the 
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Fig. 5.21. The pathological one-reaction 
detonation in the p-v plane. In the example 
sketched the tangent point on the envelope is at 


detonation in the p-A plane, 
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Rayleigh line aa reaction proceeds until it encounters the envelope. At 
this point p has its minimum value, and consequently u also has a 
minimum value so that u* = 0 when a - 0, in agreement with the re¬ 
quirements of Eq. (4.19) for a steady flow. As reaction proceeds the state 
point moves back up the Rayleigh line in the p-v plane to the A = 1 
Hugoniot curve. The entire flow region is subsonic relative to the shock 
and therefore rarefaction from the rear can degrade the flow. For D = fi, 
the state point moves from the shock point N to the point where the 
Rayleigh line is tangent to the envelope, and then may either turn 
around and go back up the Rayleigh line to the strong point S on the 
A = 1 Hugoniot curve, or proceed on down to the weak point W. In 
neither case is u* = 0 where <r = 0, but Eq. (4.19) is still satisfied because 
where the Rayleigh line is tangent to the envelope it is also tangent to a 
partial-reaction Hugoniot curve and therefore we have r> - 0 there. The 
point where a = 0 and ij = 0 is called the pathological point P. For D < D 
the envelope is never reached and there is no steady solution because the 
Rayleigh line does not cross all the partial-reaction Hugoniot curves. 

For all overdriven detonations (D > B) the reaction zon£ terminates 
at the strong point S where the flow is subsonic. For D = D the steady 
flow terminates at either the strong point, where the flow is subsonic, or 
at the weak point, where the flow is supersonic. The character of the flow 
at these end points is exactly that found for the two-reaction 
pathological detonation treated in the preceding section, and therefore 
the discussion of the piston problem is the same as that given there, and 
the pressure profiles following the reaction zone are the same. The 
pressure profiles through the reaction zone are also more or less similar, 
but in the present case the pressure minimum in p-A moves closer and 
closer to the shock front as the degree of overdrive (detonation velocity) 
is increased. Also the pressure at the strong end point S is always greater 
than the pressure at the shock front, for the simple case treated here. 
The unsupported detonation has a pressure profile which is similar in 
the two cases. 

5D. TWO REVERSIBLE REACTIONS 

Following the general treatment of the case of an arbitrary number of 
reversible reactions by Wood and Salsburg (1960), Erpenbeck (1961, 
1964a) undertook the detailed study of some particular cases of two 
reversible reactions. 

The system is a polytropic gas with two exothermic reactions, having 
no mole change and thus nominally similar to that of Sec. 5B1. 
However, the reactions are reversible and the rates (first-order 
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Arrhenius) are temperature-dependent. Both of these features greatly 
complicate the problem. Also, the reversibility can produce an eigen¬ 
value detonation if the first reaction is sufficiently faster than the 
second. The first reaction may displace the composition beyond the 
equilibrium point of the second, which then becomes endothermic by 
running backwards. 

The added complexity appears as a more complicated topology of the 
A-plane. With reversible reaction there are interior critical points of dif¬ 
ferent types. With temperature-dependent rates the reaction paths and 
the locus of neutral thermicity O r = + <r 2 r 2 - 0 depend on the 

detonation velocity D, rather than being the same for all values of D 
when projected onto the X-plane as in Figs. 6.12, 6.13, 6.16, and 5.17. 
Also, the projections of the supersonic and subsonic branches are no 
longer superposed as they are in these figures. 

The essential parameters are the same as those of Sec. 5B2: detona¬ 
tion velocity D, relative heat release q 2 /qj, and relative rate r 2 /ri. The 
case discussed is qi ^ 2q s > 0, for all values of xjt y . 

Because the reactions are reversible, the following rarefaction or shock 
wave in the piston problem runs into a reactive medium and will have 
the forms discussed in Secs. 4C4 and 4C6. This property and the more 
complicated topology require the discussion of a great many cases; but 
the essential features of the piston problem are those already discussed 
in Sec. 5B2. 

5D1. The A-Plasi© 

The fluid is a polytropic gas with two parallel reversible reactions 
A s=s B and A ±=» C, with the initial state pure A. Transport properties are 
neglected, and the solutions sought are steady, plane, and laminar. The 
Arrhenius form is used for both reaction rates, similar to Eq. (4.46) but 
generalized to two reactions, so that there are two non-trivial 
parameters: the difference in activation energies and the ratio of the fre¬ 
quency factors 

k = kg/k t . 

The problem is conveniently treated by considering variation of this 
ratio, with the difference in activation energies held fixed. 

Most of the discussion will involve the A-plane [X - (A,,A a )] and the 
reaction path in it. As before, to each partial-reaction Hugoniot curve in 
the p-v plane, which is similar to Fig. 6.11, there corresponds a par¬ 
ticular value of Q, and this value of Q defines a sonic line in the X-plane. 
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The differential equations to be studied are 


dXj/dt = i'i 

(5.12) 

dXg/dt “ l’a 

(5.13) 

or 


dXi/dXj = rt/r* 

(5.14) 


We discuss only the case considered in greatest detail by Erpenbeck 
(1964a): Qi ^ 2q a > 0. He also considered the consecutive reaction case 
with the second reaction endothermic (q a < 0); its piston problem is 
similar. 

Figure 6.23 is a diagram of the X-plane for a detonation velocity bet¬ 
ween the equilibrium and frozen CJ values. (The stoichiometric boun¬ 
daries are different from those of Sec. 5B because the reactions are 
parallel instead of consecutive.) Recall that any dependent variable 
plotted on a third vertical axis defines a double-valued surface with a 
vertical tangent plane at the sonic locus tj = 0 (the entropy has a cusp in¬ 
stead). In Fig. 6.23 the portions of the curves lying in the upper (sub¬ 
sonic) branch of the surface are shown with solid lines, and those lying in 
the lower (supersonic) branch are shown with dashed lines. 



Fig. 5.23. The X-plane for the 
steady detonation with two 
reversible reactions for D e < D < 
D 0 . The + and - signs show that 
r 4 > 0 to the left of its partial 
equilibrium curve ^ - 0, etc. 
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The surface in question is defined solely by the equation of state and 
conservation conditions for the steady flow at velocity D, but the in¬ 
tegral curves depend on the reaction rates. Other curves depending on 
the reaction rates are of interest. The partial-equilibrium curves i\ = 0 
and r 2 ~ 0 are important because where ri « 0 the integral curve (projec¬ 
ted on the X-plane) must be parallel to the A 2 -axis, and similarly for r 2 « 
0. Also each reaction reverses direction where an integral curve crosses 
its partial-equilibrium curve, that is Ai increases with time for rj > 0 and 
decreases with time for ri < 0. The intersections of the two partial 
equilibrium curves are points of chemical equilibrium and critical points 
for the differential equation (6.14). The integral curves near = 0 and r 2 
= 0 can be drawn qualitatively using these properties, and it is easy to 
see that the intersection Sis a node and the intersection Wis a saddle for 
the curves drawn in Fig. 6.23. 

The existence of solutions to Eq. (6.14) is assured by suitable condi¬ 
tions of continuity of r* and r 2 , which are certainly satisfied in any 
physically reasonable case. To study the uniqueness of a solution from a 
given initial point it is convenient to consider ri and r 2 as ther¬ 
modynamic functions over the X-plane. As is the case for most ther¬ 
modynamic functions, these rate surfaces have a vertical tangent plane 
above the sonic locus rj - 0 in the base plane. To ensure that the solu¬ 
tions of Eq. (6.14) are unique, it is sufficient that the rate of change of 
either rate along any line in the surface be finite, that is, that the X- 
gradient of the rate be finite, or that the Lipschitz condition be satisfied 
[see, for example, Davis (1960), p. 85]. For physically reasonable choices 
of the rate functions this condition is satisfied except on the sonic locus ?/ 
- 0. Therefore, provided the two branches are considered separately, 
solutions of Eq. (5.14) exist and are unique except at the sonic locus. 

The locus 0*r = 0 * 1 ^ + <y 2 r 2 - 0 divides the plane into exothermic and 
endothermic parts. The point at which it is tangent to i? = 0 is the 
pathological point P. As in the earlier examples, integral curves reaching 
the sonic locus at any point other than P terminate there, as shown near 
the lower right corner of Fig. 5.23. Only by passing through point P can 
an integral curve go from the subsonic branch to the supersonic branch, 
and even this possibility is sometimes excluded in the present reversible 
case by the critical-point nature of P. 

The integral curve I N representing the solution of interest begins at the 
initial state point N (the von Neumann point) where X x = A 2 = 0. In Fig. 
5.23 it is shown terminating at point S. For sufficiently small values of 
the second reaction rate relative to the first it will terminate on the sonic 
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locus instead. In some cases it can pass through the pathological point P 
into the supersonic branch. 

5D2. D-DiscussSon 

Let D e and D 0 denote the equilibrium and frozen CJ detonation 
velocities, and D t a particular velocity, defined below, peculiar to this 
problem. The X-plane phase portrait is sketched in Pig. 5.24 for several 
values of D. The portion of the plane in which the interesting structure 
occurs has been exaggerated for clarity. For typical values of the 
parameters, the critical points are actually quite close to each other. The 
integral curves are sketched to correspond to a relatively large value of k. 
Their behavior for small values of k is described in the discussion but not 
shown in the figure. 

5B2.L D <B g 

As sketched in Fig. 5.24a, the partial-equilibrium curves do not inter¬ 
sect, so that there is no point of chemical equilibrium satisfying the con¬ 
servation conditions. The integral curve I N may intersect r 2 = 0 once, 
twice, or not at all, but in any case terminates on the sonic locus, so that 
there is no steady solution. 

fflll. D = D e 

For this D, the partial equilibrium curves i\ = 0 and r 2 * 0 have a 
point of tangency which is the equilibrium CJ point C e . We digress 
briefly here to discuss the structure of the resulting higher-order 
singularity. The critical points of a differential equation such as Eq. 
(5.14) with parameter D 

dX, " r, (X„X„D) 

are those points at which both r x and r a vanish. The behavior of the in¬ 
tegral curves in the neighborhood of such a point is found by separately 
expanding the functions ri and r 3 in powers of the displacements of Ai 
and A a from the point. The procedure is described in standard texts, such 
as Davis (1960), Chapter 11. The two types of critical points most often 
encountered here—a node and a saddle—are shown in Fig. 5.24g in prox¬ 
imity to each other for a value of D slightly greater than D 0 . The 
separatrices l u L, I sw separate families of integral curves which ap¬ 
proach or leave the critical points in particular directions. As D 
decreases toward D e from above, the nodal and saddle points approach 
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Fig. 5.24. Integral curves in the A-plane for different values of D. The 
numbers 1 and 2 denote the curves along with r x = 0 and r 2 = 0, 
respectively. 

each other, and at D e a higher-order singularity which has both nodal- 
and saddle-type sectors is formed as shown in Fig. 5.24h. The portion of 
the separatrix I sw between S and W has vanished and the separatrices I x 
and L have coalesced. I t is never important to the discussion, but L is. 


Ai or the A 2 axis. For large k, it intersects the A t axis and I N lies above it 
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and must therefore cross r 2 - 0 above C 0 and go down into C 0 as shown in 
Fig. 5.24b. As k is decreased, I a moves to the left and, at a particular 
value of k, becomes I N . For smaller k, I*, intersects the X 2 axis, and I N lies 
below it and is forced to pass below C 0 and terminate on the sonic locus. 
Thus for sufficiently small k there is no steady solution for D - D 0 . 

SCU D e <D < D 0 

The partial-equilibrium curves, Fig. 5.24c, cross at two points S and 
W, both of which lie on the (frozen-)subsonic branch of the surface. 
Point S is a node and point W a saddle. Again the terminus of I N de¬ 
pends on the position of the separatrix I 0 and thus on the value of k. For 
large k, I N terminates at the strong point S, as shown in the Figure. As k 
decreases, I* moves to the left, until at some value of k it passes through 
the origin. For this k, the solution I N consists of two pieces: the 
separatrix I a from the origin to point W, and the curve Isw (another 
separatrix of the critical point W) connecting points W and S. For k 
smaller than this value, I N is forced to the sonic locus and no steady solu¬ 
tion exists, with the possible exception of the case in which it reaches 
point P. 

For this range of D the behavior of the integral curves in the 
neighborhood of the pathological point P may be quite complicated, and 
has been carefully investigated by Erpenbeck (1961). Without going into 
detail, it is sufficient to state here that, in the projection onto the p-Xi 
plane (like Fig. 5.19), the pathological point P may have the character of 
either a node or a focus (including the possibility of limit cycles), except 
that the direction of reaction changes sign across the sonic locus. Point P 
cannot be a saddle in this range of D. 

Only if it is a node stable from the subsonic surface can P possibly be 
reached by I N . Point P neeed not lie above W as it is shown in Fig. 5.24c, 
and it appears to be possible that in some rather unusual cases I N may 
reach P. Such a steady solution must terminate at P since there are no 
equilibrium points on the supersonic branch of the surface (point W here 
being on the subsonic branch). The possible complete solution to the 
piston problem would require some more complicated type of time- 
dependent continuation beyond P than is usually considered. If I N , hav¬ 
ing missed point W, can reach point P, then a possible solution might be 
such a time-dependent continuation. 

5D2.4 D > B 0 

At D « D 0 points W and P coincide and together become the frozen C J 
point. For D larger than this value, Fig. 5.24d, point W moves down onto 


the supersonic branch of the surface and becomes a stable node. In this 
range the pathological point P can have only the character of a saddle 
point. For some value of k, the separatrix I 0 through the saddle point P 
becomes I N . For larger k, I N terminates at point S; for smaller k it is 
forced to the sonic locus. Therefore, at least for values of k within some 
range, there is, for any given k, the important eigenvalue of D for which 
In and I s coincide. For this D the integral curve I N proceeds to the (sonic) 
point P, which it reaches in finite time because P is not a point of 
chemical equilibrium. From here there are two possibilities: it may 
proceed back up (along the Rayleigh line) to the subsonic point S along 
Ips, or it may go on down to the supersonic point W along I PW . 

As D increases still further, at some velocity the minimum in the 
rj = 0 curve touches the Xi axis. This value of D is the same as the CJ 
value of D for a material in which the rate of reaction 2 is identically 
zero, because it is the minimum velocity for which chemical equilibrium 
can be attained with X a = 0. 

SD2.6. B > Bi 

For D > Di, Fig. 5.24e, the integral curve I N can go only to point S, 
since the partial-equilibrium curve = 0 intersects the axis. As D is 
increased still further, Fig. 5.24f, the sonic locus moves out of the 
stoichiometric triangle and the partial-equilibrium curve r 2 ~ 0 ter¬ 
minates at Xi = 1 , X 2 = 0. Point 8 remains the only possible terminal 
point for I N . 

5D3, Th© Piston Problem 

There are three ranges of values of k with quite different behavior: 

Case I. Values of k large enough that the integral curve I N always lies 
to the left of the separatrix and goes to the strong point S or to the 
equilibrium CJ point C e . 

Case II. Intermediate values of k such that I N and I@ coincide for some 
value of D in the range D e < D < D 0 . 

Case HI. Smaller values of k such that the coincidence of I N and I a 
takes place for a value of D > D 0 . 

For a given k there will be, in Cases II and IE, an eigenvalue of D 
(which makes I N and L coincide), which we denote by 0(k). The func¬ 
tion D(k) is monotone decreasing as k increases for the simple fluid con¬ 
sidered here. Similarly, we denote by 5: the value of k which brings I N 
and I @ into coincidence at a given D. The subscripts e and ojiave their 
usua^meaning of equilibrium and frozen CJ points [asT 4 = k(D 0 )]. For 
any D(k) there are two particle velocities u s and u w denoting the particle 
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velocity at points S and W for that D. Figure 5.25 shows these particle 
velocities as functions of k. The numerical values, from Erpenbeck 
(1964a) were obtained by numerical integration. 

5B8J Cme L h ^ k e 

In Case I the integral curve I N is forced to point S for all D > D e and to 
C e for D = D e . The piston problem is therefore the same as that for the 
single reversible reaction in Sec. 5A4. 

5D3.2 Case II. 

For D - D e the integral curve I N is to the right of the separatrix ^ and 
is therefore forced to the sonic locus, so no steady solution exists. It is ob¬ 
vious then that the steady solutions must be found, if any exist, for 
D > D e . 

For Up < u w the suggested solution, Fig. 5.26a, is the eigenvalue 
detonation moving with velocity D(k) and terminating at point W. Point 
W is frozen-subsonic but equilibrium-supersonic. A reactive rarefaction 
wave, the main portion of which recedes from the front as in Sec. 5B2, 
follows the detonation and in it the particle velocity decreases from ff w 
to Up. The presence of the precursor of the rarefaction wave, which 
attenuates with time, precludes a strictly steady solution; the problem is 
similar to that of the detonation in material with one reversible reaction 
discussed in Sec. 5A4. 


Fig. 5.25. The u p -k plane 
used in the discussion of the 
piston problem. The curves 
u 8 and u w are the particle 
velocities on the strong and 
weak branches of the detona¬ 
tion Hugoniot curve for D = 
D(k), the eigenvalue detona¬ 
tion velocity. Values are from 
Erpenbeck (1964a) for qj/RTo 
- 60, qa/RTo = 20, 7 - 4/3, 
(E? - El)RT„ = -45. 
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For u w < Up < u a the suggested configuration, Fig. 5.26b, is the same 
eigenvalue detonation followed by a slower moving diffuse shock which 
raises the particle velocity from u w to u p . The shock is diffuse because 
point W is frozen-subsonic, as discussed in Sec. 4C4. The pertinent 
Hugoniot curves in the p-v plane are shown in Fig. 5.27. The integral 
curve for the diffuse shock connects point W to the state on the 
equilibrium shock Hugoniot curve originating at W and having u - u p . 
On a X-plane drawn for the diffuse shock velocity this integral curve is 
similar to I ws of Fig. 5.24c, but goes to the proper point W rather than 
point S. For u p = u s . L passes through the origin and becomes I N , so that 
both the eigenvalue detonation (Ig) and the diffuse shock (Isw) have the 
same velocity and can be shown in a single diagram like Fig. 5.24c. 

For higher piston velocities u p > u s , In lies above the separatrix and 
goes to point S, and the detonation velocity is greater than B(k). The 
detonation is overdriven and more or less normal in behavior, except 
that the pressure profile, Fig. 5.26c, has a minimum for values of u p near 
Us, since the integral curve passes close to point W. 


to) 

Up < «W 


Fig. 5.26, Pressure profiles 
>w< Up<Us for Case II. Both the rarefac¬ 
tion and diffuse shock recede 
from the reaction zone. 
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Fig. 5.27. Diagram of the Hugoniot 
curves for Case II. £fC e is the detona¬ 
tion Hugoniot curve centered at the 
initial state. and (JCX are the 
equilibrium and frozen Hugoniot 
curves centered at point W. The 
slope of the diffuse-shock Rayleigh 
line is less than the slope of 3CX at 
point W. The effects of the frozen 
and equilibrium sound speed dif¬ 
ferences are exaggerated. 


8D3J Cme IIL k <k Q 

When k < k 0 the eigenvalue detonation occurs for D > D 0 . The eigen¬ 
value detonation looks in the X-plane like Fig. 5.24d, but with I 8 becom¬ 
ing I N , passing from the origin to point P. The integral curve passes 
through point P, the pathological point, and thence either to S or to W. 
For all D < D(k), I N is forced to the sonic locus, indicating that there can 
be no steady solution with D < D(k). 

For Up < u w the suggested solution is the eigenvalue detonation ter¬ 
minating at the supersonic point W, followed by a reactive rarefaction 
wave. The pressure profile is diagrammed in Fig. 5.28a. The entire 
rarefaction wave recedes from the front since point W is frozen- 
supersonic. The subsonic point S cannot be the terminal state because it 
is subject to degradation from the rear. 

For u w < Up < u s the suggested solution is the eigenvalue solution 
followed by a receding shock. For values of u p near tl w , this shock is dif¬ 
fuse, as diagrammed in Fig. 5.28b. At some larger value of u p the shock 
becomes sharp, followed by a region of effectively endothermic chemical 
reaction, as diagrammed in Fig. 5.28c. 

At Up = u 0 there are two possible solutions: either the eigenvalue 
detonation terminating at point W followed by a sharp shock 6 and effec¬ 
tively endothermic reaction to point S, or the eigenvalue detonation ter¬ 
minating at point S (following integral curves I a and I PS of Fig. 5.24d). 
The pressure profiles are diagrammed in Fig. 5.28d. 

For Up > u s the detonation is overdriven and terminates at point S. 
There is a minimum in the pressure profile if u p is near tf s where the in¬ 
tegral curve passes near point P, as diagrammed in the pressure profile 
curve, Fig. 5.28e. 

6 It can be shown that the diffuse- to sharp-shock transition takes place at some u p < u a . 
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Fig. 5.28. Pressure profiles for Case HI. 
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In Fig. 5.29a the pressure profiles are diagrammed in their regions of 
the Up-k plane. The plane is that of Fig. 5.25, but is greatly distorted to 
make room for the profiles. Below the (curved) line u p «= Q s , and the line 
extending to the right from C 0 , the velocity of the front is independent of 
the piston, and above those lines the detonations are the overdriven 
type. To the right of k = Ito the behavior is like that discussed in Sec. 
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TWO REVERSIBLE REACTIONS 



Fig. 5.29. Diagram showing 
pressure profiles in the 
various regions of the u„-k 
plane. 


k 


reactive wave shifting the equilibrium as discussed in Sec. 4C) which 
moves more slowly than the front. 

On the k = 0 axis there is a point marked CJ which is the end point for 
the detonation in which only reaction 1 is allowed. There is an apparent 
discontinuity in behavior here, because it does not tie in with the rest of 
the cases shown. The reason is that as k becomes very small, the wave 
can be considered in two distinct parts. Near the shock front only reac¬ 
tion 1 goes on to a large extent, and reaction 2 is very far behind. In the 
limit we ignore reaction 2 altogether, describing the steady zone dif¬ 
ferently from the descriptions shown in the figure. In Sec. 5D4 the 
details are elaborated further. 

The line extending down and to the left from point A on the upper 
branch of u p = Tf a marks the diffuse-sharp shock transition. 

In the sketches on the figure the profiles are drastically distorted, 
because the time or distance from the front to point P is very short com¬ 
pared to the time from P to W, and the following waves are not steady 
and have gradients much less than those in the reaction zone. In Sec. 
5D4 some actual calculations for the part of the reaction zone near the 
front are given, and the pressure difference between u p = u s and u p = u w 
is shown. 



Sec. 5D 

SD4. Examples 

We display here portions of some steady solutions for particular fluids, 
with the principal object of comparing the forms of normal (CJ type) 
and eigenvalue (weak type) solutions. The results make use of informa¬ 
tion kindly supplied to us by Dr. Erpenbeck in addition to that given in 
Table I of Erpenbeck (1984a). 

The fluids used have in common the parameters 

y = 1.2, q, = 50 RT„, q 2 = 25 RT„, Et - E| = 10 RT„, 
for which 

D e = 6.0361 Co, Do ■■ 6.0365 c„, D! = 6.1733 c 0 . 

Recall that Di is the velocity at which the r t ■ 0 partial-equilibrium 
curve is tangent to the Ai axis at one point, that is, just the equilibrium 
CJ velocity for the single-reaction system having only the first of the 
above two reactions (obtainable from the above by taking the limit 
ka/ki = 0). 

We consider three different fluids corresponding to three different 
values of k (» k 2 /ki) with the above set of parameters, and for each a par¬ 
ticular value of D: 

1. The eigenvalue solution for k = k(D) = 0.009183 with D slightly 
less than D^ D = 6.1597 c 0 , corresponding to (D 2 - D|) = 0.9 (D? - Df). 

2. The equilibrium CJ solution for the one-reaction system having the 
first of the above two reactions, that is, the two-reaction system with 
k = 0, D = Di. 

3. The normal equilibrium CJ solution for two reactions with 
k = 0.1109, slightly greater than k(D e ), and with D = D e . 

The calculated particle-pressure histories are given in Fig. 5.30. In the 
eigenvalue solution (1) the pathological point P at p * 21.1 is reached in 
about nine half-reaction times. Beyond this point there is a branch of 
continuous slope to the weak point at p - 17.2 and a branch of discon¬ 
tinuous slope to the strong point at p = 25.5. The solution has not been 
calculated beyond the pathological point except for the initial slopes and 
final states, but the effective length of this region is estimated by various 
methods to be several hundred times the distance of the pathological 
point from the front. The one-reaction equilibrium CJ solution is nearly 
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Pig. 5.30. Calculated steady solutions: (1) eigenvalue solution for D 
slightly less than Di, (2) equilibrium CJ solution for one reaction (k a = 0, D 
= D,), (3) normal equilibrium solution (for two reactions), k slightly larger 
than k(D ( ). The time scale for the particle pressure histories shown is 
chosen to make X = 1/2 at t = 1 for case (1), which requires that the unit of 
time be 3.3/ki. With this choice X is not far from 1/2 at t = 1 for the other 
two cases. The first part of curve 2 lies slightly above curve 1 but too close 
to show separately. 

indistinguishable, on the scale of Fig. 6.30, from the part of the eigen¬ 
value solution shown, but of course contains no upper branch. The final 
state of this solution lies about halfway between the two final states of 
the eigenvalue solution. Finally, the equilibrium CJ solution (for two 
reactions) of normal type is very similar to the equilibrium CJ solution 
for one reaction, but lies somewhat below it. 


6E. MORE THAN TWO REACTIONS 

Detonation in a material having an arbitrary number of reversible 
chemical reactions has been studied by Wood and Salsburg (1960). 
Their paper is a general treatment of steady one-dimensional detona¬ 
tion, and forms the basis for all the preceding sections of this chapter. 
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The examples in the preceding sections illustrate the results of the 
general treatment, and were of course chosen for that purpose. It is 
perhaps worth noting that the work of Wood and Salsburg preceded 
almost all the work on the details of the particular cases. 

When there is an arbitrary number n of chemical reactions, A-space is 
n-dimensional. The analogue of the pathological point P is the intersec¬ 
tion of the surfaces n - 0 and O - r = 0 and is thus an n - 2 dimensional 
locus of critical points, so that the topology is more complicated. 

It is our conjecture that all the physically significant detonation solu¬ 
tions are qualitatively similar to those found for two reactions which are 
discussed in the preceding section. Thus there is nothing new to present 
in this section, with the exception of a case whose physical significance is 
obscure and that could conceivably provide an exception. 

This case arises from the possibility that a portion of the pathological 
locus has the character of a collection of nodes stable from the subsonic 
side in the range D > D 0 . If it has this character, a two-parameter family 
of integral curves passes through each nodal point. For purposes of il¬ 
lustration consider the three-reaction case. The pathological locus in \- 
Xa-Xa space consists of a curve segment lying in the sonic surface. Each 
point of the nodal portion of this segment is a node for a two-parameter 
family of integral curves passing from the subsonic (solid lines) to the 
supersonic (dashed lines) branch of the space, as diagrammed in Fig. 
6.31. Thus if the pathological locus has this character, there is a finite 
range of D (there is no unique eigenvalue D in this range) for which I N 
reaches a portion of the pathological locus, and, because of the nodal 
character, the continuation to the supersonic branch is not unique. The 
physical meaning is obscure. In the words of the authors, "We know of no 
physical requirement which could result in unique selection at the point 
P, and so conclude that the Steady flow would probably not continue 
beyond such a point." 

6F. INCLUSION OF TRANSPORT EFFECTS 

The effects of transport processes are considered in this section. When 
these are included, the equations for nonreactive flow have solutions 
representing shocks of finite thickness. In a detonation the shock region 
and the reaction zone thus overlap to some extent. For realistic reaction 
rates the profiles are similar to those of the ZND model, with peak 
pressures reduced somewhat by the overlapping of shock and reaction 
zones. For very fast rates of reaction, too fast to have physical 
significance, the equations have steady detonation solutions charac¬ 
terized by an eigenvalue propagation velocity and terminating on the 
weak branch of the detonation Hugoniot curve. 
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Fig. 5.31. One of a possible continuous sequence of 
nodes on the pathological locus in the three-reaction 
case. 

The equations used are the Navier-Stokes equations with chemical 
reaction, which include the effects of viscosity, heat conduction, and dif¬ 
fusion. For simplicity, only a single irreversible chemical reaction with c 
positive throughout is considered. The assumption of local ther¬ 
modynamic equilibrium which is used in all the preceding sections is 
still made, and may well be a non-negligible source of error in the shock 
region where the flow gradients are very large. The problem is simplified 
by assuming certain special but reasonable values for some of the 
physical parameters. As throughout this chapter, steady solutions are 
sought. Work on this problem has been done by Friedrichs (1946), 
Hirschfelder and coworkers (1968), Adamson (1960), Oppenheim and 
Rosciszewski (1963), Spalding (1963), Koumoutsos and Kovitz (1963), 
Wood (1961,1963), and Bowen (1967). The later paper of Wood (1963) is 
the pattern for discussion of this section. 

When the transport effects are added, the steady profile no longer con¬ 
sists of a discontinuous shock transition followed by a zone of chemical 
reaction. Instead the entire solution is continuous and infinite in spatial 
extent. It is not possible to identify one portion strictly as shock and the 
other as reaction zone, but the initial state is often referred to as the cold 
boundary and the final state as the hot boundary. 
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The essential features of this problem are displayed by the simpler 
case in which, among the transport processes, only viscosity is con¬ 
sidered, and heat conduction and diffusion are omitted. It is not without 
interest in its own right, for it is the continuous analog of those 
numerical schemes for the solution of flow problems in which an ar¬ 
tificial viscosity is added to "smear out" the shock transition to a size 
manageable in the discrete steps of the computer program. Unfor¬ 
tunately, however, no solutions for it have been published. 4 We 
therefore use it to discuss the equations, but turn to the full problem to 
display the (qualitatively similar) calculated solutions. 

In the steady frame (shock at rest) with incoming particle velocity D, 


the equations for one-dimensional steady flow are 

pu = p 0 D (6.16a) 

v du/dx = p — p 0 ~ PoD(D - u) (6.16b) 

vv du/dx = E - E 0 + pv - p 0 v 0 + 1/2 (u a - D 2 ) (6.16c) 

dX/dx = u _l r, (6.16d) 

where x is distance and v is the coefficient of viscosity. An equation of 
state and chemical rate law must also be given: for these we take 

E = pv /(7 - 1) -Xq (6.16e) 

r - k(l - X). (5.16f) 

It is instructive to note that, using the mass conservation relation, the 
second and third equations can be put in the form 

p§D 2 - (p + ir - Po)/(v 0 - v) = 0 (6.17a) 

E - E 0 - 1/2 (p+ir+p 0 )(v 0 -v) = 0 (6.17b) 

or 


^Cameron (1983) assumed a constant chemical rate, but this is an oversimplification for 
the present purpose of illustrating the general case. A rate which vanishes as the reaction 
approaches completion must be used to obtain the desired character of the result, that is, 
the presence of a critical point. 
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7 r/(vo ~ v) = pSD 2 - (p - p 0 )/(v 0 - v) ■ (R(p,v) 
1/2 7 r(v 0 - v) = E - E 0 - 1/2 (p - p 0 )(vo - v) 
s 3C(p,v), 


(5.17c) 


(5.17d) 


where tt is the "viscous pressure" given by 
rr = —v du/dx. 


(5.17e) 


The symbol q is often used for the viscous pressure. These relations, 
which are just the usual frictionless conservation relations with the 
pressure p replaced by p + rr, give the deviations of the solution from the 
Rayleigh and Hugoniot curves. 

Equations (5,16) can be reduced to a pair of ordinary differential 
equations for (say) v(x) and X(x) by eliminating p and u. The fluid 
parameters v, y, q, and k, the initial pressure and density p 0 and p 0 , and 
the propagation velocity D remain as parameters. Assuming p 0 « p, the 
resulting equations are 


v d(v/v 0 )/dx = poDfl/2 (y + l)(v/v 0 ) + 1/2 (y - 1 )(v 0 /v) - y 


+ (7 " D(q/D 2 )(v 0 /v)A] 


dX/dx = r[(v/v 0 )D] _1 . 


(5.18a) 

(5.18b) 


The continuous solution of these equations extends from - oo to + «> 
in x. In the initial and final states the flow gradients vanish and these 
states are connected by the conservation conditions and are thus iden¬ 
tical to those of the frictionless problem with the same propagation 
velocity. The equations can be put into dimensionless form by defining 
two characteristic lengths as follows: 

d(v/v 0 )/d£ = fi(v/v 0 ,X,q/D 2 , 7 ) 


=■ 1/2 (y + l)(v/v 0 ) + 1/2 (7 - l)(v 0 /v) - 7 
+ (7 - l)(q/D 2 )(v 0 /v)X (5.19a) 

dX/df = f 2 (v/v 0 ,X,i, 7 ) = i(v 0 /v)(l - X) (5.19b) 

I - i v /i r - kp/(p 0 D 2 ) (5.19c) 
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Fig. 5.32. The X-v/v 0 phase plane 
for the viscous detonation. The in¬ 
tegral curve from point O with the 
inclusion of an ignition tem¬ 
perature is shown proceeding to T* 
before X begins increasing from 
zero. 


t v = v/(poD) - characteristic viscous length (5.19d) 

= D/k = characteristic reaction length (5.19e) 

£ - x/l v . (6*190 

The characteristic viscous length is used as the distance unit. It would 
be the natural unit of distance for a nonreactive shock and is of the order 
of a mean free path. The characteristic reaction length is related through 
the velocity to the characteristic reaction time k~h The initial and final 
states are obtained from the conservation relations (with p 0 omitted) 


piw - p/(v 0 - V) (5.20a) 

p V /(7 — 1 ) — Xq = 1/2 p(v 0 - v). (5.20b) 


In the discussion to follow, the principal variation is to change D for a 
particular fluid and initial density (i/, 7 ,q,k;p 0 ), but variation of k at 
fixed D is also considered. 
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d(v/v„)/dX - fA. (5.21) 

The parabola fi = 0 is the locus of the horizontal turning points of the in¬ 
tegral curves. The relation between X and v obtained by setting f, = 0 is 
just that which holds on the usual Rayleigh line in the p-v plane; hence, 
this locus is referred to as the Rayleigh curve. On the locus f 2 = 0, i.e., X 
- 1, r - 0, the integral curves are vertical. This locus corresponds to the 
complete-reaction Hugoniot curve in the p-v plane. The points S and W, 
where the Rayleigh curve intersects the vertical line X ■ 1, correspond to 
the strong and weak intersections of the Rayleigh line and complete- 
reaction Hugoniot curve in the p-v plane. Points O and N, where the 
Rayleigh curve crosses X - 0, are the initial state and the von Neumann 
point. In this plane the state point in the ZND model jumps discon- 
tinuously from point 0 to point N, then moves up the Rayleigh curve to 
point S. The analogous solution of the viscous problem is an integral 
curve leaving point 0 and terminating at point S. 

Points S and W, where fi = 0 and f, = 0, are the critical points. Their 
structure is shown in Fig. 5.33. Point S is a node and point W is a saddle. 



x x 


Fig. 5.33. Integral curves in the neighborhood of the 
critical points S and W for the viscous detonation. 
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The preferred directions of approach to S depend on the values of k and 
D. At any fixed D > Dj, case (a) will obtain at small k and case (b) at 
large k, as diagrammed in the figure. At D = Dj the Rayleigh curve is 
tangent to X = 1 and the two critical points merge to form a higher-order 
singularity having nodal and saddle sectors as shown. 

There is a difficulty in starting the integral curves at point 0 which 
arises because the simple reaction rate chosen is finite at the state point 
0 and the equations are written to require that the solution be strictly 
steady. The curve f, = 0 passes through point 0, so the integral curve 
leaving point O, Fig. 5.32, does so with zero slope, and thus moves off to 
infinite volume. The difficulty is removed by introducing an ignition 
temperature T* > T 0 below which the rate is assumed to vanish. Any in¬ 
tegral curve from 0 then moves down X = 0 until it reaches the ignition 
temperature, and then moves off with negative slope. 

We now turn to the numerical solutions for the full Navier-Stokes 
detonation; those for the simpler viscous detonation would be similar. A 
progression of integral curves for different values of k at fixed D > Dj is 
shown in the X-u plane in Fig. 5.34, and in the p-v plane in Fig. 5.35. For 
very small k the integral curve passes close to point N and terminates at 
point S. The shock and reaction zone are nearly decoupled, and the 
pressure profile of the solution is close to that for the ZND model. As k is 


Fig. 5.34. A progression of integral 
curves for the Navier-Stokes 
detonation in X-u space. From 
Wood (1963). The ignition tem¬ 
perature point is indistinguishable 
from point O in the figure. The X-u 
plane is topologically equivalent to 
the X-v/vo plane of Fig. 5.32 since v 
is proportional to u. 
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Fig. 5.35. Integral curves of Fig. 5.34 in the p-v 
plane. From Wood (1963). 

increased the integral curve moves to the right in the X-u plane, even¬ 
tually passing arbitrarily close to point W on its way to point S. For a 
particular value of k it terminates at point W, and for still larger values 
moves off toward u = ». Note that points W and S are connected by an 
integral curve, the line X = 1, corresponding to a shock in the completely 
reacted material. 

Thus, like other problems discussed in previous sections, this one has, 
for fixed k, an eigenvalue detonation velocity £>(k), or for fixed D, an 
eigenvalue rate multiplier £(D). As D is increased indefinitely at any 
fixed k, the ZND solution is approached. The eigenvalue lc(D) is found 
to be a monotone increasing function of D. For values of k < k(Dj) the 
piston problem will be "normal," and the pressure profile will be like that 
for the ZND model with some rounding and smoothing from the viscous 
effects. For k > E(Dj) there will be an eigenvalue velocity D(k) for which 
the steady reaction zone terminates at a point of supersonic flow on the 



weak branch of the Hugoniot curve, and the piston problem will be 
analogous to that for the one-reaction pathological detonation of Sec. 
5C. The discussion of the piston problem is given in detail by Wood 
(1963) for the full Navier-Stokes equations (with certain assumed sim¬ 
plifying relations among the transport coefficients) for an ideal gas with 
a single forward reaction A -> B obeying an Arrhenius rate law. 

In gases, at least, the transport effects and the reaction rate are 
related to the molecular collision rate, and examination of these rela¬ 
tions suggests that realistic gaseous reaction rates are too small to give 
the weak solution (eigenvalue detonation). Measurements of reaction 
rates confirm this conclusion. The eigenvalue detonation might, of 
course, occur in a different physical system in which the energy- 
production process arises from a physical process independent of the 
molecular collision rate, such as, for example, a nuclear reaction in¬ 
itiated by compression. In condensed-phase explosives the relationships 
among the transport coefficients are no doubt quite different and are 
certainly unknown, but it seems unlikely that the eigenvalue detonation 
occurs in them. 

Deviations from the nontransport model in gases can be appreciable. 
A calculation for ozone by Oppenheim and Rosciszewski (1963) using 
realistic kinetics and transport coefficients in the Navier-Stokes equa¬ 
tions is compared with the nontransport (ZND) solution in Fig. 5.36. 


5G. SLIGHTLY DIVERGENT FLOW 

This section considers the effect on the steady solution of including 
the small radial component of the divergence of the flow field (hereafter 
"divergence" for short) which is always present in a finite-diameter 
charge. We limit the discussion to the case of small deviations from 
strictly one-dimensional flow (the "plane" case). That is, the diameter of 
the charge is well above the failure diameter, and much larger than the 
reaction-zone length. As a consequence, the amount of lateral expansion 
in the reaction zone is small. Furthermore, we do not consider the 
problem of the complete (i.e., including the details of the reaction zone) 
two-dimensional flow in a cylindrical charge, recently studied by Bdzil 
(1976). Instead, we focus attention on the flow near the axis, and 
primarily on the y complexities, but is sufficiently tractable to give 
useful qualitative results. The flow variables on the axis cannot, of 
course, be obtained independently of the remainder of the flow field. But 
a study of the equations in this region yields a rather complete un¬ 
derstanding of the nature of the solution and of the way in which the in¬ 
clusion of the divergence affects the flow. 
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Fig. 5.36. Comparison of steady CJ detonation in ozone calculated (a) 
with, and (b) without transport properties. The symbols x, p, u, 0, and x 
are non-dimensional distance, pressure, material velocity, temperature, 
and stagnation enthalpy; * is the average number of intermolecular colli¬ 
sions per molecule of products formed by reaction. The values for unreac¬ 
ted ozone are at the right edge of the graphs, and reaction proceeds toward 
smaller x. The CJ values are indicated at the left edge of the graphs. From 
Oppenheim and Rosciszewski (1963). 

The divergence arises mainly from lateral expansion of the confine¬ 
ment in condensed explosives, and from boundary-layer effects in gases 
(see, for example, Pay [1969], and Kurzrock [1966], Chapter 7 and Fig. 
16). We consider here the most common experiment in the condensed 
case. The detonation is started at one end of a long stick (cylinder) of ex¬ 
plosive by a planewave lens. As it proceeds down the stick side rarefac¬ 
tions from the lateral expansion enter. At first, there is a central region 
not yet affected by these rarefactions, but in which the reaction zone has 
become nearly steady. For the central region at this stage, the strict one- 
dimensionality assumption used heretofore is appropriate. (Non-one- 
dimensional effects from imperfections in the initiating lens may be of 
some importance here, but are too complicated and poorly understood to 
have received any theoretical treatment.) Eventually the side rarefac¬ 
tions affect the entire flow and ultimately a completely steady (in the 
frame attached to the shock) two-dimensional (i.e., cylindrically sym¬ 
metric three-dimensional) flow behind a curved shock is presumably ap¬ 
proached. Experimentally, no further change can be detected beyond 
ten or so diameters. In this steady configuration, of course, all memory of 
the mode of initiation is lost. 
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It is this steady-flow problem that we treat here. The front boundary 
condition is supplied by the conservation relations applied across the 
curved shock surface in the explosive. The side boundary conditions are 
similarly obtained from the oblique shocks in the surrounding inert. 
Because, sufficiently far behind the front, side and rear expansion is 
limited only by the low ambient pressure of the surrounding medium, 
the products must eventually expand to this pressure and thus to super¬ 
sonic velocity; this is the rear boundary condition. 

The starting point for the axial flow problem is the full set of partial 
differential equations for steady two-dimensional reactive flow with 
cylindrical symmetry. These are reduced to a set of ordinary differential 
equations by specializing them to the axis. In the original equations the 
radial velocity w vanishes on the axis by symmetry, but the partial 
derivative of o> with respect to the radial coordinate r has in general a 
finite value there, and appears in the axial equations as an unknown 
function « r (x), where x is the distance behind the shock. The front and 
rear boundary conditions are just those of the complete problem. The ef¬ 
fect of the side boundaries now appears through the divergence to r (x). 

The axial equations have the form of the steady-flow equations for the 
plane case plus correction terms containing the divergence. Thus they 
remain incomplete until « r (x) is defined, perhaps through some physical 
approximation relating it to an assumed shock-front curvature or to the 
charge geometry. However, it is important to observe that much can be 
learned by studying the equations with physically reasonable but 
otherwise arbitrary w r (x). If the complete two-dimensional solution were 
known, and the function a> r (x) on the axis from this solution were inser¬ 
ted into the axial equations, these would, of course, yield the correct 
solution on the axis. Thus, any general properties of the solution 
deduced for the axial problem with arbitrary « r (x) are those of the axial 
flow in the corresponding complete problem. Although appreciable 
space is given to the discussion of approximate methods of determining 
w r (x), and the results are used as a guide in picking certain simple forms 
for use in illustrative examples, it should be remembered that this is not 
an essential step in reaching the principal conclusions. 

The divergence can be related to the rate of change of the area of an 
infinitesimal streamtube centered on the axis, and when this identifica¬ 
tion is made, the equations are seen to be identical to those describing 
nozzle or channel flow in the quasi-one-dimensional approximation. The 
structure of their solutions is similar to those of some of the other steady- 
state problems considered earlier in this chapter. The effect of the 
divergence is in some respects similar to that of the endothermic 
chemical reaction discussed in Sec. 6B2. The problem is also an approx¬ 
imate analog of the standard convergent-divergent nozzle problem (see, 
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for example, Courant and Friedrichs, 1948, Secs. 144-147) with the effect 
of the chemical-reaction heat release much like that of the area decrease 
of the convergent section. Since the flow is subsonic immediately behind 
the front and supersonic at the rear boundary, there must be a sonic 
point of transition in between. At the critical point of the equations at 
which this transition can take place, the rate of energy production by the 
chemical reaction must be balanced by the rate of withdrawal of energy 
into radial flow. 

Typically this point has saddle character so that the detonation 
velocity is uniquely determined as the solution of an eigenvalue problem 
for which the integral curve reaches the sonic point and passes through it 
into the supersonic regime. The velocity thus depends on the chemical 
rate law of the particular substance considered. There are two "losses" 
which make it less than the plane value: (1) the energy in radial motion, 
and (2), the part of the reaction heat released beyond the sonic point. 
The first loss is ordinarily several times the second. The second arises 
from the general property of supersonic flow that no event influences 
anything farther upstream. It is this property which allows us to confine 
our attention to the "reaction zone"—the region ending at the sonic 
point. For if the rear boundary condition for the complete problem is 
replaced by the requirement that the reaction zone terminate in a sonic 
point, then the problem of the flow in the reaction zone only is com¬ 
pletely defined; its solution includes the determination of the eigenvalue 
velocity. 

In the limit of zero divergence, the reaction-zone portion of the plane 
steady solution is recovered smoothly. As the divergence decreases, the 
sonic point moves to the rear, more of the energy is released ahead of it, 
and the complete one-dimensional steady reaction zone is approached. 
The rarefaction wave required for the complete unsupported plane 
detonation solution is, of course, not present in the divergent case as we 
have formulated it here. To see how it might be included, we must 
return to the rear boundary condition of the complete flow problem. 

We may describe this condition in perhaps more familiar form in 
terms of the nozzle problem. Specifying the exit pressure is equivalent to 
terminating the nozzle in a reservoir at this pressure. Alternately we 
may attach a constant-area section carrying a piston receding at a 
velocity equal to the calculated particle velocity for the specified exit 
pressure. For greater piston velocities (in the steady frame) the required 
exit pressure will be unchanged, but the exit section will contain a 
receding rarefaction wave which increases the velocity to that of the 
piston. Now in the limiting process we decrease the divergence by 
decreasing the nozzle's rate of area expansion with distance, 
simultaneously lengthening it as required to maintain the large exit area 
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required by the ambient-pressure exit condition. The exit area thus 
remains nearly constant at a large value for all finite values of the 
divergence, then drops discontinuously to the value of the much smaller 
entrance area at the zero-divergence (constant-area channel) limit, at 
which point the rarefaction wave required for the unsupported plane 
case must be introduced. To obtain a smooth approach to the limit, we 
must pose a different problem, in which the area of the exit section 
decreases continuously to the entrance value as the divergence decreases 
to zero. In this process, the exit pressure increases, no longer satisfying 
the ambient pressure exit condition, and, with the piston velocity in the 
exit section held constant, the rarefaction wave in this section becomes 
stronger and recedes less rapidly as the divergence decreases, going 
smoothly into the one-dimensional rarefaction in the limit. 

How do our limited considerations relate to the complete problem? 
Two principal questions are usually asked: (1) how will the detonating 
stick push the surrounding inert? and (2) what is the "diameter'effect," 
that is, how do the detonation velocity and pressure depend on the 
charge diameter? We have little to do with the first question. A typical 
application is the "cylinder test" for explosives performance described by 
Lee, Hornig, and Kury (1968). The wall motion is described quite well 
by either a two-dimensional time-dependent calculation, or by a two- 
dimensional steady calculation by the method of characteristics (see 
Wilkins [1966]; Richards [1965]; Hoskin et al. [1965]; and Fickett and 
Scherr [1975]). In these calculations the details of the reaction zone are 
not resolved. The characteristic calculation, in fact, assumes instan¬ 
taneous reaction in a plane front moving at plane CJ velocity. The flow 
field corresponds to our supersonic regime, which we consider only very 
qualitatively. For the diameter effect, the solution would require a two- 
dimensional time-dependent numerical calculation with resolution suf¬ 
ficient to calculate details of the reaction zone, or a difficult two- 
dimensional transonic steady problem somewhat like that of the bow 
shock ahead of a blunt body but with at least two materials, the ex¬ 
plosive and the confining inert. This has not been done in detail, 
although Bdzil (1976) has done a perturbation treatment. The program 
usually followed is to first determine in some approximate way a func¬ 
tion w r (x;d), with d the charge diameter, and then solve the equations 
for a sequence of eigenvalue solutions and their associated propagation 
velocities as a function of d. The trouble with this approach is that 
finding a reasonable o> r (x;d) requires, in effect, guessing part of the solu¬ 
tion to the unsolved complete flow problem. 

A less ambitious approach makes use of the important property that 
oj r (x) is, at the front, inversely proportional to the radius of curvature R 
of the shock. Here the function used is &> r (x;R), and simple assumptions 
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about the off-axis shape of the shock and the nature of the flow field give 
some guidance in choosing its form away from the shock. This approach 
of course retreats to the position of giving properties as a function of 
shock curvature instead of diameter, but is still of interest since shock 
curvatures have been measured for a number of explosives. Many 
calculations of this type have been made. We do not attempt to cover 
this subject here, as such, but we will have occasion to refer to some of 
the work for the approximations made to u r , and for some of the solu¬ 
tions of the axial flow equations in particular cases. 

In our presentation we follow the same plan used in some earlier sec¬ 
tions, that is, to precede the discussion of the general problem by some 
simple examples chosen to illustrate the general properties. We give 
some attention to the approximations used for w r , and use this as a guide 
to the choice of a simple and reasonable form for use in the examples. 

SGI. The Steady Flow Equations 

Much of this discussion follows the paper of Wood and Kirkwood 
(1954). However, all velocities are here referred to the coordinate system 
in which the flow is steady, i.e., the coordinate system attached to the 
shock, as shown in Fig. 6.37. The incoming flow is uniform with velocity 
D. Cylindrical symmetry is assumed. The time-dependent flow equa¬ 
tions are 

p + p(u* + cu r ) + p«/r = 0 
pu + p x = 0 
pw + Pr = 0 

E + pv = 0 

x-$ 

‘a d/dt + ud/dx + wd/dr. (5.22) 

The chemical rate is here denoted by r to distinguish it from the radial 
coordinate r. 

For steady flow the partial time derivatives vanish and the equations 
are: 
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up* + pu x + wp r + p(<0 r + to/r) = 0 
puu,t + p x + pwu r = 0 

pu« x + p r + p««r = o 

uE x + «E r + puv x + p«Vr = 0 

uA x + <oA r ■ r. (5.23) 

The equations are next specialized to the axis, where, by symmetry, the 
radial velocity « vanishes. The result is 

up* + pu x = - 2pw r 

puux + Px = 0 
Pr = o 

Ex + pv* = 0 

Ax = r/u. (5.24) 

The starting point for the integration is the shock state determined from 
the shock conservation conditions. 

The dependence of the radial component of the flow divergence » r on x 
remains to be determined by some physical assumption. The equations 


0-1—V 

Fig. 5.37. Coordinate system for 
the curved-front problem. The 
shock is stationary in this frame. 
The incoming flow has velocity D 
and the interior has radial and axial 
velocity components w and u. 


-Shock 
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can, however, be integrated formally to yield the one-dimensional con¬ 
servation equations plus correction terms containing a> r . If we first define 
the dimensionless integrals 

11 = D l J o «r(x')dx' 

1 2 = (poD)- 1 /* p(x') w r (x’) dx' 

I 8 = (poD 2 )- 1 /* p(x') u(x') Wr(x') dx' 

- / o 

the result is 

pu - p 0 D = — 2p 0 DI 2 (5.25a) 

pu 2 + p - (p 0 D 2 + p 0 ) = - 2p 0 D 2 I» (5.25b) 

H + 1/2 u a - (H 0 + 1/2 D a ) = 0, (5.26c) 

where we have not yet used I t . Note that the last equation is the familiar 
Bernoulli equation, unaffected by the divergence. By the usual transfor¬ 
mations, we can also write these as the planewave Rayleigh and 
Hugoniot functions with divergence corrections. In doing this we neglect 
p 0 and retain only first-order terms in <o r ; to first order in &> r we have Ii = 
I 8 , which may be seen by substituting for pu in the integrand of I 3 from 
Eq. (5.25a). The result is, in this approximation 

(R = p 2 D 2 - p/(v 0 - v) = - 2p?D a (l - v/v 0 )-‘ [2(v/v 0 )Is - I x ] 

3C = E - Eo - 1/2 p(v 0 - v) = D a [(l + v/v 0 )Ii - 2(v/v 0 )I 2 ]. 


For the sonic condition u = c we have from Eq. (5.25a) 

pc = p„D(l - 2I a ) (6.27) 

All of the correction terms in Eq. (5.26) are negative and increase in 
magnitude with the degree of reaction. For given D, the slope of the 
Rayleigh line is increased, and the Hugoniot curve is displaced toward 
the origin as it would be for an endothermic reaction. 

Returning now to the differential equations (5.24), we proceed as 
before, Sec. 4A4, to obtain the explicit dependence on the heat release 
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term or and the sonic parameter»/. The equations for the axial flow then 
become 

u x = Hv 

Px = — (p/u)(u x + 2co r ) 

E e + pv x = 0 or H + 1/2 u 2 - (H, + 1/2 D 2 ) = 0 (5.28) 

K - £/u, 
where 

V = 1 - u 2 /c a 

\p = err - 2w r . 

These equations differ from those for plane flow in two ways: (1) the 
relation between p and u now depends on w r , and (2) the term -2« r is ad¬ 
ded to \p. Note that this divergence term in \p has for positive co r the same 
sign as that for an endothermic reaction. With the addition of an ap¬ 
proximation to determine « r , which may of course be another differen¬ 
tial equation for it, these equations form a determinate set. They have a 
critical point where ^ and ij vanish simultaneously. The vanishing of \p 
means that, roughly speaking, the release of energy by the chemical 
reaction is balanced by its withdrawal by the radial flow; this point is 
reached before the attainment of chemical equilibrium. As before, it is 
found that the integral curves cannot cross the sonic locus ij = 0 except 
at the critical point, so the only path for an integral curve to a supersonic 
boundary state is through the critical point. These properties are il¬ 
lustrated in the examples. 

The flow equations (5.28) are equivalent to the standard equations for 
reactive flow in a nozzle, under the usual assumption of quasi- 
one-dimensional flow. Physically the nozzle is to be identified with the 
bounding surface of a streamtube of arbitrarily small cross-section cen¬ 
tered on the axis. To show the equivalence, we must express the rate of 
area increase of the streamtube with distance in terms of u t . For small 
displacements from the axis the radial velocity is « - w r r. The radial 
motion is given by 

dr/dt = w - w r r. (5.29) 
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Distance and time are related along the aids by 

dx = u dt, (5.30) 

so the area A = nr 2 of the streamtube is given by 

A~ 1 dA/dx « 2r _1 dr/dx = 2(ra)~ 1 dr/dt = 2<o r /u. (5.31) 

The flow equations can then be written 
(puA) K * 0 

u* = (g-f — uA -1 dA/dx)/f? (5.32) 

X s - $/u 

(H + 1/2 u 2 ) g = 0, 

which are the nozzle equations used, for example, by Wecken (1965). 
The momentum-conservation equation is 

[(/cm 2 + p)A] x = pA s . (5.33) 

5G2. Approximation for the Radial Derivative 
In Secs. 5G3 and 5G4 the assumption 

co r = constant 

is used to illustrate the properties of the equations, and it proves 
satisfactory for the purpose. Here we show how co r is related to some of 
the quantities which are (or might be) measurable, and give references 
to work which has provided estimates of 

a>r = «r(x). 

Two approaches have been used: the first relates co r to the radius of cur¬ 
vature at the front, and the second assumes some simplified approxima¬ 
tion to the complete flow problem and computes the divergence along 
the central steamtube. 

The relationship between the radius of curvature of the detonation 
front on the axis and the value of co r just behind the shock is easy to 
derive. The geometrical details are shown, and the notation defined, in 
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Fig. 5.38. The radial velocity immediately behind the shock front at an 
off-axis point is obtained by using the requirement that u/j = D sin 0 is 
unchanged across the shock. Some simple trigonometry yields 

« (r/R) (D cos 8 - u x ). (5.34) 

The velocity perpendicular to the shock surface u ± is related to the in¬ 
itial velocity D cos 0 perpendicular to the shock by the Hugoniot rela¬ 
tion, so it can be expressed as a Taylor expansion about the state on the 
axis at x * 0 in powers of the difference between D and D cos 0. With 
u(0) denoting the velocity behind the shock on the axis, 

u x « u(0) - B(du/dD)se (1 - cos 0) 

* 1/2 D a (dVdD a )oc (1 - cos ey + (5.36) 

with the derivatives evaluated at u = u(0). After substituting this ex¬ 
pression into Eq. (5.34), and eliminating cos 0 with the equivalent 

cos 0 - [1 - (r/R) a ] 1/a = 1 — 1/2 (t/R) 2 - (r/R) 4 /8 - ..., 

we find 

co - (r/R)[D - u(0)] - 1/2 D(r/R) 9 [l 4- (du/dDk ] - .... (5.36) 

Thus the radial derivative, correct to terms of order R“ l , is 
« r = [B - u(0)]/R, (5.37) 


Fig. 5.38. Geometry of the 
approximation for w t . The 
unlabeled vector behind the 
shock is the particle velocity. 
Its component in the radial 
direction is <*>, and its compo¬ 
nent perpendicular to the 
shock surface is u x . 
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and this is a good approximation not only on the axis, but for reasonable 
distances off the axis. Our assumption of w t = constant is thus 
equivalent to assuming that o> r on the axis at a distance x behind the 
front is the same as o> r at the same x but off-axis enough to lie on the 
shock front. Wood and Kirkwood (1954) employed a similar reasoning 
but assumed that p rr was the same on the shock front at a given x as on 
the axis at that x. Because of the large changes in u through the reaction 
zone, it seems hard to justify this kind of argument. Perhaps it is better 
to say that Eq. (5.37) relates the curvature of the front to the value of w P 
immediately behind the shock, and that in the absence of knowledge the 
simplest assumption is that it is constant. 

The discussion of Eyring et al. (1949) of the relation between a 
spherical and a stick detonation is of interest here because it gives some 
insight into the validity of the approximation o> r = constant. If we im¬ 
agine that a large mass of explosive is initiated at an interior point, the 
detonation wave will be spherically expanding, and after some time will 
have the radius of curvature R equal to the radius of curvature R of a 
long small-diameter stick in which the detonation has propagated far 
enough to become steady. Although the spherical detonation is not a 
steady flow, we can neglect the time dependence and try to identify 
terms in the equations describing it with those describing the truly 
steady flow in the stick, thus identifying & r . Because the extra explosive 
in the sphere confines the expansion somewhat (we can suppose that the 
stick is made by removing explosive from the sphere), we expect to find 
(o r for the complete sphere less than that for the stick. It seems 
reasonable to think that co r for the sphere is a lower limit for co r for the 
stick for both fronts having the same R. Obviously they have to have the 
same value at the point immediately behind the shock, because the front 
curvature determines the divergence there, but at a point x farther back 
in the flow, the value for the stick is larger than that for the sphere. 

The mass conservation equation given in Appendix 4C for a sphere is 

Pt 4* pu z 4- up z « - 2pu/z (5,38) 

in a coordinate system (z is the radial coordinate) centered at the point 
of initiation with the undisturbed explosive at rest. Choose t such that at 
t - 0 the detonation front is at distance R from the center, and 
transform to a reference frame moving at a constant velocity equal to the 
instantaneous detonation velocity D at R. Let x be the distance in this 
frame, related to z by 

x = R + Dt — z. (5.39) 
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The point x = : 0 coincides with the front at t - 0 and nearly so at later 
times (since the front velocity in general is not exactly constant), and 
the direction of positive x is opposite to that of positive z to correspond 
to the steady reference frame that we use for the stick. The transforma¬ 
tion equations are 

<a/at). - <a/at) x 4 “ ox/at) z o/ax) t (5.40) 

- (a/at), + D(0/ax) t 

(8/0x) t = — (0/9z) t . (5.41) 

Applying these to Eq. (5.38) we obtain the corresponding equation in 
the new frame 

p t 4* pu x + up x = -2p(D - u)/(R 4* Dt - x), (5.42) 

where u is now the velocity in the new frame and the quantity (D - u), 
familiar in this type of transformation, appears on the right. The first of 
Eqs. (5.24), the mass conservation equation for the steady frame 

pu x 4- up x = — 2poj r 

is the one we want to compare with Eq. (5.42). Thus we see that when 
the radius is large enough that p t in the "steady" frame attached to the 
front is small enough to neglect, and when Dt and x are small, the iden¬ 
tification of the remaining terms gives 

Wr - (D - u)/R, (5.43) 

which is identical with Eq. (5.37) at the front and smaller than the value 
obtained from the assumption 

w r = constant (5,44) 

(because u increases with x in the steady frame) behind the front. 

The approximations to the complete flow problem have been made for 
many special purposes, and it is difficult to compare or contrast them. 
About all we can do is give some very brief descriptions and the 
references. Jones (1947) calculates the flow behind a finite plane disk 
starting with the Chapman-Jouguet condition, and expanding in a 
Prandtl-Meyer flow originating at the edge of the disk, and assumes that 
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the area expansion of the central steamtube is the same for a finite reac¬ 
tion zone as he finds for the case of instantaneous reaction. With the ax¬ 
ial steamtube area found this way, Eq. (5.31) is used to obtain « r . More 
accurate calculations of the Prandtl-Meyer expansion behind an instan¬ 
taneous CJ detonation are given by Hill and Pack (1947), Hoskin, et al. 
(1966), and Richards (1965). 

Dabora, et al. (1965) estimate the angle of the interface between ex¬ 
plosive and bounding inert by matching the flow in fully reacted 
products to that behind the oblique shock in the inert; the entire reac¬ 
tion zone is then treated as a conical channel with expansion rate 
corresponding to this angle. Sichel (1966) uses a perturbation analysis 
based on the planewave solution, and arrives at the same estimate of <o r 
as Eyring, Eq. (6.43). Tsuge et al. (1970) treat the laterally expanding 
detonation products as a blunt body about which the confining inert 
material flows. They apply a simple approximation to hypersonic flow 
theory (the Newton approximation) to relate the cross-sectional area to 
the pressure. Their work will be referred to again in Sec. 5G6. 

Erpenbeck (1969b), in work discussed in Sec. 6 G 6 , uses 

A(x)/A( 0 ) - (1 + 0 x 2 )/(l + x a ) (6.46) 

to describe the channel area. The initiating shock stands at the entrance 
where x = 0 , and where dA/dx = 0, and the channel expands through the 
reaction-zone region until at large x the area is constant and 0 times as 
large as the entrance area. The advantage of this form for his work is 
that it allows examination of all the possible rear boundary conditions, 
with fixed velocity pistons imagined in the constant-diameter channel at 
large x. 

5G3. A Simple Example—Irreversible Reaction in an Ideal Gas 

A simple example is discussed here to illustrate the structure of the 
problem. The equation of state is the simple polytropic gas form of Sec. 
4B1. The material is initially all species A, and is transformed by the 
reaction to species B, with no mole change and no change in the specific 
heat. The reaction A -* B is assumed irreversible with rate function 

r - k(l - X). (6.46) 

The equation of state is 

H = h(p,v) - Xq; h ~ 7 pv/(y - 1) = c7(y - 1). (5.47) 


The radial component of the flow divergence is taken in its simplest 


form, from Eq. (5.37), as 

a) r — constant. (6.48) 

From Eqs. (6.28) the determining equations are 

du/dx = \p/n (5.49) 

dX/dx = r/u (5.50) 

H + 1/2 u 2 «■ h„ + 1/2 D 2 , (5.51) 

where 

\j/ = at — 2<o r (5.52) 

V - 1 - u a /c 2 . (5.53) 


The second equation of the set (5.28) is omitted here; for the par¬ 
ticular equation of state and rate chosen the remaining equations com¬ 
prise a complete set for the variables u and X, and suffice to determine 
the eigenvalue velocity. To get p and p the differential equation for p 
must be added; p can then be calculated from the equation of state. The 
simplification comes about because with 

h - c 2 /(7 - 1) (5.54) 

substituted in the Bernoulli equation the density does not appear in it, 
and c 2 can be expressed in terms of u and X. No additional information is 
required to calculate the right-hand sides of the first two equations, for <r 


is given by 

<f - q/h, (5.55) 

i/ requires only c 2 , and the rate depends only on X. (Since T = cV-yR, we 
could equally well let the rate depend also on T.) 

The explicit relations for a and c 2 in terms of u and X are 

<r = [X - 1/2 u 2 /q + 1/2 D7q]-‘ (5.56) 

c 2 = (7 - l)(Xq - 1/2 u 2 + 1/2 D 2 ), (5.57) 
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where h 0 has been dropped as negligibly small. 

It is convenient to work in A-u a space. The distance x is eliminated and 
u replaced by u 3 by multiplying Eq. (5.49) by 2u and dividing by Eq. 
(5.50) to get 

du 2 /dA « 2uV/i?r, (5.58) 

in which, after substituting from Eqs. (5.46), (5.52), (5.53), (6.56), and 
(5.67), the only variables are u a and X. The solution to Eq. (5.58) for the 
planewave detonation, i.e., w r « 0, is given by 

(5.59) 

Unfortunately, analytic solutions to Eq. (5.58) for the finite values of <o r 
are not known, and the problem has to be discussed by considering 
qualitatively the path of the integral curve in the X-u 2 plane. 

There are several loci which are required to discuss the path of the in¬ 
tegral curve. The integral curve has a vertical tangent on the locus nj = 0 
obtained by setting u = c in Eq. (5.57); 

r) - 0: u 2 - 2 [(t - U /(7 + l)](Aq + 1/2 D 2 ). (5.60) 

The integral curve has a horizontal tangent on the locus ^ « 0, which 
can be found by substituting from Eqs. (5.46) for r and (5.56) for a into 
Eq. (5.52). It is convenient to define a dimensionless parameter e = 2o> r /k 
which measures the divergence. The result for ^ - 0 is 

$ - 0: u 2 - 2q(l + r l )\ + D 2 - 2q/e; € - 2w r /k. (5.61) 

Although the reaction rate chosen for this example, Eq. (5.46), is in¬ 
dependent of temperature, the loci of constant temperature are useful 
for obtaining a qualitative idea of how a temperature-dependent reac¬ 
tion rate would influence the integral curve. For the simple equation of 
state chosen, constant temperature implies constant sound velocity, so 
the loci are the straight lines obtained from Eq. (5.57) with c 2 « cons¬ 
tant. Note that this equation with c 2 = 0 gives the escape velocity, which 
is a boundary of the accessible part of the X-u 2 plane. 

The X-u 3 diagram for plane detonation (c = 0) is shown in Fig. 5.39. Its 
properties are essentially those of the p-X diagram, Fig. 6.4, except that 
here the Rayleigh curves cross in the lower portion of the diagram since 
in the steady frame the particle velocity at point N increases with D. 


(7 +1) 2y 

~-- u 2 - —-uD + D 2 + 2Xq = 0. 

<7“1) (7-D 
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However, the term "sonic locus" here refers to a member of the one- 
parameter family of lines obtained by solving the Bernoulli equation 
with D as a parameter and with the condition u = c, i.e., i) « 0, imposed. 
The sonic locus of Fig. 5.4 is the locus of intersections of the present 
r) = 0 lines with their respective Rayleigh curves. 

With e finite, the only change in the appearance of the X-u a plane is 
the shifting of the \p = 0 locus from a line coincident with the X - 1 line 
to a straight line of positive slope, intersecting the X ■ 1 line at 
u 2 = 2q + D a and the u a = 0 axis at X = (1 - «D a /2 q)/(l + e). Let us con¬ 
sider how the solution (that is, the integral curve beginning at the von 
Neumann point N) changes as«increases from zero at fixed D < Dj (this 
is easier to illustrate than the variation of D at fixed«). The case 1 = 0, 
Fig. 5.40a, is the same as Fig. 5.39. As 6 increases from zero, Fig. 5.40b, 
the yp = 0 locus swings out to the left and the solution curve is displaced 
to the right of the plane solution, but still terminates on the sonic locus. 
The arrows indicate the directions of other integral curves. As t increases 
further, it passes through the special value, Fig. 5.40c, at which the solu¬ 
tion becomes the separatrix passing through the saddle critical point at 
\p - 0,»? = 0 into the supersonic region. For larger values of t, Fig. 6.40d, 
the solution crosses the \p = 0 locus below r\ - 0 and proceeds downward 
to the nodal critical point X = 1, u ■ 0. The case of interest as the steady 
(unsupported) detonation is the special value of e which allows the solu¬ 
tion to pass through the critical point. The case of larger e might corres¬ 
pond to a detonation supported by a blunt projectile. The case of smaller 
e with its sonic termination is unsatisfactory for the same reason as in 
the plane case, Sec. 5A3. 
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Fig. 5.40. The A-u* diagram for the curved front case 
with increasing e(= 2<o r /k) at fixed D < Dj for constant « r 
and the chemical reaction rate a function only of the 
degree of reaction. Part (a) is for t = 0; this solution is 
shown as a dashed curve in (b), (c), and (d). 

Denote the eigenvalue D for a given e by D(«). This is the desired 
result. It may be obtained by the above procedure carried out for a 
sequence of values of D, or equally well by varying D to find D at each of 
a sequence of values of e. 

This result may be related to the shock radius of curvature R by using 
the value of « r at the shock given by Eq. (6.37): 

w r = [D - u(0)]/R. 

Take the eigenvalue D and u for each e, and multiply both sides by 2/k to 
obtain kR for each D: 



kR = e/[D - u(0)]. 

We thus have the product kR with dimensions of reciprocal velocity as a 
function of D [since u(0) is given in terms of D by the Hugoniot rela¬ 
tions]. This result is usually expressed in the form of the velocity deficit 
as a function of the ratio of R to a characteristic reaction length x* 
(roughly proportional to k _1 ): 

Dj - D - f(x*/R). 

We have done some additional analysis and calculation for this model, 
too lengthy for inclusion here, to determine the relative size of the 
divergence and reaction-heat "losses" or corrections to the planewave 
solutions (by the reaction-heat loss we mean the heat released beyond 
the sonic point). The result is that the first loss, the divergence, is 
several times the second. 

Let us now consider the probable effect of relaxing some of the sim¬ 
plifications. If the assumption expressed by Eq. (6.48), that the radial 
component of the flow divergence is constant, had been replaced by one 
of the other possibilities discussed in Sec. 6G2, then w t would become a 
function of distance 


W r = « t (x). (6.62) 

In this case the differential equation (6.68) contains x as a variable in 
addition to u 2 and A, so that the problem now requires the solution of the 
two non-autonomous differential equations (6.49) and (6.60), which may 
be replaced through use of the streamline relation dx/dt = u by a set of 
three autonomous equations for A, u 2 , and x with particle time t as the 
independent variable. The important loci and some integral curves are 
diagrammed in A-u 8 -x space in Fig. 6.41. The critical point of the 
original example may be expected to become a line of saddle-type 
critical points, through which passes a two-dimensional manifold of 
solutions, one of whose members is, for the eigenvalue D, an integral 
curve satisfying the initial conditions. The locus ^ = 0 is a surface which 
depends upon x, so the line of critical points is not a straight line, and 
the manifold of solutions does not intersect the A = 0 plane in a straight 
line. Although the solution becomes more difficult, it is not likely that 
its general character in the region of interest is changed by allowing « r to 
depend on x in an appropriate way. 
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Fig. S.41. The A-x-u 2 diagram for the 
case in which to, is a function of x. 


In contrast, our assumption of a rate function dependent only on A, 
Eq. (6.46), is an extreme oversimplification. Letting it depend on tem¬ 
perature (or other state variables) opens up so many possibilities that no 
comprehensive discussion is available. We limit ourselves here to some 
general remarks about certain features of the problem. Examples will 
appear later in Erpenbeck's comments at the end of Sec. 6G5 about 
some of his unpublished work, and in Tsuge's calculations of the ozone 
detonation in Sec. 6G6. 

In the A-u 8 plane, Pig. 6.42, the = 0 curve is displaced as shown. For 
a weak temperature dependence, such as an Arrhenius form with small 
activation energy, the locus moves only slightly away from its position in 
our simple example, and the solutions are qualitatively unchanged. As 
the temperature dependence is increased (as by increasing the activa¬ 
tion energy) the ^ = 0 curve is displaced further, and its intersection 
with the A ~ 0 axis moves downward. As this intersection crosses the 
sonic locus a new critical point (intersection of ^ - 0 and t) = 0) appears. 
Finally the intersection of \p = 0 with the A = 0 axis moves below the in¬ 
itial point. Here \p is initially negative, the divergence effects 
predominate, and the first part of the flow behind the shock is like that 
in a (nonreactive) subsonic nozzle, with the pressure and temperature 
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Fig. 5.42. The A-u 2 diagram 
for the case of an Arrhenius 
rate function. 


increasing with distance. This continues until the temperature increases 
sufficiently to get the reaction moving. As the reaction rate increases, 
the sign of \p is reversed and the pressure begins to fall. Finally, for still 
stronger temperature dependence of the rate, the \{/ = 0 curve will even¬ 
tually lie entirely below the sonic locus, so that the critical points 
vanish, only subsonic solutions are allowed, and no steady solutions to 
the problem as we have posed it are possible. This would presumably 
represent the point of detonation failure. 

In the intermediate temperature range there can be more than one 
eigenvalue velocity [for a given w r (x) and fluid]; this is perhaps the most 
interesting result of introducing the temperature dependence of the rate. 
However, the global phase-portrait remains unclear. Wecken (1966) has 




right critical point is always a saddle and the left is either a focus or a 
node. But the physical significance of the left point, if any, remains un¬ 
certain. In the ozone detonation described in Sec. 6G6, the critical point 
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5G4. Effect of Chemical Equilibrium (Reversible Reaction) 

In the previous section the reaction rate is taken to be irreversible; 
here a reversible reaction is considered so that the rate becomes zero at a 
point of chemical equilibrium. The governing equations remain un¬ 
changed except Eq. (5.46), the reaction rate expression. As before, the 
problem is much simplified by using the same simple equation of state 
and by considering only the approximation that the divergence 
parameter e = 2w r /k is independent of x. The Arrhenius rate is 

$ = lr e - E t/RT(i - \) (1 - e^fVRT). (5.63) 

Attention is focused on the case Et = 0. Although we believe that the in¬ 
clusion of a nonzero activation energy would not change the qualitative 
conclusions, we have not investigated this in detail. With this sim¬ 
plification, and with the product and reactant species taken to have the 


same entropy in the standard state, the rate is 

$/k = 1 — X(1 + e _Q/RT ). (5.64) 

Chemical equilibrium implies 

$(Xe) = 0, (5.66) 

which gives for the equilibrium composition 

K - (1 + e -q/RT ) -1 , (5.66) 

from which 

K = 1 at T = 0 and X e = 1/2 at T = <». (5.67) 


The r = 0 curve (equilibrium composition) is a locus of vertical slope for 
the integral curves, and has the shape sketched in Fig. 5.43. The \p = 0 
curve, which is the locus of horizontal slope for the integral curves, lies 
slightly to the left of ^ = 0, and approaches it as t -* 0. The sonic locus 
where = 0 is unchanged from the last section. 

The critical point formed by the intersection of \p = 0 and ri = 0 is a 
saddle point as before. The point of intersection of $ = 0 with jj = 0 is a 
vertical inflection point as shown. The integral curve of interest, which 
passes through the saddle point into the supersonic region, is trapped in 
that region between the £ = 0 and \f/ - 0 curves. The formal structure of 



Fig. 5.43. The X-u* diagram for the case of chemical 
equilibrium (reversible reaction) in the neighborhood 
of the critical point on the sonic locus. 

the problem is thus much the same as for the irreversible reaction, and 
the results are qualitatively similar. 

The behavior of the solution in the plane limit e —* 0 is of particular in¬ 
terest, as discussed in the introduction to this section. An expanded por¬ 
tion of the X-u 2 plane is shown in Fig. 5.44, and the plane solutions 
(Rayleigh lines) for the equilibrium and frozen Chapman-Jouguet 
velocities D„ and D 0 are shown on it. (The slight changes of the positions 
of the other loci with change in D are neglected.) The Rayleigh lines in¬ 
tersect the r = 0 locus in the equilibrium and frozen Chapman-Jouguet 
points C e and C 0 . These are the possible solutions for e = 0. For all finite 
c, the unique solution satisfying the boundary conditions is the integral 
curve (separatrix) passing through the critical point at the intersection 
of \p - 0 and r\ = 0. The question is, to which of the plane solutions does 
it tend in the limit e = 0? 

The differential equation can be written in the form 

du 2 /dX = 2u *a/ri - 2u 2 e/(ijf/h). (5.68) 
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Fig. 5.44. The A-u* diagram for the case of chemical 
equilibrium, with plane-detonation solutions for the 
equilibrium CJ and frozen CJ detonation velocities 
superimposed. 

It is evident that for small«the solutions away from if = 0 must be close 
to the plane solutions everywhere except in the neighborhood of £ = 0, 
where f is sufficiently small to give the second term an appreciable size. 
The character of the solutions in this neighborhood is quite different 
above and below the point C„ so the discussion is devoted separately to 
the portions above and below this point, with the immediate 
neighborhood of C e excluded for the moment. 

Consider first a point on £ = 0 well above C e , but below C 0 . Moving to 
the left from this point along a line of constant u, an integral curve very 
near £ * 0 has large negative slope; on ^ = 0 an integral curve has zero 
slope, and sufficiently far to the left, near the plane solution which 
passes through C«, an integral curve can be found with slope greater 
than that of ^ = 0, since the slope of this plane solution is greater than 
that of \p = 0. Thus, since the function <r/)> is well-behaved here, an in¬ 
tegral curve can be found, at some point on the line of constant u slightly 
to the left of\p = 0, with a slope equal to that of\f/ = 0. The vector field in 
this region must therefore be approximately as shown, and the presence 
of the separatrix approximately parallel to yp - 0 is implied. 



■iill: 


Sec. 5G 



Fig. 5.45. The p-v diagram for the case of 
chemical equilibrium. The line lying just below 
the X, Hugoniot curve is the solution 
corresponding to the separatrix passing through 
the critical point in Fig. 5.44. 

Below C e the plane solutions to the left of \j/ = 0 have smaller slope 
than that of the f = 0 locus, and a similar argument shows that integral 
curves to the left of this locus must cross it as shown. Thus the separatrix 
is absent from this region. In the limit, then, it appears that below the 
point C 8 the separatrix approaches the plane equilibrium solution D e . 
Above j? = 0 it approaches the equilibrium locus r - 0. Thus it appears 
that the separatrix is as shown in Fig. 5.44, passing arbitrarily close to C e 
as«-»0, and that the limiting steady propagation velocity is D e . It is in¬ 
teresting to note that in the limit the negative-slope separatrix of the 
saddle point (the intersection of 17 = 0 and \j/ - 0) becomes that portion 
of the D 0 plane solution lying to the right of ^ - 0. 

The solution obtained in the limit as e - 0 propagates at the 
equilibrium CJ velocity, but the portion of it above C e has to have its 
physical significance clarified. It certainly does not approach that part 
of the plane-solution Rayleigh line which goes on from C e to reach the 
sonic locus, but that part has no physical significance anyway. The 
clarification is obtained by considering the probable behavior in the p-v 
plane, which is diagrammed, much distorted to exaggerate the in¬ 
teresting region, in Fig. 5.46. In this plane the integral curve for very 


222 


223 



STEADY DETONATION 


SLIGHTLY DIVERGENT FLOW 


Chap. 6 

small e begins near point N and remains very close to the equilibrium C J 
Rayleigh line until it has passed point C e . It then follows close to the 
equilibrium Hugoniot curve £ = 0, reaching the critical point in the 
neighborhood of C 0 , and then proceeds on a path close to the equilibrium 
CJ isentrope on to infinite expansion. The portion of the curve between 
N and C e approaches, as e —» 0, the usual planewave reaction zone. The 
remaining portion of the curve represents nearly equilibrium flow 
behind the "reaction zone," in which the products expand to match the 
rear boundary condition. This region of steady (time-independent) ex¬ 
pansion replaces the usual nonsteady expansion ordinarily expected to 
match between the reaction zone and the rear boundary in treatments of 
plane detonation. The finite deviation from the Rayleigh line below C„ is 
allowed, even though the flow is steady, by the corrected Rayleigh line 
relation, Eq. (5.26), because the expansion region becomes longer as e 
decreases, so that the correction integrals remain finite. 

As in the previous section, we comment briefly on the nature of 
critical points of less interest and on some aspects of the effects of letting 
El take on a nonzero value and of allowing w r to depend on x. 

Subsonic integral curves which do not terminate on the sonic locus 
cross ther = 0 locus and terminate at u = 0, r = 0. For nonzero activa¬ 
tion energy the \p = 0 curve will be altered as described in the previous 
section, Fig. 5.42. For constantsupersonic integral curves lying bet¬ 
ween $ = 0 and P ■« 0 above q == 0 probably proceed to a point of non¬ 
equilibrium composition (X < 1) on the T = 0 line, the reaction being 
frozen out by the rapid expansion of the nozzle. 

If <o r decreases sufficiently rapidly with x at large distances, then 
du/dx will approach zero as x -♦ <® and the equilibrium locus £ = 0 
becomes a locus of critical points at x = a>. Integral curves can then ter¬ 
minate at finite u and T. A subsonic termination of this type is 
analogous to the final state of an overdriven detonation in the plane 
case. A detailed discussion may be found in the paper of Erpenbeck 
(1969b) which is reviewed briefly in the next section. 

5G5. The General Case 

In Sec. 5E we described Wood and Salsburg's (1960) general analysis 
of the one-dimensional detonation. Erpenbeck (1968, 1969b) has per¬ 
formed the same task for the quasi-one-dimensional case, that is, for a 
detonation wave standing in a channel (nozzle) whose cross-sectional 
area increases with distance behind the front. The equations used are 
those of the set (5.32), that is, the set we have been considering, with the 
addition of another rate equation for each additional reaction. His first 
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paper is a general discussion for an arbitrary number of chemical reac¬ 
tions, an arbitrary well-behaved equation of state, and for nozzles ter¬ 
minating in both finite and infinite area. His second paper contains ex¬ 
plicit calculations for an ideal gas with a single reversible reaction in a 
finite-area nozzle. 

For the nozzle terminating in a finite area (at an infinite distance 
behind the shock), the results are analogous to those of the plane 
problem. Critical points for the termination of integral curves at x = <» 
lie on a locus which is divided into frozen-subsonic and frozen- 
supersonic portions. The dividing point between these two portions is 
analogous to the plane C 0 point and goes into it in the plane limit. As in 
the plane case, the frozen-subsonic portion is further divided into 
equilibrium-subsonic and equilibrium-supersonic regions by a point 
analogous to the plane C, point, which becomes the C B point in the plane 
limit. The manifold of solutions approaching the portion of the locus ly¬ 
ing between the analogues of C 0 and C c has dimension one less than that 
of the solution space and is approached only by solutions having eigen¬ 
value character. The remainder of the locus is approached by space¬ 
filling manifolds. As in the plane case, two-wave solutions are required 
for certain ranges of the rate constants and piston velocity. The detona¬ 
tion velocity of a solution terminating in the analogue of C e approaches 
the plane value D« in the planewave limit. In the infinite-expansion 
case, the region between the analogues of C 0 and C e disappears as both c 
and c 9 go to zero. In both cases, the eigenvalue solution of the type dis¬ 
cussed in the preceding section, which passes through the (frozen-) sonic 
surface at a critical point and terminates at a frozen-supersonic point, 
can occur. We believe its velocity approaches D e in the plane limit, but 
this is not proved. 

The results of the second paper illustrate the two main types of solu¬ 
tions. The nozzle used has the area law 

A(x)/A(0) - (1 + |8x 2 )/(l + x 8 ). 

The initiating shock stands at the entrance x - 0 where dA/dx = 0. The 
value (9 - 2 is used, so that the nozzle expands to twice the original area. 
A piston is placed at the end of the nozzle (at x = <») where again dA/dx 
= 0, and the piston problem is discussed. 

For sufficiently slow reaction, there is a nearly nonreactive expansion 
to an area close to the final value, followed by a nearly plane reaction 
zone like that for a plane detonation whose von Neumann point is the 
flow state after expansion (but before reaction). The piston problem dis¬ 
cussion is exactly analogous to that for the plane case. The unsupported 
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detonation is a CJ«-type solution terminating in the C„ point at x = % 
with subsonic flow throughout. Its velocity is about 0.4 times that for the 
same initial flow without expansion. 

For sufficiently fast reaction, a transonic solution of the type we have 
been describing obtains. The reaction is nearly complete at the sonic 
point before much area expansion has taken place. The remainder of the 
flow consists of the supersonic nozzle expansion of the near-equilibrium 
fluid. The eigenvalue velocity is slightly less than the plane CJ G value. 
The piston problem is essentially the same as that for a 
convergent-divergent nozzle, with the reaction zone acting like the con¬ 
vergent section. 

The transition between these two regimes, which we will not discuss 
here, can be quite complicated. Even for zero activation energy there 
can be two transonic points, and for nonzero activation energy the eigen¬ 
value velocity function analogous to our D(e), Sec. 5G3, can be triple¬ 
valued over an appreciable range. 

5G6. Applications and Results 

We list here some numerical and approximate solutions to the axial 
flow problem as described above. We remark that since, in condensed 
explosives, estimates of the reaction rates are probably not correct to 
within an order of magnitude, any measurement which can yield some 
information about them is of considerable interest. The central radius of 
curvature of the front can be measured (at least in liquids) as a function 
of detonation velocity by varying the charge diameter. A solution of the 
axial flow problem with the approximate <o r related to the shock front 
curvature by the exact relationship for its value at the front, Eq. (5.37), 
then allows an estimate of the reaction-zone length. 

Wood and Kirkwood (1954) have obtained an approximate analytic 
solution by solving the algebraic divergence-corrected Rayleigh, 
Hugoniot, and sonic conditions, Eqs. (5.26, 5.27), for the eigenvalue 
velocity. They estimate the divergence integrals from the approximation 
to a> r described in Sec. 5G2, and from first-order corrections to the 
planewave solution (for the state variables in the integrands). The value 
of X at the sonic point is taken to be that of the plane solution, thus 
neglecting the effective reduction in exothermicity caused by some of 
the reaction taking place beyond the sonic point. The planewave solu¬ 
tion itself is approximated by a square wave (the limit of large activation 
energy), in which the state is constant from the front back to the plane in 
which the reaction takes place instantaneously. (This correction is 
probably considerably smaller than that for lateral motion.) With an ap¬ 
proximate equation of state for nitromethane, they obtain the result 



(D„ - D)/D ra = 3.5x*/R, 


where D m is the planewave velocity, R the front radius of curvature, and 
x * the reaction-zone length, that is, the distance from the front to the 
sonic point. 

Erpenbeck's calculations are described in the previous section. He 
avoided a curved shock by taking dA/dx = 0 at the channel entrance. We 
give one numerical result with reference to our discussions in Secs. 5G3 
and 6G4. This is for the case y - 1.2, q = 50 RT 0 , Et = 0, the 
equilibrium relation of Sec. 5G4, k — 10 Co/x (with § the distance from 
the shock at which the channel area has the mean of its values at x ~ 0 
and x = <»), and - 2. The eigenvalue velocity at this k (the largest k 
used) is 0.86 times the plane wave CJ value, and the reaction is half 
complete at x = 0.9 &. 

Wecken (1965) has discussed the phase plane and integrated the noz¬ 
zle equations numerically for the case of an ideal gas equation of state 
and a reaction rate similar to the Arrhenius form. For the rate of stream- 
tube expansion he assumes that the derivative of the logarithm of the 
area is constant at its value immediately behind the shock 

d In A/dx = R _1 [D - u(0)]/u(0), 

which is a more rapid expansion with distance than the considerations of 
Sec. 5G2 suggest since, in Eq. (5.31), u increases with x. He does not 
cast his results in the same form as do Wood and Kirkwood, but by 
reading from his graphs for a particular case (his y = 3, h* - 2, qj = 1.2, 
hi = 0.4) we find (D« - Dj/D* = 3.9 x* /R. The objective of his work is 
somewhat different from that of our discussion here, with his numerical 
results serving largely as a basis for a qualitative discussion of the effects 
of large divergence and the possibility of failure. It would be of interest 
to present a comparison of a calculated pressure profile of the reaction 
zone with that for the plane-front solution. Unfortunately, the manner of 
presentation of Wecken's results does not easily lend itself to such a 
comparison. 

Cowperthwaite (1971) has used a different type of assumption. Given 
an equation of state, he assumes that u is a monotone function of x with 
adjustable slope, leaving the rate function to be determined. Under 
these assumptions, choosing a pair of values for D and R determines the 
rate function and the solution, which is presumably forced to be an 
eigenvalue solution by the requirement of monotone u(x). The.choice of 
values of D and R is not completely free; some result in physically im¬ 
possible solutions. This form for u(x) gives in the plane case a simple 
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rate function complete in finite time. The rate functions for finite 
divergence are not given. It seems likely that they can not be expressed 
as functions of the thermodynamic state alone, so that the results may 
be physically unrealistic to this extent. 

Tsuge ©t al. (1970) and Fujiwara and Tsuge (1972) have integrated the 
nozzle equations numerically with realistic kinetics for a detonation in 
gaseous hydrogen/oxygen confined by nitrogen. They obtain the rate of 
area expansion from a simple approximation to hypersonic flow theory, 
treating the laterally expanding detonation products as a blunt body 
about which the inert confining gas flows. This estimate of the expam 
sion rate contains the cross-sectional area of the body (and thus the 
charge diameter) so that the calculation gives the velocity defect as a 
function of diameter. For sufficiently small diameter the eigenvalue 
problem has no solution. For larger diameters there are two eigenvalues 
whose separation increases with diameter. The upper one approaches 
the plane CJ velocity, while the lower one, not calculated at large 
diameters, appears to be approaching a shock Mach number of one, that 
is, a sound wave. 

Tsuge (1971) has also treated the case in which the losses arise from a 
growing boundary layer in a rigid tube. The results are similar. The 
dependence of the eigenvalue velocities on diameter and two solution 
profiles for ozone are shown in Figs. 6.46 and 5.47. The lower-velocity 
solution has a reaction zone about five times as long as the higher- 
velocity solution. Fig. 6,48 shows the same solutions in the u-X plane. 
Here u is used instead of u 8 to better display the minima. The curves 
shown terminate just below the sonic locus and correspond to the upper 
branches of the M-curves in Fig. 6.47. 



Fig. 6.46. Eigenvalue propagation 
velocity vs. reciprocal tube 
diameter d _1 for a detonation in 
92.3% ozone/oxygen mixture at p 0 
- 21.3 kPa, To - 300 K. The results 
are compared with the experimen¬ 
tal data (available only at the 
relatively large diameters shown) in 
the inset. Profiles of the two solu¬ 
tions marked by open circles are 
shown in Fig. 5.47. From Tsuge 
(1971). 





Fig. 5.47. Profiles (Y s is the mass fraction of ozone) for the (a) faster, M 0 = 
4.6, and (b) slower, M 0 = 2,68, steady solutions at diameter 0.00333 cm, 
marked with open circles on Fig. 5.46. The branches at the end of the M 
curves in (b) show solutions on either side of the saddle-point separatrix. 
From Tsuge (1971). 



Fig. 5.48. Particle velocity u vs. degree of reac¬ 
tion X - X 0 for the solutions of Fig. 5.47. From 
Tsuge (private communication, 1972). Here X = 
1 — m oa is the mass fraction of ozone. The cir¬ 
cles at the left show the approximate intersec¬ 
tions of the sonic loci with X - X 0 . 
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Having completed our survey of the various types of one-dimensional 
steady solutions, we next ask whether, for a given rear boundary condi¬ 
tion, the steady solution is the unique long-time limit. If it is not, we 
have to look for some other solution satisfying the same boundary condi¬ 
tions in the same limit. Although the steady solution may be unique un¬ 
der the special constraint of one-dimensional steady flow, we want to 
know about the uniqueness in general, where an alternate solution would 
be time dependent (presumably oscillatory) and three-dimensional, 
depending on y and z as well as x. 

Such an alternate solution is typically so complicated that its dis¬ 
covery by analytic study of the equations of motion is unlikely. The usual 
first step is to do a hydrodynamic stability analysis of the steady solu¬ 
tion. This consists of linearizing the three-dimensional, time-dependent 
equations of motion about the steady solution and studying their 
response to arbitrary (in general three-dimensional) perturbations. If all 
such perturbations decay with time, the steady solution is 
hydrodynamically stable and probably unique 1 . If any perturbation 
grows, the steady solution is hydrodynamically unstable and thus not 
unique. 

If the steady solution is found to be unstable by this analysis, which 
turns out to be the typical case here, the next step is to look for an alter¬ 
nate solution. The results of the linear analysis are a great help here, for 
they define the region of instability in the parameter space, thus telling 
us where to look. They also give us a good estimate of the growth rate of 


'We say "probably unique" because the usual situation is like that of a marble either at 
the bottom of a bowl or the top of a dome. It could of course be sitting in a dimple at the 
top of a dome, from which it would not be displaced by an infinitesimal perturbation. This 
is the exceptional case in problems of fluid flow. 



perturbations on the steady solution, and an estimate of the temporal 
and spatial period of the solution we seek. 

Sec. 6A covers the question of hydrodynamic stability. The formal 
analysis has been carried to the point where stability can be determined 
by locating the zeroes of a complex function whose evaluation at each 
point requires the numerical integration of a set of 14 or more coupled or¬ 
dinary differential equations. Numerical results have been obtained for 
an idealized (one-reaction, polytropic-gas) system. The result is that 
these detonations are unstable to perturbations (over a range of 
transverse wavelengths) down to quite small heats of reaction, and are 
unstable even when the reaction rate is "decoupled" from the rest of the 
system by being made independent of all state variables except the com¬ 
position. Moreover, if the reaction rate depends strongly enough on 
temperature, the interesting special case of longitudinal instability ap¬ 
pears. By this we mean that the steady solution is unstable under the 
constraint of longitudinal motion only, presumably going over into an os¬ 
cillatory galloping detonation. 

The formal treatment, unfortunately, offers little insight into the 
mechanism of instability. Some progress in this direction comes from 
qualitative intuitive treatments most conveniently applied to a par¬ 
ticular idealization which we call the square-wave model. This consists 
of a shock, followed by an induction zone in which no heat is released, 
followed by the fire, a plane of instantaneous complete reaction in which 
all the heat is released. (In general we use the term "fire" to denote a 
region of rapid but not instantaneous heat release.) The induction time 
of each particle is allowed to depend on its state history. Interestingly 
enough, the discontinuities in this model have so far prevented an exact 
treatment of its hydrodynamic stability. However, its simplicity 
facilitates qualitative discussion and has inspired some intuitive deriva¬ 
tions of stability criteria. The most useful result of this work is the in¬ 
sight it gives into the mechanism of instability. For this reason, and 
because it will be used later, we discuss at some length the local in¬ 
stability of the fire to breakup into a multiwave system. 

Sec. 6B covers various theoretical approaches to the time-dependent 
replacement of the steady solution. At the cost of considerable increase 
in complexity, some nonlinear terms can be retained in the standard 
stability analysis, and the problem can be reduced to a complicated set 
of ordinary differential equations. This approach gives quite good results 
in one dimension (the galloping detonation) but is only qualitatively suc¬ 
cessful in two. A second and quite different approach is to study, in the 
geometrical acoustic approximation, the transverse propagation and 
amplification by chemical reaction of acoustic wave fronts in the reac¬ 
tion zone. This approach also offers some useful insights into the 
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mechanism. The laterally propagating rays bounce back and forth 
between the shock and the fire (here a rapid but not instantaneous reac¬ 
tion) and the wave front becomes convoluted, eventually producing a 
series of regularly spaced contacts of the acoustic wave and the shock. 
The regular spacing is, presumably, equal to a preferred wavelength for 
transverse waves. Finally, there is a quite successful approximate treat¬ 
ment of galloping detonation for the square-wave model. It begins with 
the fire instability discussed in Sec. 6A, and is completed by conven¬ 
tional wave-matching techniques, applied under reasonable ther¬ 
modynamic and hydrodynamic approximations, to the longitudinal 
waves bouncing back and forth between the fire and the shock. 

The last section 6C deals with the full numerical treatment via time- 
dependent finite-difference calculations. The existence of the 
longitudinal instability is the saving feature here, since detailed calcula¬ 
tions in one space variable can be made quite accurately. These have 
been done for several systems, including condensed explosives, and have 
produced a number of interesting examples of galloping detonation. The 
oscillation of the shock pressure is typically very nonlinear and of large 
amplitude, the peak pressure being as high as twice that of the steady 
solution. There is one very preliminary two-dimensional calculation, 
which taxed the capabilities of the fastest computer then available. 
Although this was carried to only a short time, the results did show 
definite growth of a point disturbance. Advances in computer capability 
since this work was done warrant a new attempt. 

Many of the numerical results are given in units characteristic of the 
problem. These are specified wherever they occur, with one exception: 
the most common choice, for which the units are often omitted in the 
text. These units are 

energy — p 0 v 0 


length — X 1/2 


time — ti/ 2 , 

where subscript o denotes the initial state, and x 1/2 and ti /2 are the half¬ 
reaction length and time for the steady solution. Precisely, Xi /2 is the dis¬ 
tance from the shock to the point at which X = 1/2, and t w is the time for 
a particle to react from X = 0 to X = 1/2 after passing through the shock. 
Two commonly used symbols are 

e = 2tr/(transverse wavelength) 

f = DVD?, the degree of overdrive. 



Sec. 6A 

6A. STABILITY THEORY 

The most careful and complete treatment of the hydrodynamic 
stability of the steady solution is that of Erpenbeck (1962a, 1964b, 1965, 
1966, and 1969a, a summary). We present mainly his treatment in Sec. 
6A1, discuss briefly some of the qualitative work of others in Sec. 6A2, 
and review the conclusions and results, again mostly Erpenbeck's, in 
Sec. 6A3. 

6A1. General Theory 

The question of the hydrodynamic stability of the one-dimensional 
steady solution is posed by Erpenbeck (1962a) as an initial-value 
problem for the partial differential equations of the (three-dimensional) 
flow, together with the conservation conditions at the shock front. The 
hypothetical steady detonation is assumed to take place in an infinite 
medium, with a reaction-rate law which gives a reaction zone of formally 
infinite length. Only over-driven detonations are explicitly considered, 
with the C J case as a lower limit. Thus a constant-velocity piston may be 
imagined to follow at an infinite distance behind the front, where 
chemical equilibrium has been attained. The problem studied is then a 
"steady one-dimensional detonation upon which is superimposed at time 
t = 0 a perturbation in the variables which characterize the flow. The 
subsequent growth or decay of the perturbation (for arbitrarily small in¬ 
itial magnitude) determines the stability of the basic flow to any given 
disturbance. If the flow is stable to every disturbance, it is said to be 
stable. Should any disturbance grow in time, the flow is regarded as un¬ 
stable." 

The equations of motion are those of chapter 4, in which transport 
processes are neglected, written for three dimensions with independent 
variables S, v, X, u: 

p + P div-u = 0 

u + v grad p = 0 

S - -(AF/T)-r = 0 

X - r. 

These are supplemented by the conservation conditions for the shock, 
with the usual additional statement that all velocities appearing there 
are the components normal to the shock surface; velocity components 
parallel to the surface are the same on both sides of the shock. 
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The analysis proceeds by the conventional route of studying the 
behavior of infinitesimal perturbations in the linearized equations. 
However, here the linearization is preceded by the unusual step of trans¬ 
forming to an accelerated coordinate system attached to the perturbed 
shock. The unperturbed shock is the plane surface x = Dt proceeding in 
the x-direction. The y and z coordinates are unchanged by the transfor¬ 
mation, but the new x is the distance from the perturbed-shock surface 
at each y and z. In addition to complicating the analysis by adding ad¬ 
ditional terms to the equations, this transformation introduces a novel 
state of affairs: As expected, the complete solution is the sum of the un¬ 
perturbed steady solution and a time-dependent perturbation term, but, 
in the original reference frame, the unperturbed part depends on y, z, 
and t as well as on x, because at each (y,z,t) the unperturbed steady solu¬ 
tion is displaced in the x-direction so that its front coincides with the 
perturbed-shock position. The linearized equations are more com¬ 
plicated because the transformation to the perturbed-shock frame in¬ 
troduces additional inhomogeneous terms containing derivatives of the 
shock position. 

It is tempting to think that the transformation will always be neces¬ 
sary, since otherwise unshocked points near the shock are approximated 
by shocked ones, and vice versa. The real problem is more subtle. The 
transformation is actually required only when there is a nonzero gradient 
in the unperturbed solution, for the terms introduced by the transforma¬ 
tion all vanish when the gradient vanishes. When the gradient is zero, 
the result is the same whether the transformation is used or not. A case 
in point is the shock stability problem described in Sec. 6A4. Here the 
unperturbed solution is just the flat-topped shock, and Erpenbeck, who 
used the transformation, and Fowles, who did not, both obtained the 
same result. We are not aware of this transformation having been used 
by anyone else, but the usual situation is that the gradient is absent. An 
example is the perturbation treatment by Whitham (1974), p. 270, of the 
change in strength of a shock traveling down a channel of slowly varying 
area. 

The equations are linearized about the steady solution. The resulting 
coefficients are thus functions of x. They contain the first derivatives of 
p, 0, and r with respect to S, v, and X, and derivatives with respect to x of 
these derivatives. The shock conservation conditions are linearized 
about the shock state at the front of the steady solution, so that the 
resulting coefficients are constants. An error in one of these coefficients, 
h t , in Erpenbeck (1964b) is corrected in Erpenbeck (1967). 

The linearized equations are studied by transforming them into a set 
of ordinary differential equations in x through Fourier transformation in 
y and z with wave number parameters a and /?, which combine into the 
single transverse wave number e 
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F(x, t, e) - r r f(x,y,z,t)e" i( «y+^ ) dy dz 

“'-CO ~'-oo 

e 2 = ^8 + 

followed by Laplace transformation in t with parameter r, corresponding 
to a complex frequency r/2ir, 

G(x, r,e) ~ f F(x, t, c) e~ Tt dt. 

The result is a set of inhomogeneous coupled linear ordinary differen¬ 
tial equations for the transforms of S, v, X, and u, plus an algebraic equa¬ 
tion for £, the transform of the displacement of the shock from its unper¬ 
turbed position. In the differential equations, dependence on | and the 
initial data is confined to the inhomogeneous part. To determine 
stability, it turns out that only the homogeneous part needs to be solved. 

After application of appropriate boundedness conditions, it is found 
that £ can be written in the form 

£(r,e) = U (r,f)/V(r,f), 

where both U and V are complicated functions requiring for their evalua¬ 
tion x-integrals over the solution of the set of homogeneous differential 
equations for the transforms of S, v, X, and u. The appropriate solution 
of these equations is selected by applying a boundedness condition at x 
= co. The initial data appear in U but not in V. Furthermore, U is regular 
in the right half (Re r > 0) of the complex r-plane. 

The location of the poles of £ determines the hydrodynamic stability. 
A pole of £ located in the right half of the complex r-plane, where the real 
part of t is positive, implies exponential growth of the original distur¬ 
bance, with a time frequency corresponding to the imaginary part of r. 
Since U is regular in the right half-plane, all such poles are produced by 
zeroes of the complex function V(r,«), and the stability is independent of 
the initial data, as expected. 

The theory has been applied only to cases in which there is a single 
reaction. This offers a simplification in that the reaction variable X can 
be used to replace the distance variable x, thus obviating the necessity 
of determining the explicit spatial dependence of the steady solution. 
When this is done the function V can be expressed in terms of the val¬ 
ues of the solutions of a set of fourteen nonlinear differential equations 
at X = 1. These are integrated numerically, starting from the point of 
complete reaction X = 1 and proceeding to X » 0. This is a singular 
point, so the integration is started by a power-series expansion. With 
this calculation of V in hand, the next step is to determine if V has any 
zeroes in the right half of the complex r-plane. Now the number of 
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zeroes less the number of poles of a complex function f(z) within a 
closed contour is equal to 1/2^ times the increase in its argument as z 
makes one complete traversal of the contour in the counterclockwise 
direction. The procedure is to calculate V(r) as r traverses the 
D-shaped contour shown in Fig. 6.1. It can be shown that V has no 
poles in the right half-plane, so the change in the argument gives the 
number of zeroes. The radius of the circle is taken large enough so that 
no roots of V lie outside it, and so that an asymptotic expansion of V 
for large rmay be used over the portion of the contour indicated by the 
crosshatching. V must be calculated on the imaginary axis to a value 
of r sufficiently large that the asymptotic expansion can be employed 
from there on. Conjugate symmetry of V allows the calculation to be 
done for positive Im(r) only. The roots can of course be approximately 
located by calculating V at interior points. 

Erpenbeck states that the possibility of distinctly atypical behavior at 
the C J detonation velocity should not be ignored. The calculation is not 
performed at this velocity, for in this case the singularity at X « 1 
becomes higher-order and the radius of convergence of the power series 
about it vanishes. 

In a later paper, Erpenbeck (1966) treated the stability problem in the 
short (transverse spatial) wavelength limit 2ir/e — 0. The analysis is 


Fig. 6.1. Contour for the 
p e ( T ) determination of the number 

of mots of V in the right half 
of the complex r-plane. 
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rather involved, but a relatively simple stability condition emerges. The 
quantity c a - u 3 through the steady solution (with u the particle velocity 
in the steady frame) plays a crucial role. Three types of profiles are 
shown in Fig. 6.2. For profile D, the solution is stable. For profiles M and 
I the steady solution is unstable if for any value of the (real) variable z in 
the range 

(c 3 ““ U 3 ) + ^ Z £ (C 3 - U 2 )max, 

as inequality 

a(z;y + ) > 1 

Here the presence of y = y(x) in the function indicates the appearance in 
it (not as a vector) of some of the variables of the steady solution, in¬ 
cluding thermodynamic first derivatives, and the subscript + denotes 
values immediately behind the shock. The function a is algebraic. The 
evaluation of the function 0 requires a quadrature over the steady solu¬ 
tion: 

/3 = zjf 2> | z a - (c a - u a )| - 1/a [f(y) + g(y)/(u a + z a )]dx, 

where f and g are algebraic functions, and the upper limit is the smallest 
x for which z = c a — u a , i.e., x* is the solution of 

[c(x»)] a - [u(x*)] 3 = z. 

Since 0(z) becomes infinite as z —> (c 2 - u 3 ) m ax, a sufficient algebraic con¬ 
dition for instability is that the square bracket be positive at the value of 
x for which c 3 - u 3 is a maximum. 

Pukhnachev (1963) carried out an analytic treatment along the same 
lines as Erpenbeck (1962a) but used a round tube of finite diameter at 
the outset and employed the "normal modes" approach instead of 


Fig. 6.2. Profiles of c 2 - u 2 in the 
steady solution; x is the distance 
from the shock. The letters D, M, 
and I stand for "decreasing," "max¬ 
imum" and "increasing." 
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treating the initial value problem explicitly. However, he omitted the 
complication of transforming to the coordinate frame attached to the 
perturbed shock. 

To sum up, the theoretical analysis of the hydrodynamic stability 
problem for the overdriven one-dimensional steady solution is substan¬ 
tially complete. For finite spatial wavelength 2?r/e of transverse distur¬ 
bances, the steady solution is unstable if the function V(r,e) of the 
general theory has any zeroes in the right half complex r-plane. The 
calculations required to apply the theory are rather complex even for the 
reported case of a single reaction in a perfect gas. For more complicated 
equations of state, or for more than one reaction, a still more complicated 
calculation would be required. The asymptotic analysis for the short 
wavelength limit e — oo, although quite involved, yields a relatively sim¬ 
ple result requiring for its evaluation the calculation of a simple 
quadrature over the steady solution for a range of end points. There is 
also an algebraic sufficient condition for instability which is evaluated at 
only one point of the steady solution. 

The unsupported case, with the approximately steady CJ reaction 
zone followed by a time-dependent rarefaction wave, has not been 
carefully analyzed. Of course, the long run limit of this case is simply the 
supported CJ detonation, with the piston moving at CJ particle velocity. 
Mathematical difficulties peculiar to this case prevent its explicit inclu¬ 
sion in the general theory. 

6A2. The Square-Wave Detonation 

There has been much discussion in the literature of the stability of the 
"square-wave" model of a detonation. In this model instantaneous com¬ 
plete reaction follows a state-dependent induction time, so that the 
steady profile is that of Fig. 6.3. 

There have been several more or less intuitive considerations of this 
problem, and one attempt at a formal analysis, but no complete and cor¬ 
rect treatment. Erpenbeck (1963, 1969a) reviews this work in some 


Fig. 6.3. Steady square-wave 
detonation. 
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detail, and discusses the difficulties inherent in the model. We limit 
ourselves here to a brief review of what has been done. As background, 
we first present the basic idea behind the intuitive approach to one¬ 
dimensional instability. This gives some physical insight into what is go¬ 
ing on, and forms the basis for Toong's model, Sec. 6B3. 

We may represent this reaction mechanism by two reactions with 
progress variables Xi and X 2 

Xi = ri ; qi = 0 

X 2 = 0 for Xi < 1 | 

[ q 2 v* 0. 

X 2 = 1 for Xi = 1 J 

In this scheme the first reaction is a thermally neutral timer for the se¬ 
cond. The induction time for any particle is the time for the first reaction 
to reach completion under the conventional state-dependent reaction 
rate rr, the second reaction then goes instantaneously and releases all the 
heat. We call the plane of instantaneous heat release the "fire." 

6A2.L Longitudinal Fire Instability 

In addition to the steady square-wave solution of Fig. 6.3, there are 
other simple self-similar solutions which may exist for a finite time. We 
call these solutions perturbations, positive perturbations if they contain 
shocks, and negative perturbations if they contain rarefactions. Before 
considering them, we give some background. 

Figure 6.4 shows a complete Hugoniot curve for X = 1, including both 
the detonation and deflagration branches. Elsewhere in this book only 



v 0 u-u 0 


Fig. 6.4. Complete Hugoniot curves in the p-v and p-u 
planes for exothermic reaction. 


239 






NONSTEADY SOLUTION 


Chap. 6 


STABILITY THEORY 


the detonation branch, with v < v 0 , is of interest, but here the deflagra¬ 
tion branch, with v > v 0 , also enters. The initial state (p G , v D , u 0 ) is ar¬ 
bitrary, except that we require the degree of reaction to be zero. The par¬ 
ticle velocity jump u - u 0 , given by 

(u - Uo) 9 = (P ~ Po)(v 0 “ v), 

is imaginary in the forbidden region between points A and B, and is zero 
at A and B. By differentiation we find 

(dp/du) gc = 2(u - u 0 )/[(vo - v) - (p - Po)(dv/dp)acL 

where the derivatives are along the Hugoniot curve, from which we see 
that (dp/du)ac is zero at both points A and B. Hence the Hugoniot curve 
in the p-u plane is as shown. 

Now we consider in Fig. 6.5 the complete Hugoniot diagram for a 
detonation. The light lines are the usual diagram showing the Hugoniot 
curves for no reaction and complete reaction, both centered at the initial 
state 0, and the Rayleigh line, for an overdriven detonation, through 0. 
The heavy line, not usually shown, is the deflagration Hugoniot curve for 
complete reaction, centered at N, the shocked, unreacted, induction- 
zone state. This deflagration Hugoniot curve is, of course, the deflagra¬ 
tion branch of the complete Hugoniot curve of Fig. 6.4, centered at point 
N. It must pass through the final state points S and W, the intersections 
of the Rayleigh line with the usual complete-reaction Hugoniot curve 
centered at the initial point 0. This requirement is similar to property 7, 
Sec. 5A1. It also has its own deflagration CJ point at J, where a Rayleigh 





Sec. 6A 

line through N, if it has the right velocity, is tangent. As the velocity of 
the Rayleigh line through 0 is decreased, S and W move closer together 
and finally coalesce at the CJ point on the detonation Hugoniot curve 
centered at O. The CJ point of the deflagration Hugoniot curve then 
coincides with the detonation CJ point. 

The usual steady detonation solution, treated in Sec. 2C without any 
reference to the deflagration Hugoniot curve, can be described as a shock 
to point N, followed by a deflagration. Application of the conservation 
relations gives the deflagration Hugoniot curve and deflagration 
Rayleigh line centered at point N. The requirement that the flow be 
steady fixes the deflagration as the one which connects point N to point 
S, and integration of the rate law gives the progress variable as a function 
of time or distance from the shock. It is easy to show that the deflagra¬ 
tion and detonation Rayleigh lines coincide in this case. Although the 
point of view and the words are different, both treatments gives the same 
result. 

Now we are ready to consider the perturbation solutions. The two 
types are shown in t-x (steady frame) and p-x in Fig. 6.6> (To agree with 
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Fig. 6.5. Conventional p-v and p-u diagrams for a steady detonation 
with the deflagration Hugoniot curve for the fire (heavy-line) added. 


Fig. S.0. Positive and negative perturbations; t-x (steady frame) 
and p-x diagrams. 
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the published work on this subject, we abandon here our usual conven¬ 
tion of choosing our steady frame with all velocities positive, as in Fig. 
4.2, and let the velocities he negative.) A right-facing shock S+ or 
centered rarefaction R+ runs ahead of the fire F, altering both the parti¬ 
cle velocity and the rate i\ of the timer reaction, and thus the velocity of 
the fire. The right-facing rarefaction R F (similar to the Taylor wave in an 
ordinary detonation), whose head coincides with the fire, and which is 
shown in the p-x diagram but not the t-x diagram, may or may not be 
present. A left-facing shock S- or rarefaction R- completes the match to 
the original complete-reaction state 4. The contact discontinuity C 
separates the particles passing through the old and new fire. 

In contrast to many matching problems, the solution of this one re¬ 
quires the use of the rate equation X = r in addition to the conservation 
relations. For background discussion see Courant and Friedrichs (1948), 
pp. 218-227, Shchelkin and Troshin (1963), Oppenheim, Urtiew, and 
Laderman (1964) and Chernyi (1975). If we choose the strength of the 
leading shock S+, we can calculate the corresponding fire velocity in two 
different ways: (1) from the conservation relations alone, by conven¬ 
tional shock matching to the rear state 4, and (2) by using the rate law 
(plus the streamline deflection through S+) to calculate the changed 
reaction locus. In general, these two calculated values of the fire velocity 
are not equal, implying no solution for the given strength of S+, because 
not all of the required conditions are satisfied. If for some value of the 
strength of S+ they are equal, then all the equations are satisfied, and we 
have a perturbation solution. 

Consider first the conservation relations. Fig. 6.7 is the p-u diagram, 
showing the unperturbed deflagration Hugoniot curve as the line con¬ 
necting points 1 and 4. Point 1 is the same as point N in Fig. 6.5, and 
point 4 is the same as S. The jump across the fire in the unperturbed 




Fig. 6.7. Perturbation-solution p-u 
diagram. Note that the abscissa is 
— u, because of the choice of coor¬ 
dinate system. 

j 

'j 


-u 
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solution is from point 1 to point 4. In a positive perturbation the front 
shock S+ raises the state from 1 to 2 (the line connecting them is a shock 
Hugoniot curve centered at 1). The jump through the fire drops the state 
to point 3 on the deflagration Hugoniot curve centered at 2. There it is 
met by the rear shock S_ coming up from point 4 (on the shock Hugoniot 
curve centered at 4) to close the cycle. If the detonation is not sufficiently 
overdriven, or the shock S+ is not sufficiently weak, the deflagration CJ 
point J may lie above the S- shock locus, in which case the deflagration 
jump stops at J, and the rarefaction R F (shown in the p-u diagram of Fig. 
6.6) connects the state to the shock locus. The treatment of the negative 
perturbation is similar, with the shocks replaced by the rarefactions R+ 
and R-; the corresponding curves are shown in the figure, lying below the 
unperturbed deflagration Hugoniot curve. Thus for every shock strength 
S+ (or rarefaction R+) measured, say, by u 2 - Ui, the conservation rela¬ 
tions give a corresponding value of U 0) the increase (or decrease) of the 
fire velocity from the unperturbed value. A typical U 0 vs. u 2 curve is 
given in Fig. 6.8; the point where U c = 0 corresponds to u 2 = u t . 

Any point on the U 0 vs. u 2 curve satisfies the conservation relations 
and could be a solution. The rate equation, not yet used, allows us to 
select a single point as a solution. With it we make an independent 
calculation of the fire velocity. For a given (constant) strength of S+, the 
state behind it is known; we need the particle velocity and the reaction 
rate. The calculation is relatively simple because the states between the 
waves are known and constant. A particle passes through the lead shock 
and proceeds at a constant velocity and constant timer-reaction rate, un¬ 
til it encounters S+. There it has achieved a degree of reaction propor¬ 
tional to the time of passage. Behind S+ it proceeds at a different cons¬ 
tant velocity and increased timer rate, until it reacts, which point is by 
definition on the fire locus. This construction, carried through for all par¬ 
ticles, and for a perturbing rarefaction R+ as well as for a shock S+, 


Fig. 6.8. Fire velocities U c and U r 
from the conservation and rate rela¬ 
tions vs. shock strength — (u 2 - u,). 
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determines the (constant) fire velocity implied by the rate equation. We 
call this increase (or decrease) of the fire velocity from the unperturbed 
value U r (r stands for rate, and c for conservation). 

A typical U r curve, along with that for U c , is shown in Fig. 6.8. There 
is, of course, an intersection of the two curves at u 2 ■ Ui, the unperturbed 
steady solution. If they intersect at another point above or below, as 
shown in the figure, then a perturbation solution exists, and u 2 for that 
solution is given by the intersection, where both the conservation rela¬ 
tions and the rate law are satisfied. By the following simple argument we 
can determine the condition for the existence of perturbation solutions. 
Looking at Fig. 6.6, we see that there is an upper limit on the fire velocity 
following the shock: that is, the fire can go no faster than the shock. 
When the fire coincides with the shock, the detonation (shock and fire) 
inside the unperturbed reaction zone is steady and unsupported, so it is a 
CJ detonation in the shocked material, and it has a defined and known 
velocity. This condition could be satisfied only if the rate of the timer 
reaction were infinite, so there would be no delay between shock and fire. 
In our system this can occur only in the limit of infinite shock strength, 
so the U r curve bends over as shown in Fig. 6.8 in the positive perturba¬ 
tion region. The U c curve has no such limit, and it extends across the CJ 
velocity limit for finite u 2 . Therefore the condition for a positive pertur¬ 
bation solution to exist is that, in the unperturbed state, 

| dU c /du 2 | < | dU r /du 2 |, 

which ensures that the two curves intersect, as shown in the figure. 

For the negative perturbation the limit on the fire velocity occurs when 
the fire coincides with the contact surface C in Fig. 6.6, and this corres¬ 
ponds to the rate of the timer reaction going to zero. This zero rate can 
occur, in our case, only for the limit of an infinitely strong rarefaction. 
Therefore the U r curve also bends over in the negative perturbation 
region as shown in Fig. 6.8, while the U c curve does not have this limit. 
Therefore the condition for the existence of a negative perturbation is 
also that, in the unperturbed state, 

| dU c /du 2 | < | dU r /du 2 |. 

We have now found the condition for the existence of these one¬ 
dimensional perturbation solutions in a square-wave reaction zone. We 
do not know what sort of initial perturbation might produce them, what 
happens after the leading shock S+ or rarefaction R+ overtakes the lead 
shock, or how the criterion might be affected if more realistic kinetics 
were used. All we really have is the suggestion that further study of these 
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Fig„ 6.9. Two dimensional perturbation of 
the fire in Shchelkin's (1959) discussion of 
fire stability. 


perturbations is warranted. Alpert and Toong (1972) have constructed a 
semiquantitative picture of the mechanism of one-dimensional oscilla¬ 
tion in a detonation, based on the ideas presented in this section. Their 
results are discussed in Sec. 6B3. 

8A2.2 Treatments of Square-Wave Stability 

Shchelkin (1959), considered the stability of the fire to a two- 
dimensional perturbation, such as the dimple of Fig. 6.9. He arrived at a 
simple stability criterion by qualitative consideration of the way rarefac¬ 
tions move into the lower pressure dimple A from its sides. Zaidel' and 
Zeldovich (1963), and Shchelkin (1965) both treat the longitudinal 
stability of the fire by what appears to be essentially calculation of the 
initial slopes of the U c and U r curves of Fig. 6.8. The reasoning is that if a 
state perturbation produces an increased fire velocity U r owing to in¬ 
creased rate greater than the increased fire velocity U c calculated from 
the conservation conditions, then the fire is unstable and will break up 
into the multiple-wave positive perturbation described above. However, 
the two papers give different answers, and no one has resolved the dif¬ 
ference. 

Zaidel' (1961) earlier carried out a conventional stability analysis of 
the complete square-wave detonation; his result was later obtained by 
Zaidel’ and Zeldovich (1963) in their more intuitive treatment. Zaidel’s 
approach is similar to that of Erpenbeck (1962a), but Erpenbeck (1963) 
showed that his assumed Laplace transform fails to exist. 

All of the above are covered in Erpenbeck’s (1963, 1969a) reviews. 
There are some other papers not covered there: Il'kaeva and Popov 
(1965) have a good discussion of the problem of longitudinal fire 
stability. Their conclusion is the same as that given above, that the fire 
is unstable if 
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| dUc/du 2 | < | dU r /du 2 |. 

They applied it to a system with a simple rate function proportional to a 
power of the density, and confirmed the results by a finite-difference 
calculation. 

Chemyi and Medvedev (1970) evaluated this same stability criterion 
for a polytropic gas with induction time proportional to e- Et/nT and gave 
numerical results locating the stability boundary in the space of heat of 
reaction, activation energy, and degree of overdrive. They also did finite- 
difference calculations. Neither Il'kaeva and Popov nor Chemyi and 
Medvedev comment on whether Zaidel' and Zeldovich or Shchelkin is 
correct, or give enough details of their evaluation of the stability criterion 
to allow the reader to make a judgment. Finally, Aslanov et al. (1968) ap¬ 
proximated a more realistic reaction zone by a sequence of steps in each 
of which the square-wave model applies, that is, each step is assigned a 
constant state terminated by a small deflagration discontinuity, in 
which the appropriate portion of reaction takes place instantaneously. 
They make no reference to Erpenbeck, and give no results other than the 
qualitative statement that "a detonation wave with a steep drop in pres¬ 
sure (density) behind the shock ... turns out to be considerably more 
stable than would follow from the use of the one-step (square-wave) ap¬ 
proach." 

6A3. Results 

Erpenbeck has applied his theory to a polytropic gas with reaction A 
B (no back-reaction) obeying in Arrhenius rate law, with no change in 
the number of moles or the heat capacity with reaction. Thus the equa¬ 
tion of state and rate are 

E = pv/(? - 1) - Xq 

\ = k(l - X)e- Bt/RT . 

We use the term "finite theory" for the general theory, Erpenbeck 
(1962a), and the term "asymptotic theory" for the limiting case of short 
transverse wavelength, Erpenbeck (1966). The results described here are 
selected from Erpenbeck's calculations: those with the finite theory 
(1964b), including zero activation energy (1966), and those for the 
asymptotic theory (1966). His complete results are much more extensive. 
Concerning the range of applicability of the asymptotic theory, a 
rigorous statement cannot be made in the absence of an explicit in¬ 
vestigation of transport properties; presumably it applies for 



wavelengths much smaller than the reaction-zone length but much 
larger than a mean free path. 

As described in Sec. 6A1, the determination of stability requires only 
that the existence of roots of the complex function V(r,«) in the right half 
of the complex r plane be demonstrated: the roots themselves need not 
be found. The demonstration is effected by evaluating V on a contour. 
The roots themselves are not usually located, since this would require 
much more calculation. The growth rates and oscillation frequencies of 
perturbations are known only if the roots are found; some typical cases 
will appear in later sections. 

The parameters of the calculations are 

(1) fluid properties: y, q, Et 

(2) drive: f = (D/Dj) s 

(3) transverse wave length: 2ir/«. 

The rate multiplier k enters in a trivial way, serving only to determine 
the time scale. The propagation velocity D may be regarded as deter¬ 
mined by a given constant velocity assigned to a piston an infinite dis¬ 
tance behind the front. The ranges of the parameters covered by the in¬ 
vestigation are 

y = 1.2 


0.1 ^ q S 60 
0 S Et Si 60 

0 £ e £ 16, finite theory 
15 ^ asymptotic theory. 

A few larger values of Et appear for the asymptotic theory. The values 
q = 50 and E* = 50 are typical of real gaseous systems. 

Fig. 6.10 shows, for q = 60, the stability boundaries in the f-e plane for 
Et = 10 and Et = 60. The boundaries shown are interpolated from a set 
of calculated points; those for Et = 60 are indicated by dots. These 
results show several interesting features. We take them up in turn for in¬ 
creasing e. . 

For « - 0, i.e., infinite transverse wavelength or longitudinal in¬ 
stability (one-dimensional flow), we see that, for large enough E\ the 
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Fig. 6.10. Stability boundaries in f-e 
for q = 50 and two activation energies. 
Recall that length and energy are in 
units of the steady half-reaction length 
and p 0 v 0 , respectively. The dots are 
the calculated points from which the 
stability boundaries for Et = 60 are in¬ 
terpolated. The chain lines indicate 
possible connections between the 
finite-wavelength and zero- 
wavelength-limit results. 
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Fig. 6.12. Stability boundaries in 
q-f for two activation energies. 
From Erpenbeck (1965). 
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Fig. 6.11 Probable q-dependence 
of the stability boundary of Fig. 
6 . 10 . 



Fig. 6.13. Asymptotic short 
wavelength (c — ») stability in q-f. 
The light lines divide the plane into 
regions of steady-solution profiles 
types D, I, and M (Fig. 6.2). The 
neutral stability value of Et (larger 
values unstable) is given at each point, 
as well as contours for Et = 50 and Ef 
= 4/3 (coincides with the D-M boun¬ 
dary). From Erpenbeck (1966). 
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steady solution is unstable if not overdriven too strongly: for Et = 50 the 
critical value of f is 1.76. Since numerical time-dependent calculations 
can be done quite accurately in one dimension, this offers a good oppor¬ 
tunity to study one case of the long-time unsteady solution in some 
detail. Calculations of this type are described in Sec. 6C1. 

For € in the approximate range 0.2 to 2, that is, for transverse 
wavelengths 3 to 30 times the steady reaction-zone length, the steady 
solution is unstable even for strong overdrive. Erpenbeck (1964b) 
believes that at least for the case q - 50, E r - 50 a finite range of 
unstable wavelengths persists to f = <». It appears that as q is reduced 
the top of the instability boundary finally closes up at some critical q = 
q c , as shown in Fig. 6.11, and that for smaller values of q all wavelengths 
in this range become stable for sufficiently large f. The value of q e ap¬ 
pears to be remarkably small, approximately 0.3. 

For € -> oo, we have the asymptotic theory, giving the limiting values 
shown at the right of Fig. 6.10. A minimum in the curve for « 50 of 
Fig. 6.10 is clearly implied for some e > 7, and similarly, a probable 
minimum is suggested for = 10 for some e > 2.5. 

Stability in the q-f plane with E* as parameter is shown in Fig. 6.12. 
Here the e-dependence is condensed to a single attribute: the steady 
solution is stable if perturbations of all wavelengths considered (here 
roughly 0 < € < 7) decay; otherwise it is unstable. Neutral stability 
boundaries are shown for E^ = 50 and E^ = 0. The instability persists to 
quite small values of q: to q s 0.3 for E^ = 50 and to q = 5 to 10 even for 
Et = o. The results for Et = 0 are remarkable in showing that, although 
the sensitivity of the rate to temperature is obviously important, it is not 
a necessary condition for instability. Taking Et = 0 removes the 
"feedback" by removing the state-dependence from the rate equation, 
decoupling it from the others. 

The Et = 50 curve, from Erpenbeck (1964b), includes a long 
interpolation (dashed line) between calculations at f = 2 and f = 10. The 
large open circle indicates a later calculation, Erpenbeck (1966), at 
q = 0 . 1 , Et « 50 , g « 15.8, which turns out to be unstable, showing that 
the original interpolation is wrong and that the curve has a more com¬ 
plicated shape. (The new calculation was made for the purpose of check¬ 
ing the asymptotic theory, with which it agrees.) 

The asymptotic-theory results are shown in Fig. 6.13, a q-f diagram 
showing the neutral stability values of the activation energy (with larger 
values unstable) at a number of points. For the particular system chosen, 
all three types of steady-solution profiles shown in Fig. 6.2 are obtained. 
The two light curves divide the plane into three regions, one for each 
profile type. Recall that profile D is unconditionally stable. The boun¬ 
dary between regions D and M is also the contour line for E^ = 4/3. The 
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heavy curve at the right is the contour line for Et = 50. The cusp in this 
curve arises from the nature of the stability condition, in which the ine¬ 
quality may be satisfied for any value of z in the range of 
values of c 2 — u 3 occurring imthe steady solution. The cusp occurs when 
the region in which the inequality is satisfied switches from the 
neighborhood of the shock to that of the end of the reaction zone. 

Pukhnachev (1963) gives numerical results for the case 7 = 1 . 2 , q -- 47 , 
Et as 97, f = 1, for a round tube of radius r G . His results are given as a 
function of the ratio d/r 0 , where d is the reaction-zone length. For the 
lowest mode, with wavelength twice the tube diameter, Erpenbeck's 
wave number e is about 1/2 7 rd/r 0 . For the lowest mode (Bessel function 
Ji) there are two distinct roots with positive real part. One has positive 
real part for 0.475 < d/r 0 < 1.35, and the other for 0.557 < d/r G < 2.15. 
Higher modes exhibit similar behavior. Thus the longest unstable 
wavelength is at d/r Q = 0.475 or e = 0.75. This result is in apparent con¬ 
tradiction to that of Erpenbeck, Fig. 6 . 10 , which for the much lower ac¬ 
tivation energy of E^ = 50 has the instability extending to infinite 
transverse wavelength (e = 0 ). But Pukhnachev's analysis is incomplete: 
his normal-mode functions have radial dependence J n (r) (with J n the 
Bessel function of order n and n = 1 the lowest mode), so that he does not 
have a term with no radial dependence, which presumably would have to 
be included to discover longitudinal instability. In addition, as pointed 
out by Erpenbeck (1969a), he did not transform to the shock frame, and 
thus would have missed the one-dimensional instability in any case. 

Finally there is the square-wave detonation. For a polytropic gas with 
Arrhenius temperature dependence of the ignition time the criteria for 
instability from the works discussed in Sec. 6 A 2 are 

Shchelkin (1959): EtyRT, > (1 - T/T,) 

Zaidel' and Zeldovich (1963): EVRTi > f( 7 ) 

Shchelkin (1965): EtyRT, > (1 + c/c,)/[Mi(q,/c2)]; M, = Ul /c,. 

Here subscript i denotes the induction-zone state and no subscript the 
complete-reaction state. These are all approximate treatments of the fire 
stability, the first being two-dimensional and the second and third one¬ 
dimensional. The function f(y) in the second varies from 5.4 to 7.7 for 7 
from 7/5 to 11/9. 

Erpenbeck (1963, 1969a) criticizes these as approximations to the 
(non-square) model with first-order Arrhenius rate. He points out that 
the second is obviously erroneous, since it is independent of the heat 
release q and thus predicts instability for any degree of exothermicity, in 
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particular for a shock (q = 0). The first and third overestimate the 
stability, predicting that detonations which are actually unstable are 
stable. 

Chernyi and Medvedev (1970) evaluated the (longitudinal fire) in¬ 
stability criterion of Sec. 6 A 2.1 

| dU r /du 2 | > | dU c /du 2 | 

for infinitesimal displacements in a polytropic gas with Arrhenius 
temperature dependence of the induction time. Unfortunately they did 
not write down completely their analytic result, but presumably it is dif¬ 
ferent from any of those above. They present some numerical results for 
7 = 1.4 and varying heat of reaction q and degree of overdrive f. Reading 
from their figure we have converted their results, with some extrapola¬ 
tion, to Fig. 6.14, a q-f diagram like Fig. 6 . 12 , Il’kaeva and Popov (1965) 
have had some success with this same criterion applied to a density- 
dependent induction time. Their work is discussed in Sec. 6 C 1 . 

All these results present a confusing picture, but the main point is that 
all the cases relevant for detonation problems are unstable for some 
value of e. We speculate that the situation can be summarized as shown 
in Fig. 6.15, where q-f diagrams for three activation energies and three 



1.0 M 1.2 1.3 


DEGREE OF OVERDRIVE (f = dVd^) 

Fig. 6.14. Local one¬ 
dimensional instability for a 
square-wave detonation with 
7-1.4 according to Chernyi 
and Medvedev (1970). The 
curves are neutral-stability 
boundaries for the activation 
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values of e are divided into stable and unstable regions by the neutral 
stability lines. With E ' = 0, the detonation is stable in the longwave (e = 
0) and shortwave (e —* °o) limits, but unstable for medium (e = 1) 
wavelengths, as long as q is large enough. For E 1 " = 10, a little "nose" of 
instability appears for small f and a range of q values in the longwave 
limit, and a diagonal band shows up in the shortwave limit, with the 
medium wavelength limiting q decreasing. When E* = 50, the longwave 
instability region grows larger. The shortwave instability region also 
grows larger and develops a "nose" sticking out from it, and the limiting q 
in the medium wave region decreases even more, to a very low value. One 
may wonder whether the "nose" of the shortwave limit, which corres¬ 
ponds to instability near the fire while the band corresponds to in¬ 
stability near the shock, and the similarly-shaped region of the longwave 
limit, are in any way connected, perhaps indicating the same feedback 
mechanism. 

6A4. Shock Stability 

By "shock stability" we mean the hydrodynamic stability of a step 
shock in an inert fluid. With the shock regarded as a jump discontinuity, 
and the flow away from the shock locally stable, the stability depends 
solely on the shape of the Hugoniot curve. Certain shapes of a segment of 
the curve give rise to instability. 

There is some question as to the physical applicability of the results, 
because the Hugoniot shapes giving rise to instability are almost certain¬ 
ly found in nature only as segments of the equilibrium Hugoniot curves 
of systems with significant rate processes. The shock-stability idealiza¬ 
tion treats these with strictly infinite rate, assuming instantaneous com¬ 
pletion of the process within the discontinuous shock transition. But as 
we have seen, in many cases a unique solution to the propagation 
problem is obtained only by considering a finite rate, no matter how 
large (the rate multiplier often being just a scale factor on the time). Let 
us call these the infinite- and finite-rate cases. We may in general have a 
singular limit situation, with the infinite-rate solution (if a unique one 
exists) differing from the well-defined limit of the finite-rate solution. 
We have one instance in the overdriven detonation. Both treatments give 
the same steady solution, but it can be unstable under finite rate even 
though unconditionally stable under infinite rate. A more interesting 
comparison, which has not been studied would be a case of infinite-rate 
instability. 

The methods of stability analysis used are (1) conventional linear 
stability analyses done in two different ways, (2) stability to longitudinal 
perturbations in the presence of a reflecting rear boundary via a physical 



argument, and (3) stability to longitudinal perturbations by considera¬ 
tion of alternate two-wave solutions. Method (1) is presumably rigorous, 
but does not apply to all of the cases of interest. Method (2), while not 
rigorous, is convincing, and gives some useful insights. Method (3) is 
least convincing, but gives additional insight, and is supported by obser¬ 
vation in one case. Although the three methods do not give identical 
results, the main conclusions are fairly clear. But the disagreements, and 
difficulties of detailed interpretation, support our suspicion that the 
infinite-rate model generally leaves out some of the essential physics. We 
remark in passing that Morduchow and Paullay (1971) have shown by 
the conventional analysis that weak shocks of finite thickness (by inclu¬ 
sion of viscosity and heat conduction) are stable. 

The main conclusion is that the two shapes of Hugoniot curves shown 
in Fig. 6.16 have unstable segments AB. The first case is typical of 
various real systems, the one shown being for a material with a first- 
order phase transition. In such systems it is observed experimentally 
that single shocks to points between A and B do not exist, but two-wave 
structures are observed instead. The second case requires that the 
Hugoniot curve have a region of positive slope in which the magnitude of 
the slope becomes sufficiently small. Although this Hugoniot curve has 
the general shape of that for a dissociating material, the small 
magnitude of the slope in AB required for instability is probably not 
realized in nature. Unpublished calculations by Fickett have shown that 
for a dissociating ideal gas the slope is unlikely to be small enough in this 
region. 

We limit our discussion to the case of (unperturbed) one-dimensional 
flow without lateral boundaries. Even so, there are a large number of 
papers. The ones we have found most helpful are 

Method (1): 

Swan and Fowles (1975) — normal modes 

Erpenbeck (1962b) — initial-value problem by transforms (see Sec. 

6A1) 




Fig. 6.16. Two Hugoniot-curve 
shapes with unstable segments AB. 


252 


253 










NONSTEADY SOLUTION 


Chap. 6 


Sec. 6A 


STABILITY THEORY 


values of € are divided into stable and unstable regions by the neutral 
stability lines. With E+ = 0, the detonation is stable in the longwave (e « 
0) and shortwave (e —> oo) limits, but unstable for medium (e - 1) 
wavelengths, as long as q is large enough. For E* - 10, a little "nose" of 
instability appears for small f and a range of q values in the longwave 
limit, and a diagonal band shows up in the shortwave limit, with the 
medium wavelength limiting q decreasing. When E* = 50, the longwave 
instability region grows larger. The shortwave instability region also 
grows larger and develops a "nose" sticking out from it, and the limiting q 
in the medium wave region decreases even more, to a very low value. One 
may wonder whether the "nose” of the shortwave limit, which corres¬ 
ponds to instability near the fire while the band corresponds to in¬ 
stability near the shock, and the similarly-shaped region of the longwave 
limit, are in any way connected, perhaps indicating the same feedback 
mechanism. 

6A4. Shock Stability 

By "shock stability" we mean the hydrodynamic stability of a step 
shock in an inert fluid. With the shock regarded as a jump discontinuity, 
and the flow away from the shock locally stable, the stability depends 
solely on the shape of the Hugoniot curve. Certain shapes of a segment of 
the curve give rise to instability. 

There is some question as to the physical applicability of the results, 
because the Hugoniot shapes giving rise to instability are almost certain¬ 
ly found in nature only as segments of the equilibrium Hugoniot curves 
of systems with significant rate processes. The shock-stability idealiza¬ 
tion treats these with strictly infinite rate, assuming instantaneous com¬ 
pletion of the process within the discontinuous shock transition. But as 
we have seen, in many cases a unique solution to the propagation 
problem is obtained only by considering a finite rate, no matter how 
large (the rate multiplier often being just a scale factor on the time). Let 
us call these the infinite- and finite-rate cases. We may in general have a 
singular limit situation, with the infinite-rate solution (if a unique one 
exists) differing from the well-defined limit of the finite-rate solution. 
We have one instance in the overdriven detonation. Both treatments give 
the same steady solution, but it can be unstable under finite rate even 
though unconditionally stable under infinite rate. A more interesting 
comparison, which has not been studied would be a case of infinite-rate 
instability. 

The methods of stability analysis used are (1) conventional linear 
stability analyses done in two different ways, (2) stability to longitudinal 
perturbations in the presence of a reflecting rear boundary via a physical 



argument, and (3) stability to longitudinal perturbations by considera¬ 
tion of alternate two-wave solutions. Method (1) is presumably rigorous, 
but does not apply to all of the cases of interest. Method (2), while not 
rigorous, is convincing, and gives some useful insights. Method (3) is 
least convincing, but gives additional insight, and is supported by obser¬ 
vation in one case. Although the three methods do not give identical 
results, the main conclusions are fairly clear. But the disagreements, and 
difficulties of detailed interpretation, support our suspicion that the 
infinite-rate model generally leaves out some of the essential physics. We 
remark in passing that Morduchow and Paullay (1971) have shown by 
the conventional analysis that weak shocks of finite thickness (by inclu¬ 
sion of viscosity and heat conduction) are stable. 

The main conclusion is that the two shapes of Hugoniot curves shown 
in Fig. 6.16 have unstable segments AB. The first case is typical of 
various real systems, the one shown being for a material with a first- 
order phase transition. In such systems it is observed experimentally 
that single shocks to points between A and B do not exist, but two-wave 
structures are observed instead. The second case requires that the 
Hugoniot curve have a region of positive slope in which the magnitude of 
the slope becomes sufficiently small. Although this Hugoniot curve has 
the general shape of that for a dissociating material, the small 
magnitude of the slope in AB required for instability is probably not 
realized in nature. Unpublished calculations by Fickett have shown that 
for a dissociating ideal gas the slope is unlikely to be small enough in this 
region. 

We limit our discussion to the case of (unperturbed) one-dimensional 
flow without lateral boundaries. Even so, there are a large number of 
papers. The ones we have found most helpful are 

Method (1): 

Swan and Fowles (1975) — normal modes 

Erpenbeck (1962b) — initial-value problem by transforms (see Sec. 

6A1) 


Fig. 6.16. Two Hugoniot-curve 
shapes with unstable segments AB. 
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Method (2): 

Fowles (1976) 

Method (3): 

Fowles (1976), Swan and Fowles (1976) 

Cowperthwaite (1968) 

Duvall (1962). 

The two treatments of the problem under method (1), the conven¬ 
tional linear stability analysis (to three-dimensional perturbations), give 
the same result. The shock is unstable when* 

(dp/dv)K> 0 and (dp/dv) K < [(p - p 0 )/(v - v 0 )]/(2M + 1). 

Equivalent forms are 

(dp/du) ae < 0 and | (dp/du) ac| < pc 

1 + M - M*(v 0 - v)(6p/dS) v /T > 0 

(M + lb/T < 1 - p„/p 

(M + l)/(rM*) < vo/v - 1, 

where M is the Mach number of the flow behind the shock, and T is the 
Gruneisen coefficient 

M « (D - u)/c, and T = v(3p/9E) v . 

Figure 6.17 shows the unstable segment AB of the Hugoniot curve in 
the p-v and p-u planes. In p-v the slope of the Hugoniot curve must have 
the unusual positive sign and sufficiently small magnitude. At the end 
points A and B in p-u the isentropes (acoustic loci) dp/du = -pc are 
tangent to the Hugoniot curve. Points C (vertical tangent in p-v) and D 
(same in p-u) are included to illustrate the mapping: 

3 A second part of the formal result is 

(dp/dv) H < 0 and |dp/dv| H < | (p - p 0 )/(v - v 0 )|. 

that is, the slope of the Hugoniot curve has the normal sign, but is less steep than the 
Rayleigh line. Thus the flow is supersonic, the shock boundary condition required to deter¬ 
mine the solution in the shocked material is lost, and the analysis does not apply. 
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Fig, 6,17. Unstable Hugoniot seg¬ 
ment AB, with tangent isentropes 
in p-u. 


(dp/du) 3 c= 2p 0 D/[l - p2D*/(dp/dv) re] 


PoD a = -(p - p 0 )/(v -Vo), PqD - (p - p 0 )/u. 


The normal-modes treatment can be specialized in straightforward 
fashion to the case of longitudinal perturbations, that is, to infinite 
transverse wavelength. When this is done, the result is the incorrect one 
of neutral stability, independent of the shape of the Hugoniot curve. 

Method (2) is a discussion, with reasonable approximations, of 
longitudinal stability in the presence of a rear boundary. Let a step shock 
be supported by a constant-velocity piston. Consider first the stable 
case, Fig. 6.18a. Increase the piston velocity an infinitesimal amount, 
from u to u + 6u, generating the weak shock 1-2 overtaking the lead 
shock. The overtake raises the lead shock state to point 3, and sends the 
shock 2-3 back to the piston. This reflects from the piston as shock 4-6, 
and the process repeats, converging to Hugoniot point P where the 
velocity is u + 5u. The contact surfaces generated at the overtakes are ig¬ 
nored in this discussion. 

If the Hugoniot curve has negative slope, the process diverges. We dis¬ 
tinguish two cases: (1) points of negative slope outside segment AB of 
Fig. 6.17, and (2) points within AB. In case 1, the process diverges, as 
shown (for the region to the left of B) in Fig. 6.18b, until the Hugoniot 
curve turns back. In case 2, Fig. 6.18c, the process diverges more strong¬ 
ly: the isentropes are now steeper than the Hugoniot curve and there 
would be no solution for the first overtake if the Hugoniot curve did not 
turn back. 

Method (3) in its usual form looks for an alternate two-wave solution 
which satisfies the given rear boundary condition and whose lead shock 
moves faster than the single shock in question. If such a two-wave solu¬ 
tion exists, it is assumed to be the preferred solution, so that the single 
shock is unstable. For our discussion we will take a constant-velocity 
piston as the rear boundary condition. 
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Fig. 6.18. The physical argument, method (2), for longitudinal in¬ 
stability with a rear boundary. 



(°) (b) (c) 


Fig. 6.19. Hugoniot curve for a material with a first-order phase transition 
with unstable segment 1-3. The dashed curve is the Hugoniot curve centered 
at point 1, and the dotted lines are the boundaries of the phase-transition 
region. 

Fig. 6.19 shows an Hugoniot curve for a material with a first-order 
phase transition. The unstable segment is 1-3, point 3 being the end of 
the Rayleigh line through the cusp at point 1. We remark in passing that 
segment 1-4, spanning the transition region, is supersonic. A point in seg¬ 
ment 1-3 can be reached either by a single shock or by a two-wave struc¬ 
ture fulfilling the conditions given above. The two-wave structure, shown 
in the figure, has a weaker but faster leading shock to point 1, followed 
by a slower shock 1-6 to the point on the Hugoniot curve centered at 
point 1 having the given particle velocity. Its final state is subsonic. 

For the case of Fig. 6.17, there is no two-wave solution satisfying the 
required conditions, but a different discussion indicates instability. The 
first step is to inquire into the possibility of single-shock breakup ; that is, 
can the single shock, once established, break up into a two-wave struc¬ 
ture having the same p-u state in the rear? The answer is yes, but the se¬ 
cond wave moves backward instead of forward. Fig. 6.20 shows the possi¬ 
ble modes of breakup. To facilitate illustration, we suppose that pc, the 
slope of the p-u isentrope, indicated by the short segments crossing the 
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(o) (b) (c) (d) 

Fig. 6.20. Range and modes of possible shock breakup. 


Hugoniot curve in Fig. 6.20a, varies as shown. Points A and B are the 
boundaries of the unstable region according to the linear analysis; we 
suppose that the isentrope is less steep in this range than outside it. 
Recall that the isentrope is steeper than the Hugoniot curve within this 
range and tangent to it at the end points. Now consider a shock to point 
1, Fig. 6.20b. It could break up in two ways: (1) a weaker lead shock to 
state 2 with a back-facing rarefaction 1-2, Fig. 6.20c, or (2) a stronger 
lead shock to state 3 with a back-facing shock 1-3, Fig. 6.20d. Without 
considering all the cases in detail, we see that the range of possible shock 
breakup in at least one of these ways is much larger than AB. Tracing 
along the Hugoniot curve in the direction of increasing pressure, the first 
point at which a single shock could break up is point D, where the 
Hugoniot curve for the back-facing shock first intersects the original 
Hugoniot curve again at the higher point D'. At point D and for some 
way beyond it the shock can break up, but only in the second mode, Fig. 
6.20d. At least one mode of breakup remains possible until we encounter 
point C', the last point at which the expansion isentrope intersects the 
original Hugoniot at a lower point C. Over some range before point C\ 
the shock can break up, but only in the first mode, Fig. 6.20c. (In looking 
at the figure one must remember that isentropes may cross in the p-u 
plane; the value of pc at a p-u point depends on the origin of the curve on 


which it lies.) 

Method (3) equates instability with the possibility of shock breakup. It 
thus predicts the entire range CD as the unstable range, considerably 


We now ask: what is the solution for a given piston velocity between 
the extrema F and G, Fig. 6.21? There are three possible single-shock 
solutions 1, 2, and 3. Recalling the piston-reflection analysis discussed 
earlier, we see that if the center solution 2 were first established, breakup 
in the rarefaction mode, Fig. 6.20c, would eventually produce state 1, 
while breakup in the shock mode, Fig. 6.20d, would eventually produce 
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Fig. 6.21. Possible solutions for given piston 
velocity. 


state 3 (if state 3 itself did not break up). Again we will not discuss all the 
possibilities, but simply note that the solution is not unique. 

6B. APPROXIMATE THEORIES 

The linear stability theories of the previous section determine whether 
perturbations on the one-dimensional steady solution will grow or decay, 
but give no information about the flow pattern which ultimately replaces 
the steady solution, other than the initial growth rate and oscillation fre¬ 
quency of small disturbances. What happens, as in other problems of 
this general type, is that an unstable steady solution is replaced by an os¬ 
cillatory solution. The linear theory of course gives no information about 
the amplitude, but its predictions of frequency turn out to be surprising¬ 
ly good. 

In this section we present three approximate theoretical treatments of 
the oscillatory solution. The first is an extension by Erpenbeck of his 
linear theory to include some nonlinear terms. The analysis is lengthy 
and complicated. Application is limited to systems near the stability 
boundary having a single frequency of oscillation. In one dimension the 
results are quite good (as judged by comparison with numerical finite- 
difference calculations, Sec. 6C). The two-dimensional treatment suffers 
from the assumption at the outset of sinusoidal transverse spatial 
dependence, which excludes transverse shocks, but still gives results 
with some qualitative resemblance to those seen in real systems. 

The second approach, by Strehlow and his coworkers, uses geometrical 
acoustics to examine the propagation of acoustic wave fronts through the 
reaction zone. This provides some interesting physical insights and a 
system of transverse acoustic waves with well-defined spacing again hav¬ 
ing some qualitative resemblance to the real thing. 

The third treatment, by Toong and his coworkers, is based on the 
square-wave model, and considers only longitudinal instability, which is 
observed to occur ahead of blunt bodies propelled through detonable gas 
mixtures. This work goes beyond the study of the local stability criterion 
described earlier, providing an approximate calculation of repeated cy¬ 
cles of the oscillation, even in the case where two frequencies are present. 
The predicted frequencies are in reasonable agreement with experiment. 



Sec. 6B 

6B1. Nonlinear Perturbation Theory 

Erpenbeck (1967, 1970) extended his linear theory to include non¬ 
linear terms, thus obtaining equations with amplitude limiting. Both the 
one- and two-dimensional cases are treated. A limitation applying to 
both is that the application is confined to cases close to the stability 
boundary having only a single root (actually a complex-conjugate pair) 
of the stability function V(r,«) and thus a single frequency of oscillation. 
In the two-dimensional case there are the additional limitations that (1) 
transverse shocks are excluded at the outset by the assumption of 
sinusoidal transverse spatial dependence, and (2) consideration is 
limited to a suitably narrow range of finite transverse wavelengths such 
that the arbitrary selection of one of these, by imposition of a periodic 
boundary condition, makes it the only transverse wavelength present. 

The analysis consists of expansion as in the linear theory but with non¬ 
linear terms retained on the right side of the equations, followed by an 
iterative perturbation treatment. There are complications having to do 
mainly with ensuring boundedness at each order of perturbation and 
separating out terms, representing stable solutions, which decay with 
time. In the two-dimensional case the Fourier transform is replaced by a 
Fourier series over the finite range of the transverse coordinate y es¬ 
tablished by the assumption of a periodic boundary condition. 

To obtain a tractable result, it is necessary to express the solution as¬ 
sociated with the unstable (complex conjugate) pair of roots as the sum 
of two separate solutions, each given by a set of differential equations as¬ 
sociated with only one of the two roots. Making this separation requires 
an arbitrary choice of how to split certain terms between the two sets of 
equations. The numerical results for one dimension presented below 
have been calculated for two of the many possible choices; those for two 
dimensions are for the choice which gives the best results in one dimen¬ 
sion. 

Carrying the perturbation to second order suffices to give the desired 
oscillatory perturbation of the shock front. It turns out, however, that the 
x-dependent perturbations of the state variables can be expressed in 
terms of these shock perturbations and the solutions $(x) of the first 
order (linearized) transformed equations, that is, just those of the linear 
stability theory. 

The one-dimensional results have the form 
D(t) = Di(t) + Da(t) 
q(x,t) - Di(t)$i(x) + D 2 (t)$ 2 (x). 
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Here D is the shock-velocity perturbation, the components of q are the 
perturbations in the state variables v, u, T, and A, and $ is the (Fourier- 
Laplace) transform of q as given by the first-order (linearized) equations. 
The subscripts 1 and 2 refer to the two conjugate roots of r. The quan¬ 
tities on the left are real and those on the right are complex. The f's are 
solution of the (first perturbation order) linear differential equation and 
the D's of the (second perturbation order) nonlinear ones, both of whose 
coefficients are functions of x. The conjugate relation between the roots 
of r allows the solution to be written as 

D(t) = 2 Re[Di(t)] 

q(x,t) = 2Re[Di(t)fi(x)]. 

The differential equation for Di(t) is found to have a stable limit cycle in 
the complex Di-plane, representing the desired oscillatory solution ap¬ 
proached at long times. 

In two dimensions the usual problem arises: to select from the con¬ 
tinuous range of transverse wavelengths given by the linear theory a par¬ 
ticular one. Generally some relatively arbitrary selection is made. Here 
this is done by first narrowing the field by considering only those systems 
sufficiently close to the stability boundary that the upper and lower 
bound on the range of unstable transverse wavelengths differ by less than 
a factor of two. Imposition of periodic boundary conditions and expan¬ 
sion in Fourier series then picks out only a single unstable wavelength. In 
general, the solutions found under these boundary conditions are 
traveling-wave solutions. Standing-wave solutions satisfying rigid wall 
boundary conditions can also be obtained by choosing suitably sym¬ 
metric initial data, but, as we shall see, the fundamental and all even 
harmonics are in this case omitted from consideration. 

The analysis starts by expanding the perturbations \p in the shock 
position and q in the state variables (now including w, the transverse 
velocity component) in Fourier series in the transverse coordinate y over 
a strip of width 1: 

iKy.t) = 2 n=_oo $(n,t) e i(2n,r y /1) 
q(x,y,t) = 2“ = _„ q(x,n,t) e^ 2 "^, 

where the caret denotes a Fourier coefficient. The periodic boundary 
conditions are 



Sec. 6B 

\p(y = 0,t) = ^(y = l,t) 

q(x,y = 0,t) = q(x,y = l,t). 

The nth term of the series represents a transverse wavelength 1/n. The 
distance scale (steady half-reaction-zone length) is then chosen so that 
only wavelength 1 is unstable, that is wavelengths 1/n are 

stable for |n| =0, 2, 3, 4, ... 

unstable for | n| =1. 

(Here n = 0 of course means infinite transverse wavelength or 
longitudinal instability.) It is then found, as expected, that the Fourier 
coefficients for |n| = 1 grow with time, while all others decay. The 
parameter e is defined as before, the unstable wavelength being 

1 = 2?r/«. 

The fundamental and first overtone in a rigid tube of width 1, Fig. 6.22, 
correspond to n = 1/2 and n = 1 in this framework. Thus the fundamen¬ 
tal and all odd harmonics (3/2, 6/2,...) are excluded from consideration 
by the periodic boundary conditions imposed. The treatment is thus 
deficient in this respect. However, as we shall see in Chapter 7, the fun¬ 
damental is difficult to generate in the narrow-channel geometry in 
which two-dimensional flow is most closely approached. 




Fig. 6.22. Fundamental and first 
overtone pressure (Sp) and 
transverse velocity (8w) perturba¬ 
tions in a rigid-walled tube of width 
1. The first overtone is the same as 
the n = 1 term of the two- 
dimensional theory, the longest 
wavelength allowed by periodic 
boundary conditions. 
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The analysis is like that for the one-dimensional case, except that 
there are many more nonlinear terms. The general result has a similar 
form 

*(y,t) = 2Re{ty,(t) + Wt)]e i{ y} 

q(x,y,t) = 2Re{^i(t)$i(x) + ^a(t)<J» 3 (x)]e ie y}, 

where ^ is the perturbation in the shock position and the subscripts 1 
and 2 refer to the two (conjugate) roots n and t 2 as before. Everything 
comes from the n = 1 term of the Fourier series, with ^i(t) and ^ a (t) com¬ 
ing from (n = ±l,t) and with e = 2ir/l. Again (t) and \j/ 2 (t) satisfy 
nonlinear differential equations arising from the second-order terms of 
the perturbation and <|>i(x) and <J> 2 (x) are given by the linear theory. 

Analysis of these equations shows that there are limit cycles cor¬ 
responding to both traveling- and standing-wave solutions. The 
traveling-wave solutions have the form 

*(y,t) = 2Re[fi(t) + f 2 (t)]e i< <y-" t > 

q(x,y,t) - 2Re[f,(t)<|>,(x) +f 2 (t)<|> a (x)]e i< <y-“ t ) 

fi(t) = a,e-< 1/1 ') i< " t , f 2 (t) - a 2 e-< 1/2 ) i4Wt , 

with phase velocity o>. The coefficients a t and a 2 are (complex) constants, 
so that fi(t) and f 2 (t) have sinusoidal time dependence. The standing- 
wave solutions have the form 

\Ky,t) = 4Re[$i(t)]cos ey 

Q'(x,y,t) = 4Re(^i(t)4> , (x)]cos «y 

6 w(x,y,t) = -4Im[^i(t)<|)(x)] sin ey, 

where the prime on q and f indicates all components except 5 w, the 
transverse component of the velocity perturbation, which has a slightly 
different form and is given separately. [For this case $ 2 (t) is the complex 
conjugate of $i(t).] 

The one-dimensional theory has been applied to the polytropic-gas 
system of Sec. 6 A, with 7 = 1.2, q = 50, f = 1 . 6 , and E' - 45 , 46, 50. 
Table 6.1 gives the roots of the stability function V(r) from the linear 
theory and the oscillation periods from the linear and nonlinear theories 
(all rounded to three places). The linear-theory period is just 2w/Im(r). 



Table 6.1 PERIODS OF THE ONE-DIMENSIONAL 
OSCILLATORY SOLUTION. 


Ef 

*c t 1/2 


Period/ti/a 




Linear 

Nonlinear 




Split "a" 

Split "b' 

44.8 

0 ± 0.798i 

7.88 

_ 

— 

45 

0.005 ± 0.798i 

7.88 

7.86 

7.85 

46 

0.027 ± 0.797i 

7.88 

7.77 

7.75 

50 

0.121 ± 0.789i 

7.97 

7.49 

7.41 


The two values from the nonlinear theory correspond to two choices for 
the arbitrary splitting of the nonlinear terms, which we here designate as 
splittings "a" and "b." The neutral stability point at = 44.8 is also 
included. The linear theory is seen to overestimate the period, with the 
error increasing as we move away from the stability boundary. Figure 
6.23 shows the v and u components of <j> for E^ = 50, and the shock 
pressures over a cycle for E^ = 45,46, and 50. The bar over X denotes the 
unperturbed composition. Splitting "a" gives better results as judged by 
comparing the shock pressure with the finite-difference calculation of 
Sec. 6 C 1 , which it reproduces reasonably well. 

The two-dimensional theory has been applied to the polytropic gas 
system with 7 = 1 . 2 , E* = 50, f = 1 . 1 , and the values of the heat release q 
listed in Table 6 . 2 . The unstable range of e is shown in the third column, 
and the values of e used in the calculation in the fourth column. The 
traveling- and standing-wave solutions are given for each case. The 
traveling-wave solutions are exactly sinusoidal and the standing-wave 
ones are within one per cent of being so. Here p m .x is the maximum pres¬ 
sure and <0 is the phase velocity; p+ and c+ are pressure and sound speed 
immediately behind the shock in the steady solution. 

Although the stability properties of the two types of solutions have not 
been completely established, the situation under periodic boundary con¬ 
ditions appears to be as follows: omitting for the moment the last two 
lines of the table, each case has both a traveling and a standing solution, 
but only one of these is stable; presumably a system set up in the un¬ 
stable solution would revert to the stable one. Starting at the top of the 
table, the traveling solution is the stable one until we come to q = 2 , 
e = 1.3, where the situation is reversed. For the last two lines, the travel¬ 
ing solution remains unstable but there is no standing solution. (Values 
of 5 p and <0 are not given in the original paper for the unstable traveling- 
wave solutions). This last result is suspect since the amplitudes here are 
so large and the small-perturbation assumption is violated. 
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Fig. 6.23. Results of the one-dimensional nonlinear theory. (a,b) The v and u 
components of the transformed state perturbations f vs. (1-X) [distance from 
the shock is roughly proportional to log (1-X)]. (c,d) One cycle of shock pressure 
vs. time (in units of the period t*) for splittings "a" and "b." From Erpenbeck 
(1967). 

Figure 6.24 shows one traveling-wave solution. The reference frame is 
traveling with the transverse wave at its velocity across the steady frame; 
it moves in the x-direction at the steady detonation velocity, and in the 
y-direction at the traveling wave velocity. A streamline of the flow in the 
unreacted explosive therefore makes an angle with the reference frame, 
as shown in Fig. 6.24a. The very slightly curved, and not quite parallel, 
streamlines in the reaction zone are also shown. The width of the 
diagram is one wavelength, and the full solution, satisfying the periodic 
boundary conditions, is an infinite repeating array. One might expect to 
find behavior something like the full solution in a very large tube, per¬ 
sisting until it reached a boundary, or to find reflection, with waves 
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traveling in both directions. Fig. 6.24b shows the pressure profiles along 
lines of constant y at an instant of time, spaced uniformly from y = 1 to y 
= 0.11. The abscissa is (1 - X) instead of x, as in Fig. 6.23 a, b, and the 
shock is at the right-hand edge of the diagram. The wave front itself is 
symmetric about 1/2, but the pressure curves are not because the wave is 
moving in the y-direction, and the streamlines of the unreacted explosive 
intersect the shock at different angles over the full wavelength. 

What about the applicability of these solutions to rigid-wall boundary 
conditions? We can make a few precise statements, plus some guesses 
based on the nature of superposition in the linear case and (it must be 
admitted) on what is observed experimentally. The standing-wave solu¬ 
tion satisfies rigid boundary conditions for channels of width 

k(l/2), k = 1, 2, 3, 4, ... . 

With rigid boundary conditions imposed, all the standing-wave solutions 
become stable (with the caveat that the theory as formulated excludes 
the fundamental mode). A possible solution for a channel whose width is 
a half-integral multiple of any wavelength in the unstable range is the 
appropriate number of laterally-stacked standing-wave solutions (with 
half a solution at one edge for k odd). The traveling-wave solution does 
not, of course, satisfy rigid-boundary conditions. But for systems with a 
range of unstable wavelengths covering many terms of the Fourier series, 



Fig. 6.24. Traveling-wave solution from the two-dimensional theory for q * 
0.3, € = 0.7. (a) Shock and streamlines in the steady frame. The light vertical 
line is the unperturbed shock; the arrow gives the direction of the unpertur¬ 
bed flow, (b) Pressure profiles (shock at right). Distance from the shock is 
roughly proportional to log (l-X). The labels 1 through 10 denote equally 
spaced values of y from y = 1 to y ** 0.11. From Erpenbeck (1970). 
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one could have, in wide tubes, traveling-wave packets which move back 
and forth, reflecting from the walls. One might expect to detect 
semblances of such packets as components of the standing-wave solu¬ 
tion. 

6B2. Geometrical Acoustics 

A study by Barthel and Strehlow (1966) and Strehlow and Fernandes 
(1965) of the lateral propagation of acoustic wave fronts in the reaction 
zone suggests a way in which regularly spaced transverse waves could 
originate, and shows what properties of the steady solution are important 
to the process. This work does not provide a complete solution of even 
the linearized equations of motion. It treats only the wave fronts, follow¬ 
ing them by ray-tracing methods analagous to those of geometrical op¬ 
tics. The treatment is two-dimensional — the wave fronts considered are 
initiated by line sources parallel to the shock. We take the shock normal 
to the x-axis and the source parallel to the z-axis and describe the wave 
front by its cross section in the x-y plane. 

There is a large change in the acoustic index of refraction through the 
region of rapid reaction — the "fire" — which acts like an inversion layer 
in the atmosphere, trapping some rays between itself and the shock. The 
trapped rays, bouncing back and forth between the fire and shock, lose 
energy at each reflection from the shock, and require amplification at the 
fire reflection to retain their strength. If sufficient amplification is 
available the propagation is sustained, and the initially circular wave 
front eventually convolutes near the shock into a set of fronts with 
periodic transverse spacing. 

There are some interesting connections with Erpenbeck's (1966) short 
wavelength analysis: the most obvious is that the plane at which c 2 — u 2 
has an extremum in the steady solution (see Fig. 6.2) plays an important 
part in the ray trapping. 

6B2A Ray Theory 

We present here just the main ideas. For details, the reader is referred 
to the original papers, or to the brief review by Engelke (1974). 

We switch on our source instantaneously and follow the resulting wave 
front. The amplitude must of course be small enough that the acoustic 
approximation holds. Thus we are concerned with the propagation of 
acoustic waves in the high frequency limit, and wave fronts follow the 
characteristic surfaces. For a medium in which the frozen sound speed c 
and particle velocity u are functions of position r, the rays propagate ac¬ 
cording to 


dr/dt = w(r) = c(r)n + u(r) 
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where r is the position vector of a point on a ray, and n is the unit out¬ 
ward normal to the wave front at r, Fig. 6.25. The problem to be solved 
begins with a wave front surface of a given shape at a given time, and 
current ray points distributed on this surface in such a way that their 
density is everywhere proportional to the intensity. In a time dt, each ray 
moves out a distance dr, and the new wave front is obtained by con¬ 
necting all the new ray positions. In the application at hand, with x the 
distance behind the shock, we have c - c(x), u = u(x) from the steady 
solution (with u the x-component of u and the other components zero). 
Then 

dr/dt = w(x) = c(x)n 4* u(x)i. 


As stated earlier, we treat the two-dimensional case, with all n lying in 
the x-y plane and the wave fronts cylinders perpendicular to this plane. 

As a simple example, take the case c = constant, u = constant ^ 0, 
Fig. 6.26. The wave front from a point source (projection of a line source) 
is the circle of radius ct with its center displaced downstream a distance 
ut from the source. The rays are straight lines, but are not, as in the 
geometrical optics of an isotropic medium, normal to the wave front. In 
general, the rays are curved. 

Fig. 6.27 is another example showing how a convolution arises in the 
wave front. A sound-speed gradient in the atmosphere acts as a reflecting 
layer. The convolution is formed essentially by the arrival of different 
rays at the same point via different paths. The cusps are points of in¬ 
creased intensity. 

A ray may be said to describe the propagation of an element of the 
wave front with the group velocity w. Energy also moves with the group 
velocity and moves along the rays. The intensity at any point on the 
wave front is the density of rays there. The application of this property to 
the geometrical optics of a uniform medium is just the familiar inverse- 
square law. These statements are precisely true only for a nonreactive 
medium. With reaction, the propagation of the wave front, which moves 
along characteristics, is unchanged, since the characteristics move with 



WAVE FRONT 


Fig, 6,25, Ray propagation in 
geometrical acoustics. 
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Fig. 6.26. Wave front and Fig. 6.27. Convoluted wave front 

rays from a line source at x = produced by a sound-speed 

y = 0 in a medium with cons- gradient in the atmosphere acting 

tant c arid u (in the x direc- as a reflecting layer, (a) Sound 

tion). The wave front is a cir- speed as a function of height, (b) 

cle of radius ct with center Ray paths for a source at x = y = 0. 

displaced from the origin by (c) Convoluted wave front, 

ut. The rays are straight lines 
through the origin. 

frozen sound speed. But the group velocity is more like c e n 4* u, with c e 
the equilibrium sound speed, so the intensity properties are probably 
somewhat modified. We are not aware of any careful study of the 
geometrical acoustics approximation in a reactive medium. However in 
the application at hand we are more concerned with the position of the 
wave front than with the intensity. 

6B2*2 Bay Trapping and Amplification 

In the first paper Strehlow and Fernandes (1965) take up two ques¬ 
tions: (1) Omitting the question of reflection at the shock, how do 
acoustic rays propagate in the reaction zone? (2) Under what conditions 
does amplification of the acoustic signals take place? 

Examination of the equations reveals a critical plane at the point 
where c 8 - u a has an extremum in x: a ray moving in this plane remains 
in it forever. The propagation is shown in Fig. 6.28 for the CJ detonation 

7 = 1.4, q = 24.8 p 0 v 0 (D=6 c 0 ) 

r «* kpe -Et/BT , Et — 24.8 p 0 v 0 . 

For a source between the shock and the critical plane, Fig. 6.28a, there is 
a critical angle; rays with smaller angles return to the shock and those 
with larger angles pass through the critical plane and leave the reaction 
zone. The ray starting at the critical angle approaches the critical plane 
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Fig. 6.28. Acoustic rays (solid lines) and wavefronts (dashed 
lines) in a steady CJ reaction zone from a line source perpen¬ 
dicular to the page. The distance unit is arbitrary but x and y are 
plotted to the same scale, (a) Source at X = 0.1, between the 
shock and the critical plane, (b) Source at X = 0.9, behind the 
critical plane, (c) Late behavior of the ray bundle (from any 
source) around the critical plane. From Strehlow and Fernandes 
(1965). 


asymptotically. The situation for a source behind the critical plane, Fig. 
6.28b, is similar but reversed. A slightly divergent ray bundle centered 
on the critical plane, Fig. 6.28c, continues to diverge. Note that the 
region behind the critical plane has no effect on what goes on in front of 
it. 

There is some reason to believe that most of the amplification takes 
place near the critical plane, where the reaction is most rapid. What is 
studied is the amplification in a narrow bundle of rays centered on the 
critical plane. By means of an intuitive physical argument, this ray bun¬ 
dle is approximated as a flow in a hypothetical diverging channel with a 
fixed reaction rate corresponding to that at the critical plane. The 
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growth rate of acoustic waves propagating down this hypothetical chan¬ 
nel is investigated. Two reaction rate forms are considered 

( 1 ) r - kp “- 4 e- Et/RT 

(2) r - kp n ' 1 T b , 

the second being typical of recombination reactions. The acoustic 
amplitude is found to be e At , with 

A = 1/2 ( 7 -l)(qr/c a )[( 7 ““l)z + n - (24"y) 1/a ] 

z “ EVRT for reaction ( 1 ) 

z - b for reaction ( 2 ), 

where r and c are the steady-solution values at the critical plane. Curves 
of the neutral stability value of z vs. 7 for n = 1, 2, and 3 are given. For 
positive qr and 7 = 1.4, the critical z for n = 1 is 2 . 11 . For n = 2 it is 
“-0.390. Thus not much sensitivity to temperature is required for 
amplification; for k = 2 there is amplification even for slightly negative b 
orE 1- . 

6B2.3 Formation of Transverse Waves 

Barthel and Strehlow (1966) extended the above calculation to long 
times, taking into account the reflection of the acoustic waves from the 
shock. They used the same CJ detonation, but with a specified X(t) with 
an induction zone 

X - 0, 0 < t < t, 

X = 1/16 (cos 3 ird - 9 cos wd + 8 ), ti < t < t r 

0 « (t - ti)/(tr - ti). 

Here ti is the induction time and t r — ti the reaction time, and the 
trigonometric representation of X in the reaction zone is chosen to make 
the first three derivatives of X vanish at its boundaries. The cor¬ 
responding X(x) is diagrammed in Fig. 6.29. 

A source at x = y = 0 (that is, at the shock) is pulsed at t = 0. The 
resulting wave fronts at a sequence of times are shown in Fig. 6.30, (The 
picture is of course symmetric about y “ 0 ; only the upper half is shown.) 


271 


UN REACTED FRACTION 


NONSTEADY SOLUTION 


Chap. 6 


I I 

t t 

IHHCrm*!*-IE ACTION- 

_j_^ j^CIITIGAL PLANE 

! Nj 


0 12 3 4 

DISTANCE X 



O 0.3 1.0 1.5 2.0 2.3 


X 

(c) 


Fig. 6.29. Induction and 
reaction zones of the steady 
solution for the assumed A(t). 
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(b) 


Fig. 6.30. Wave fronts from a source at x = y - 0. The distance unit 
is the same as Fig. 6.29, where x, and x c are defined, (a) Magnified 
view at infinitesimal time, (b), (c) Snapshots at later times; times in 
arbitrary units. From Barthel and Strehlow (1966). 
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Fig. 6.30a shows an expanded view at infinitesimal time. In Fig. 6.30b we 
see a convolution forming near the end of the induction zone. The 
mechanism is similar to that shown in Fig. 6.27. The convolution grows 
and moves toward the shock; at the next time shown its left edge has 
reflected from the shock. As time proceeds, Fig. 6.30c, the wave front 
separates into two branches. The lagging branch consists of a number of 
closely bunched reflections. In this region each reflection leaves the 
amplitude unchanged but changes the sign, so that this branch dies out 
by cancellation. The leading branch consists of a set of waves periodic in 
y and of the same asymptotic shape. In Fig. 6.30c, the second wave of 
this set is emerging, not yet quite fully formed, from the lagging branch. 
On the leading branch the reflection at the shock produces a loss in 
amplitude but leaves the sign unchanged. If this reflection loss is made 
up by amplification in the reaction zone, this branch will grow. We have 
then a growing set of equally spaced transverse waves. 

Although they present detailed results only for this case, the authors 
discuss the dependence on the sign and magnitude of heat release and 
(for the exothermic case) the degree of overdrive. For a slightly endother¬ 
mic reaction there are no trapped rays. As the endothermicity is in¬ 
creased, rays are trapped, but for reasonable reaction rates there is no 
amplification. Thus endothermic systems are expected to be stable. 

For exothermic systems, consider first the CJ case. For small enough 
heat release, in the range corresponding to profile D, Fig. 6.2, there is no 
critical plane in the reaction zone, and there are no trapped rays. Hence 
this case is stable. For larger heat release at CJ we have profile I, with a 
critical plane in the reaction zone and trapped rays. Instability then re¬ 
quires sufficient amplification in the reaction zone to offset the reflection 
loss at the shock. A quantitive analysis of amplification has not been 
made, but the qualitative analysis for rays near the critical plane shows 
that a modest temperature sensitivity of the reaction rate will produce 
amplification. Thus we may expect instability here for typical systems. 

With increasing overdrive, the critical plane moves to the rear and 
finally disappears as the profile changes from type M to type I. In this 
case, there are still some trapped rays, but both the trapping and the 
amplification are less effective, so that sufficient overdrive is expected to 
stabilize the steady solution, 

Barthel (1974) proposed a different criterion for obtaining a 
transverse-wave spacing from the same type of calculation. The wave 
front from a source between the shock and the critical plane is symmetric 
about the x axis, so either half may be considered. Two convolutions ap¬ 
pear at separate points on the wave front after it has begun to reflect 
from the shock. The upstream one (nearest the shock) comes from rays 
which were initially directed upstream and have reflected from the 
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shock. The downstream one, which forms later, comes from rays which 
were initially directed downstream and have reflected from the fire. 
These two convolutions move toward each other and eventually collide. 
The point at which their edges first collide will be a hot spot because of 
the energy concentration there. This hot spot turns out to be at the same 
x (distance from the shock) as the source, and both this property and its 
transverse distance y from the source are independent of the position of 
the source so long as it is in the interior of the interval. If the hot spot is 
at y then it has a mirror image at —y. The transverse wave spacing is 
taken to be 2 y, the distance between the hot spots. 

6B2.4 Results 

The tranverse wavelength (distance between shock contacts) 
calculated by Barthel and Strehlow (1966) is shown in Fig. 6.31 as a func¬ 
tion of the ratio of reaction-zone to induction-zone length for three values 
of 7 and two values of the detonation Mach number D/c 0 , related to q by 

q/cg - (D 2 /co - l) a /[2(7 2 - l)D 2 /c§]. 

There are several points of contact between this work and Erpenbeck's 
asymptotic short wavelength theory. The wavelength is the same as the 
longest unstable Erpenbeck wavelength. The condition for amplification 
at the critical plane depends on the steady solution only at this point and 
has this feature in common with Erpenbeck's sufficient condition for 
stability. But the critical value of E^ is, in one case which has been 
compared, an order of magnitude larger than Erpenbeck's value. Finally, 
Erpenbeck has pointed out to us that the integral for the contact spacing 
Ay (see Strehlow, Maurer, and Rajan [1969]) 

Ay “ 2 f* [y~ l (y*/y - l)] 1/a dx 

v) = 1 - M 8 ; M = u/c, 



(REACTION LENGTH)/(INDUCTION LENGTH)(v*|VX| 


Fig. 6.31. Transverse wavelength 
(shock-contact spacing) vs. (reaction- 
zone)/(induction-zone) length. From 
Barthel and Strehlow (1966). 
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where u is the steady-frame velocity and an asterisk denotes the value at 
the critical plane where t; is a maximum, also appears as one term of the 
Erpenbeck stability function V(r, e). 

Barthel (1974) applied his hot spot method to YiJOJkx with a realistic 
representation of the steady reaction zone. He obtained spacings con¬ 
siderably larger than those from the shoek contacts of Barthel and 
Strehlow. With increasing overdrive the calculated spacing goes through 
a minimum at D/Dj < 2 and then rapidly increases to infinity as the 
critical plane is removed and the ray-trapping property is lost. Chiu and 
Lee (1976) repeated this calculation for simplified models of the reaction 
zone, including the square-wave limit approached as the ratio of recom¬ 
bination to induction-zone length approaches zero with increasing pres¬ 
sure. In this approximation the calculated spacings are somewhat smal¬ 
ler. 

6B3. One-Dimensional Oscillation in the Square-Wav© 
Detonation 

In attempting to explain the beautiful and complicated flow patterns 
around blunt projectiles fired into gaseous explosives (see Chapter 7), 
Alpert and Toong (1972) have worked out a complete semiquantitative 
picture of the mechanism of longitudinal oscillation in a square-wave 
detonation. They have calculated two frequencies of oscillation which 
are in reasonable agreement with the observed ones for hydrogen/oxygen, 
for which the square-wave model is a fairly reasonably approximation. 

The simpler higher-frequency mode of oscillation is shown in the t-x 
diagram of Fig. 6.32. Referring first to Fig. 6.32b, we may take a cycle to 



Fig. 6,32. Wave diagram for the simple (higher frequency) oscillation, (a) 
Complete cycle, (b) Details of the interactions. From Alpert and Toong 
(1972). 
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begin with the interior shock S overtaking the front shock at point A. The 
overtake produces a weak rear-facing rarefaction Ri, whose effects can be 
neglected, an acceleration and strengthening of the front shock, and a 
contact discontinuity above which the fluid is hotter from passing 
through the strengthened front shock. The first hotter particle reacts at 
point B, initiating the new fire (reaction surface) F 2 , and the front- and 
rear-facing shocks S 3 and Si required for matching. The p-u diagram 
with state 2 as origin is shown in Fig. 6.33. The matching is similar to 
that described in Sec. 6A2. Here, however, the fire is a supported detona¬ 
tion with no following rarefaction, for the CJ point on the deflagration 
Hugoniot lies well below its intersection with the Si shock Hugoniot 
curve at point 4. The original fire terminates at point C, Fig. 6.32b, with 
the reaction of the last particle passing through the undisturbed front 
shock. Its termination generates the front- and rear-facing rarefaction 
waves R* and Ri. The overtaking of the front shock by S 2 initiates the 
next cycle. The timing of rarefaction R 2 is important. If points B and C 
are close together, R 2 can overtake and effectively destroy S 2 before S 2 
reaches the front. Thus the steady solution is stable with small enough 
temperature sensitivity of the rate. With the timing shown in Fig. 6.32b, 
the main effect of R 2 is to decelerate the front shock back toward its 
original strength after Si has overtaken it. The repeated cycle is seen in 
Fig. 6.32a. 

The lower frequency mode of oscillation, Fig. 6.34, is more complex, 
and actually contains two frequencies: one approximately that of the 
simple mode, and one several times lower, with the ratio probably 
depending on both the kinetics and the sound speed. Here the first in¬ 
terior shock Si is so strong that the second fire F 2 starts quite early, so 
that the next interior shock S 8 overtakes Rs from behind. Several of the 
basic cycles are required to get back to the original state. 

The frequencies and approximate amplitudes of these oscillations are 
determined through approximate calculations of all the wave interac¬ 
tions and reaction times. For hydrogen/oxygen, the calculated oscillation 
periods in units of the steady solution induction time are about 1.6 for 
the high-frequency oscillation, and between 3.8 and 6.4 for the low- 
frequency oscillation. The typical jumps in the front shock pressure at 
overtake are on the order of 4% and 18% for the high- and low-frequency 
modes, respectively. 

6C. FINITE-DIFFERENCE CALCULATIONS 

One-dimensional time-dependent finite-difference calculations have 
been made for a variety of equations of state and reaction rates. In two 
dimensions there has been only a single preliminary attempt. 
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Fig. 6.33. The p-u diagram 
for the formation of the new 
fire F 2 and associated shock 
82 and S 2 of Fig. 6.32. The 
curves S 2 and S 2 are the 
Hugoniot curves centered at 
2 , for forward and backward 
shocks. Curve F 2 is the 
deflagration Hugoniot curve 
centered at 3. 

Fig. 6.34. Wave diagram for 
the low-frequency oscillation. 
From Alpert and Toong 
(1972). 



The one-dimensional calculations have correlated nicely with the 
results of the linear stability analysis, provided a detailed picture of the 
oscillatory solution, furnished a testing ground for approximate treat¬ 
ments such as Erpenbeck's nonlinear analysis and Toong's square-wave 
treatment, and located portions of stability boundaries. 

Fickett and Wood (1966) calculated the system treated by Erpenbeck 
(7 = 1.2 polytropic gas, first-order Arrhenius rate), and were guided by 
his results, Sec. 6A3. Fickett, Jacobson, and Schott (1972) performed 
similar calculations with a simple rate law intended to mock up 
branching-chain kinetics and thus produce the induction zone typical of 
hydrogen/oxygen systems. Chernyi and Medvedev (1970) made calcula¬ 
tions for a 7 - 1.4 poly tropic gas with a half-order Arrhenius rate. Howe, 
Fyre, and Melani (1976) extended the work of Fickett and Wood to un¬ 
supported detonations and to 7 = 1.4 and an induction-zone rate. 
Il'kaeva and Popov (1966) used a square-wave rate law, and compared 
their results with the simple stability criterion of Sec. 6A2. Finally, 
Mader (1966) calculated oscillatory solutions for condensed explosives. 

277 


276 








NONSTEADY SOLUTION 


Chap. 6 


Two numerical methods have been used. The conventional 
Lagrangian mesh method, with shocks smeared by artificial viscosity, 
has the advantage that shocks are treated automatically. The more ac¬ 
curate method of characteristics treats shocks explicitly as jump discon¬ 
tinuities. Its main disadvantage is the increased logical complexity of the 
computer program. Both methods use the Lagrangian (material) coor¬ 
dinates h ~ / p dx instead of distance x; this appears in a few of the 
figures. 

The only two-dimensional calculations are the preliminary ones by 
Mader (1967b). The longest of these extends only to half the lateral tran¬ 
sit time of the channel, but they do appear to show the initial onset of in¬ 
stability. 

6CL On© Dimension 

Fickett and Wood (1966) and Fickett, Jacobson, and Wood (1970), in¬ 
spired by the one-dimensional instability discovered by Erpenbeck, Sec. 
6A, undertook some finite-difference calculations using the method of 
characteristics. For their first calculation they chose two neighboring 
points in the physically realistic region of parameter space, one on each 
side of the stability boundary: 

y = 1.2, q = 50, f = 1.6, Et = 40 (stable), E* = 60 (unstable). 

The unstable case has only a single frequency of oscillation, only one 
root of the stability function V(r) having entered the right half r-plane. 
This root is 

r - 0.113 + 0.789i, 

with a growth-rate e-folding time of [Re(T)] _1 = 8.85 and a period 
[27r/Im(r)] = 7.97. Other roots "waiting in the wings" are shown in Fig. 
6.35. For the above parameter values with Et = 40, all roots are in the 
left half-plane with this one [root (1)] about to cross over. As the 
parameters are changed to move the system into the unstable regime the 
roots move as shown by the arrows, with the lower-frequency roots cross¬ 
ing the imaginary axis first. As the degree of overdrive f is lowered at 
constant Et = 50, for example, roots of higher frequency [larger Im(T)] 
cross over into the right half-plane and these frequencies appear in the 
oscillatory solution. Fig. 6.36 shows all the points in the E* -f plane for 
y = 1.2, q = 50 for the calculations described here, together with the 
stability boundary and three other points calculated by Erpenbeck. 

Fig. 6.37 shows the partial-reaction Hugoniot curves for this system, 
with Rayleigh lines for f = 1.0, 1.6, and 2.0, and also the steady solution 
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Fig. 6.35. Schematic diagram Fig. 6.36. The stability boun- 

of the movement of the roots in dary (dashed line) in the Et - f 

the r-plane as the parameters plane for 7 = 1.2, q - 50 (recall 

are varied so as to make the that the energy unit is p 0 v 0 ). Er- 

system more unstable. The roots penbeck, Sec. 6A3, has deter- 

of lowest frequency [smallest mined the stability for all of 

Im(r)] cross over first. The lower- these points; the time- 

most root ( 1 ) is the main contrib- dependent calculations 

utor to the first pair of calcula- described here have been done 

tions, although the frequency of for the flagged points. From 

(2) also appears as a decaying Fickett and Wood (1966). 

mode. 



VOLUME v/v 0 TIMEt/1,,, 


Fig. 6.37. (a) Partial-reaction Hugoniot curves and Rayleigh lines 
for three degrees of overdrive f (~ EF/D}) for 7 = 1.2, q “ 50. (b) 
Steady-solution particle histories for Et “ 40 and Et = 50 at f = 1.6. 

From Fickett and Wood (1966). 

for Et « 40 and 50 (at f = 1.6). Notice that this change in Et makes only 
a modest change in the steady solution. 

For this and all of the following calculations by these workers, the in¬ 
itial condition is the explosive in the initial (spatially uniform, unreac¬ 
ted) state. The (rear) boundary condition is a piston whose velocity is a 
specified function of time; its motion generates the detonation. If this 
specified piston velocity function is made identical with that of a parti¬ 
cle passing through the steady solution, then the steady solution is 
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generated. The steady-solution particle-velocity history for the two cases 
at hand is shown in Fig. 6.38a. With a first-order rate function the final 
velocity (that of point S of Fig. 6.37a) is reached only at infinite time; for 
reasonably large activation energies it is in practice indistinguishable 
from this value beyond t - 2. The piston prescription used for the two 
calculations at hand is shown in Fig. 6.38a; it is the straight line joining 
the initial and final steady-solution values over the range t « 0 to 2, 
followed by the constant final value. Its differences from the steady- 
solution prescriptions constitute fairly small perturbations on the steady 
solution. 

Fig. 6.38b and c show the results. The Et = 40 case is found to be 
stable as predicted, with the perturbation decaying and the motion set¬ 
tling down into the steady solution at about t = 20. The Et = 50 case is 
dramatically unstable, with the perturbation growing rapidly into a 
final peak-to-peak amplitude about three-fourths of the steady-solution 
pressure. The final amplitude is reached in about the same time, t = 20. 
In one time unit (half-reaction time) the shock traverses about 4 half¬ 
reaction distances. The main period of oscillation is about 8 time units, 
essentially the same as that given by the linear theory. The growth rate 
is also about the same. The early high frequency oscillation, which 
quickly damps out, corresponds to the next root (2) of Fig. 6.35. An in¬ 
teresting result is that, in spite of the large amplitude and nonlinearity 





Fig. 6.38. Time-dependent finite- 
difference calculation for y = 1.2, q 
= 50, f = 1.6, Et = 40 (stable) and 
Et = 50 (unstable), (a) Piston 
velocity prescription, with the two 
steady-solution particle histories 
for comparison, (b) Shock-pressure 
histories. The horizontal line is the 
steady-solution value, (c) Pressure 
profiles in Lagrangian (material) 
coordinate h at fixed times for Et = 
50. The circles mark the points 
where the reaction is 99% complete. 
From Fickett and Wood (1966). 



of the oscillation, the time-average shock pressure is within one percent 
of the steady-solution value. 

In another calculation, Fig. 6.39, a stable solution was first established 
and then caused to go over into an unstable one by reducing the piston 
support. The Et = 50 solution is stable at f = 2. It was first established 
by programming the piston to follow its particle history. The piston 
velocity was then decreased rapidly but smoothly to that for the f = 1.6 
steady solution. The characteristic oscillation appears shortly after the 
rarefaction produced by the decrease in piston velocity overtakes the 
shock. 

The irregularity of the oscillation in Fig. 6.38 is due to the presence of 
the driving piston. The large oscillations at the front emit small waves to 
the rear which reflect off the piston and return to overtake the shock at 
different places in its natural cycle. A regular oscillation, Fig. 6.40, is ob¬ 
tained if the piston is in effect removed. This was done by using a rear¬ 
facing characteristic as the rear boundary, along which the steady- 
solution particle velocity (appropriate to a characteristic path) was 
prescribed. Since signals traveling to the rear move at characteristic 
velocity there is then nothing for them to reflect from. It turns out that 
numerical noise—truncation errors in the finite-difference method—fur¬ 
nishes a sufficient perturbation to produce the oscillatory solution in a 
reasonable time. 

The internal structure is shown in Fig. 6.40b. Starting at the trough, 
with relatively long reaction zone and low pressure, a compression wave 
forms at the rear of the reaction zone and moves forward, growing 




Fig. 6.39. Stable to unstable transition via reduced piston support, (a) 
Piston velocity: (1) t < 6 : follows the supported steady-solution for f = 2.0, 
establishing this stable steady solution, ( 2 ) t £ 6 : decreases smoothly 
through a quarter sine wave to the support value for f - 1 . 6 , generating a 
rarefaction wave which triggers the transition to the unstable solution for 
this drive. The time unit t m is that for f ™ 1.6. (b) Shock-pressure history. 
From Fickett and Wood (1966). 
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TIME t/»„, 


UNSTABLE DETONATION 
y 3 6/5, Q 3 50, E' = 50 
70- CHARACTERISTIC STEADY 

p START ( 0* - 1.6 D|j) 



Fig. 6.40. The "natural" regular oscillation for y = 1.2, q 
= 60, f « 1.6, Et - 60 obtained with a nonreflecting rear 
boundary (steady-solution particle velocity specified 
along a rear-facing characteristic), (a) Shock-pressure 
history. The added curve is from Erpenbeck’s nonlinear 
theory, Fig. 6.23d. From Fickett and Wood (1966). (b) 

Profiles like those of Fig. 6.38b, except that the circles 
and squares mark points of 50% and 99% complete reac¬ 
tion, respectively. From Fickett, Jacobson, and Wood 
(1970). 

rapidly in amplitude as it is fed by the reaction accelerated by compres¬ 
sion heating, and carrying the fire forward with it. By the time it has 
reached the front, the pressure and temperature are high, the reaction 
zone is short, and the configuration is approaching that of an unsuppor¬ 
ted detonation running forward through the partially reacted material 
ahead of it, and followed, of course, by a rarefaction (like the Taylor 
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wave). Since it is growing so rapidly, the reaction-zone profile becomes 
steeper than it would be in the steady state. The shock pressure peaks as 
the shock is overtaken by this interior detonation, and is then rapidly 
reduced by the steep reaction-zone gradient and following rarefaction. 
The entire configuration then drops back into the trough and is ready to 
start again. The compression wave emitted to the rear appears to form at 
the end of the reaction zone at about the time of overtake. Its peak-to- 
trough pressure range is 52 to 58 (symmetric around the steady 
complete-reaction value of 55). The corresponding range at the shock is 
57 to 102 (around the steady value of 67), and T/T c there varies from 
about 7 to 11, changing the reaction rate by a factor of 20. Additional 
details may be found in Fickett, Jacobson, and Wood (1970). 

Fig. 6.40a also compares the calculated pressure with Erpenbeck’s 
nonlinear theory, Sec. 6B1. The two agree fairly well. 

Fickett, Jacobson, and Wood (1970) tried to obtain an accurate value 
of the period by extrapolating to zero computation-mesh size. Even 
though four meshes covering a factor of 8 in size were used, it was not 
clear that the functional form of the mesh-size dependence had been 
adequately determined. They obtained a period of about 8.2, compared 
with the linear theory value of 7.97 and the nonlinear theory value of 
7.49. 

Two cases of multiple unstable frequencies were also calculated. The 
first is the Et = 50 system above, but with the degree of overdrive f 
reduced to 1.4, bringing the second root, Fig. 6.35, into the right half¬ 
plane. The calculation, carried through the first peak, is shown in Fig. 
6.41. (The computer program had to stop at the last time shown because 
of the appearance of a backward-facing shock, which it was not equip¬ 
ped to handle.) The high-frequency component which decayed in Fig. 
6.38 is now seen to grow. The period is that given by the linear theory. 
The second case is a less violent example with very small heat of reaction 

7 = 1.2, q = 1, Et = 50, f = 1.6. 

It has four unstable roots. The result, Fig. 6.42, is complicated as expec¬ 
ted. 

Having in mind systems like hydrogen/oxygen or hydrocarbon/oxygen, 
Fickett, Jacobson, and Schott (1972) did additional method-of- 
characteristics calculations for a simple mockup of branching-chain 
kinetics, and a polytropic-gas equation of state with variable heat 
capacity. They used two reaction rates, one (rate 1) with much longer 
reaction (recombination) zone than induction zone, intended to repre¬ 
sent the real system 2H 2 4- 0 2 -F 9Ar at p G = 10.13 kPa, T 0 = 300 K, and 
the other (rate 2) with reaction and induction zones of about equal 
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Fig. 6.41. The case 7 = 1.2, q = 50, f = 1.4, 
Et = 50 with two unstable roots, started by a 
linear piston-velocity prescription like that 
of Fig. 6.38a. The lowest frequency root (1) of 
Fig. 6.35 has moved farther into the right 
half of the r-plane and now grows very rapid¬ 
ly. The higher frequency root (2), which has 
now moved into the right half of the r-plane 
and thus become unstable, can be seen grow¬ 
ing in the calculation. From Fickett and 
Wood (1966). 



Fig. 6.42. Shock pressure history 
for y = 1.2, q= 1, f = 1.6, Et = 60, 
a detonation with very small heat 
release and four unstable roots, 
started by a steady-solution piston. 
From Fickett, Jacobson, and Wood 
(1970). 


length, more like what would be expected for hydrogen/oxygen or 
hydrocarbon/oxygen systems at higher initial pressures. Both rates have 
the same activation energy, Et = 30. The steady Chapman-Jouguet 
solutions for these two rates are shown in Fig. 6.43a. Also shown for com¬ 
parison is the realistic (ten reactions, experimental rate constants) 
steady solution for 2H 2 + 0 2 + 9Ar described in Sec. 5A8. 

For rate 1, the f = 1 (CJ) steady solution is slightly unstable, with 
(peak-to-peak shock pressure) amplitude 2.0 and (time) period 3.1. 
Presumably it would be stabilized by mild overdrive. The results for the 
more interesting rates are shown in Figs. 6.43b and c. Above f = 1.6, the 
steady solution is stable. Coming down in f, we find first the low- 
amplitude (4.6), high-frequency (period 1.7) oscillation of Fig. 6.43b. At 
f = 1.226, a high amplitude (3), low-frequency (period 7.0) mode ap¬ 
pears, with the high-frequency one still in evidence, as shown in Fig. 
6.43c. A shorter calculation at f - 1 (to t = 28), suggested a pattern 
similar to Fig. 6.43b but with slightly larger amplitude and longer 
period. For all of these, the spatial period (in units of the half-reaction 
length) is between 3 and 4 times the time period. 

Referring back to Fig. 6.36, we see that the order of entry (with 
decreasing f) of the roots (1) and (2) into the right half-plane is reversed 
from that for the first-order Arrhenus rate; here the higher frequency 
root (2) crosses over first. 
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Fig. 6.43. Oscillating detonation 
for branching-chain (induction 
zone) kinetics, (a) CJ steady solu¬ 
tions: (1) realistic calculation for 
2H 2 + 0 2 + 9Ar at p 0 = 10.13 kPa, 

To = 300 K, (2) rate 1 mocking up 
this system, and (3) rate 2 
representing hydrogen/oxygen or 
hydrocarbon/oxygen at higher in¬ 
itial pressure. One distance unit for 
rates 1 and 2 is about 1 cm. (b), (c) 
Oscillations for rate 2: Low 
amplitude, high frequency at f = 
1.3, and high amplitude, low fre¬ 
quency at f = 1.225. (Note change 
in vertical scale.) From Fickett, 
Jacobson, and Schott (1972). 

Chernyi and Medvedev (1970) have done some method-of- 
characteristics calculations for a polytropic gas with 7 = 1.4 and half¬ 
order Arrhenius rate 

r = k (1-X) 1/2 e - Et/RT . 

These are similar to the calculation of Fig. 6.39. The starting state is a 
steady f s* 1.1 (apparently stable?) detonation. The rarefaction is a 
strong centered rarefaction started after five complete-reaction times, so 
that the final state is an unsupported CJ detonation. Shock pressure 
histories are shown in Fig. 6.44a and an Et-q stability diagram for f = 1 
in Fig. 6.44b. The calculations extend far enough in time to determine 
stability but not far enough to determine the final pattern of oscillation. 



285 








NONSTEADY SOLUTION 


Chap. 6 


Sec. 6C 


FINITE-DIFFERENCE CALCULATIONS 




Fig. 6.44. Oscillating CJ detonation in 7 = 1.4 polytropic gas with 
half-order Arrhenius rate, (a) Shock velocity histories for q = 34.3 
and three activation energies. The time unit t* is the steady-solution 
complete-reaction time. The energy unit is p 0 v o . (b) Et - q stability 
diagram for f*l; the dots and squares mark stable and unstable 
calculated points and the line the neutral stability boundary. From 
Chemyi and Medvedev (1970). 

Howe, Frey, and Melani (1976) have done method-of-characteristics 
calculations for a polytropic gas similar to those of Fickett and Wood 
(1966) except that they concentrated on the case of the unsupported 
detonation. Their computer program inserted (+) characteristics as 
needed to keep the net fine enough. They calculated for 7 = 1.4 as well 
as for 7 = 1 . 2 , and used a rate mocking up a branching-chain process 
with an induction zone as well as the first-order Arrhenius form. They 
were able to make the interesting generalization that the parameter 
values which postpone the heat release toward the end of the reaction 
zone—large activation energy, induction delay, and small 7— make the 
steady solution less stable. A second interesting result is another case, 
like that of Fickett, Jacobson, and Schott (1972) in which a higher- 
frequency root is the first to appear as the stability boundary crossed. 
The stable system 7 = 1.4, q = 33, Et = 60 with first-order Arrhenius 
rate was made unstable by increasing Et. A single unstable root is pre¬ 
sent at Et = 65; at Et = 68 there is a second one of about twice the period 
and twice the amplitude. 

Il'kaeva and Popov (1966) did a short Lagrangian mesh calculation for 
a square-wave detonation. They used a very simple equation of state 
representing a condensed explosive 

P = 1/3 (p‘ + A - 1), p 0 = 1. 



The "square-wave" rate function is zero in the induction period below an 
ignition density p u and proportional to a high power of the density above 
Pi- 


dAVdt = 0, p < Pi 
dA*/dt = kp“, p 2 : pi 
X = 0 for X* < 1 
X = 1 for X* = 1. 

All the heat is released instantaneously at the end of the induction 
period. The ignition density p x is taken to be the induction-zone density 
in the steady solution. The square-wave stability criterion of Sec. 6 C 2 
predicts instability for a > 7.77. For a = 0 , the steady solution is stable, 
as expected. Fig. 6.46 shows a calculation for « = 16 for which a small 
positive perturbation (see Sec. 6 C 2 ) is introduced in an unspecified 
manner via the initial conditions. The behavior is as described in Sec. 
6C2, but the detonation fails after the shock from the perturbation 
reaches the front and reduces the density below the ignition value. It 
would be interesting to run this calculation longer with a lower ignition 
density, so as to see the oscillatory state. 

Mader (1966) has done calculations for supported detonations in li¬ 
quid nitromethane and liquid TNT with a Lagrangian mesh code, using 
a first-order Arrhenius rate function. We describe the results for 
nitromethane; those for TNT are similar. The activation energy is taken 
to be Et/R = 27,000 K (Et = 63.6 kcal/mol), a value consistent with 
lower-pressure shock-initiation experiments. The range of temperature 
through the calculated steady CJ reaction zone, 2600-3200 K, changes 
the exponential e- Bt/BT by a factor of only 6.4, giving a less square profile 
than that for the ideal gas calculations of Fig. 6.37. The oscillatory solu¬ 
tion for f = 1.06 is shown in Fig. 6.46. The steady half-reaction time and 
distance are about 0.017 ns and 63 nm; the oscillation period is about 17 
half-reaction times or 36 half-reaction distances. The peak-to-peak am¬ 
plitude at the shock is 14% of the steady-solution pressure. The calcula¬ 
tions at lower f cover less than one period of the oscillation, so precise 
values are not available, but, as f is decreased, the period (in units of the 
half-reaction time) appears not to change too much, while the amplitude 
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DISTANCE X TIME llml 


Fig. 6.45. Lagrangian mesh Fig. 6.46. Lagrangian mesh 

calculation for an idealized con- calculation of the pressure history 

densed explosive with square- at the shock and at the end of the 

wave rate (instantaneous heat reaction zone for an oscillatory 

release after an induction time) detonation in liquid nitromethane 

proportional to a high power of at f = 1.06 with an (assumed) ac- 

density. The pressure profiles tivatiofi energy Et/R = 27,000 K 

shown are snapshots at a (Et = 53.6 kcal/mol). The half¬ 
sequence of times. The distance reaction time is 0.017 ns. From 

scale is such that the steady Mader (1965). 

reaction zone length is about 30. 

From Il'kaeva and Popov (1965). 

grows rapidly. At f = 1.03 the amplitude is at least 60% of the steady- 
solution pressure. As f is increased the steady solution is stabilized 
somewhere between f = 1.06 and f = 1.10. The f = 1 steady solution is 
stabilized by reducing the activation energy; a calculation at f = 1, Et = 
40 kcal/mole was stable. The stability and the nature of the oscillation 
were found to be rather insensitive to reasonable variations in the equa¬ 
tion of state. 

6C2. Two Dimensions 

Mader (1967b) has done some preliminary two-dimensional finite- 
difference calculations. He prepared two programs for the IBM 7030 
(STRETCH) computer, one using the Lagrangian scheme, in which each 
computation cell represents a particle of the fluid, and the other using 
the Eulerian scheme, in which each cell is fixed in space. Both used ar¬ 
tificial viscosity to handle the shock. His most extensive results are for 
calculations with cylindrical symmetry, each cell representing a ring of 
material. A rigid plane piston at one end of the cylinder initiates the 
detonation. Its velocity is programmed to reproduce the motion of a par¬ 
ticle passing through the steady one-dimensional solution, so that it 
generates this solution in the stable case. At the beginning of the calcula¬ 
tion, a perturbation is introduced halfway between the axis and the outer 
wall by increasing the mass of a single cell at the piston by 10 to 30%. 
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W 0 " - 50 CELLS- 25 

Fig. 6.47. Snapshot of the cell cor- Fig. 6.48. Snapshot of the cell cor¬ 

ners at t = 1.2 from the two- ners at t = 8.4 from the two- 
dimensional Lagrangian calcula- dimensional Lagrangian calcula¬ 
tion of ideal gas detonation in a tion for the unstable case q = 50, 

cylinder for y = 1.2, q ~ 0.2, Et = with other parameters the same as 

50, f = DVD? ~ 2, having a stable in Fig. 6.47. Note that the horizon- 

steady solution. The perturbation, tal and vertical scales are again dif- 

introduced by a heavy high- ferent. From Mader (1967b). 
pressure cell at t = 0, r - 1,25, 
decays with time. Note that the 
horizontal and vertical distance 
scales are different. As before, the 
length unit is the steady half¬ 
reaction length; the unit of energy 
is p 0 v 0 . From Mader (1967b). 

The volume and specific energy of this cell are kept constant in the per¬ 
turbation so that its pressure and density are increased. The calculation 
is stopped when signals from the perturbation reach the edge of the 
cylinder. We show the results for two of Erpenbeck's (Sec. 6 A) ideal-gas 
systems. Both have y * 1.2, E* = 50, and f = 2, differing only in the 
value of q. The first, with q = 0 . 2 , is stable to all perturbations. The se¬ 
cond, with q = 50, is shown in Fig. 6 . 10 . It is unstable for wavelengths in 
the range 3.5 < 2ir/e < 63 or 0.1 < e < 1.8. 

Fig. 6.47 shows a snapshot of the cell-corner positions from the 
Lagrangian calculation for the stable case q = 0.2, with 250 cells along 
the axis and 50 cells along the radius. Each cell is a square of side 0.05 in 
the undisturbed material. The signal generated by the perturbation is 
seen to decay rapidly, as expected. Fig. 6.48 is from a similar calculation 
for the unstable case q = 50. Here each undisturbed cell is a square of 
side 0.8. The average compression factor in the reaction zone is about 
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seven, so that along a line parallel to the axis there are about nine com¬ 
putation cells between the shock and the half-reaction point, a rather 
small number in view of the artificial-viscosity smearing of the shock. 
The signal from the perturbation retains an appreciable amplitude, 
traveling outward with about the speed of an acoustic front moving 
transversely through the products at the end of the reaction zone. The 
larger magnitude of the perturbations on the left side of the figure is no 
doubt attributable to cylindrical convergence. Also shown are the paths 
of the point of intersection of an acoustic wave front normal to the shock 
traveling at the steady-solution sound speeds for A = 0 and A = 1 (no 
reaction and complete reaction). A part of the signal, at least, 
propagates with the A = 0 speed. Fig. 6.49 shows pressure contours of an 
Eulerian calculation for the same system. Here there are 100 cells along 
both the symmetry axis and the radius, with each cell a (fixed) square of 
side 0.04, This gives better spatial resolution, with about 25 cells in the 
half-reaction zone on a line parallel to the axis, at the cost of shortening 
the distance of run to about three half-reaction zone lengths. 

We estimate the transverse wavelength from Fig. 6.48 as the distance 
between the first maximum leftward particle displacements behind the 
shock, as shown. This gives a value of 10.4, lying within the predicted 
unstable range of 3.5 to 63. The calculation of Fig. 6.49 has probably not 
run long enough to give a wavelength estimate. We note that the dis¬ 
tance between the pressure peaks is much smaller, about 0.28, and that 
the transverse pressure variation is about one percent of the shock 
pressure. 

Two-dimensional calculations were also performed for nitromethane 
and liquid TNT. The one-dimensional stability results described earlier 
were reproduced, but no evidence of two-dimensional instability was 
seen. 


Fig. 6.49. Snapshot of the pressure 
contours at t - 0.3 from the 
Eulerian calculation for the detona¬ 
tion of Fig. 6.48. Adjacent contours 
differ by 1 in p/p D . From Mader 
(1967b). 
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STRUCTURE OF THE FRONT 


Our knowledge of the actual structure of the front rests almost entirely 
on observation, interpreted with the help of after-the-fact calculations 
based on standard shock matching and blast wave theory. The 
theoretical work described in Chapters 5 and 6, even the treatments of 
galloping detonation and transverse waves, do little more than hint at 
the structure. 

For gases there has been a large experimental effort, resulting in quite 
detailed knowledge of the structure and identification of the important 
parameters. The relatively modest effort with the more difficult solids 
and liquids has been less successful, but some structural features have 
been identified, and it is clear that the structure is of the same general 
type as that in gases. 

The key feature of the structure is the transverse wave, an interior 
shock joined to the leading shock in the conventional three-shock con¬ 
figuration. The Mach stem and the incident shock are part of the leading 
shock, and the transverse wave is the reflected shock. The transverse 
waves move back and forth across the front. Groups of them moving in 
the same direction take up a preferred spacing on the order of 100 
reaction-zone lengths. They are not steady waves, but are continually 
decaying, and stay alive only by periodic rejuvenation through collision 
with other transverse waves moving in the opposite direction. 

Secs. 7A through D deal with gases, and Sec. 7E with liquids and 
solids. Section 7 A surveys the main features of the structure, defines the 
notation, and briefly reviews the experimental methods and the shock¬ 
matching calculations. Sec. 7B looks at the general structure of the front 
and the behavior of the transverse waves—how they couple with the 
acoustic modes of the tube and how they behave in transient situations. 
Sec. 7C moves in for a closer look at the details of the structure, of 
necessity considering only the simplest cases—single spin in a round 
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tube and low-mode-number detonations in narrow rectangular tubes. 
Sec. 7D compares the theoretical and semi-empirical predictions of 
transverse-wave spacing with experiment. 

Definitions and Symbols 

• Wave designations 
M — Mach stem 

I — incident shock 
R — reflected shock 

S — shock strength: pressure ratio minus one 
slip — slip line 

fire — region of rapid energy release 

• Cell and tube geometry (Sec. 7A3) 
x,y,z — space coordinates, Fig. 7.6 
L,Z — cell length and height, Fig. 7.6 

• Mixture composition 

Percentages in mixture composition are mole percent. Thus 
30% (2H a + 0 2 ) + 70%Ar = 2H a + O a + 7Ar. 

In the literature the first percentage is sometimes omitted: 

2H 2 + O a + 70%Ar. 

7A. OVERVIEW 

A detonation typically has a cellular structure. Fig. 7.1 shows the 
traces left by a well-established expanding spherical detonation in 
acetylene-oxygen on a soot-coated flat plate mounted normal to a 
radius. 

The cellular structure is self-sustaining, with the chemical reaction 
furnishing the driving energy. The cell boundaries are transverse waves 
propagating in the reaction zone at approximately acoustic velocity, so 
the pattern changes with time. Since they intersect the main shock, it is 
wrinkled. The transverse-wave spacing is approximately proportional to 
the (steady-solution) reaction-zone length, with the constant of propor¬ 
tionality on the order of 100. The soot-film technique of Fig. 7.1 is exten¬ 
sively used, and capable of recording great detail. As suggested by this 
record, there are appreciable variations in pressure and velocity within 
the structure—sufficient to record the structural details by scrubbing off 
more soot in some spots than in others. 
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Fig. 7.1. Soot imprint (on a flat 
plate normal to a radius) from an 
expanding spherical detonation in 
C a Hj + 30 a , p 0 = 6.7 kPa. From 
Duff and Finger (1966). 


When the detonation is confined in a tube whose diameter is not too 
much larger than the characteristic cell size, many materials yield very 
regular patterns. These structures have been extensively studied; the 
flow field and its dependence on the system properties is now quite well 
understood. 


7A1. An Intuitive Picture 

A good way to visualize the cellular structure is to imagine how it 
might arise from a grid of regularly spaced perturbations introduced into 
a square-wave detonation. 

Suppose we have a one-dimensional square-wave detonation, and 
somehow introduce a hot spot into the reaction zone just ahead of the 
fire. This initiates a hemispherical detonation moving into the induction 
zone and eventually overtaking the front. The observed cellular struc¬ 
ture can be pictured as that resulting from the collisions of a number of 
such microdetonations, as they have been called by Dremin (1968). With 
a grid of regularly spaced hot spots, we would have the sequence of 
events shown in Fig. 7.2. A similar picture would of course apply to an 
array of line sources generating cylindrical waves. Beginning at the bot¬ 
tom of the figure, we first have the microdetonations starting to collide 
with each other at their lateral edges and penetrating the leading shock 
at the top. The details are complicated, but the main features are 
sketched in the succeeding lines of the figure. The shock reflection at the 
collisions of the adjacent microdetonations is initially regular, but as the 
angle of collision increases, a Mach stem (see below) is formed. In the 
second line of the figure, this Mach stem has overtaken the original 
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Fig, 7.2, (a) Development of 
front structure. The wave moves 
from bottom to top of the figure. 
From Fickett (1970). (b) A 
similar configuration generated 
in an inert gas by a row of ex¬ 
ploding wires. From Ewald et al. 
(1972). 



front. Behind the Mach stem the pressure and temperature are high and 
the induction zone is short. Where the decaying spherical front of the 
microdetonation has overtaken the original front, and passed into un¬ 
shocked material, the induction zone is long. The reflected shocks, mov¬ 
ing laterally into the unreacted material of this long induction zone, 
become something like transverse detonations. As the transverse waves 
continue to approach each other, the Mach stem is being degraded by 
rarefaction from its sides and rear. If conditions are right, as the 
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(0) REGULAR REFLECTION 


Fig, 7.3. Regular and Mach shock 
reflection in a nonreactive fluid. 



(b} MACH REFLECTION 


transverse waves reverse direction through collision they again encoun¬ 
ter unreacted material in which to propagate—the now lengthened in¬ 
duction zone behind the weakened Mach stem—and the process can 
repeat. 

Rough criteria for the transverse-wave spacing are evident from this 
simple picture: It must be large enough to allow an appreciable induc¬ 
tion zone to form between two transverse waves receding from each 
other, so that when their direction is reversed by collision with their 
outer neighbors they will encounter enough unreacted material to 
sustain their propagation through the next collision. It must be small 
enough to preclude the formation and appreciable growth of a new 
microdetonation between two transverse waves approaching each other. 

7A2. Th© Triple Point 

Although we postpone discussion of the details of the structure until 
Sec. 7C, we will take a first look at the key feature here: the transverse 
wave and its intersection with the front at the triple point. The con¬ 
figuration is similar to Mach reflection in nonreactive materials, which 
we first briefly review. The reader interested in more detail may consult 
a standard reference such as Courant and Friedrichs (1948). 

Consider a plane shock moving down a channel and encountering half 
of a thick wedge, Fig. 7.3a. The shock reflects from the surface of the 
wedge in straightforward fashion; the process is termed regular reflec¬ 
tion. As the wedge is made thinner, a point is eventually reached at 
which the reflected shock is unable to turn the flow parallel to the wedge 
surface and a third shock, the Mach stem, appears, Fig. 7.3b. This 
process is called Mach reflection. The original incident and reflected 
shocks now join the stem at the triple point . The slip line beginning at 
the triple point separates material passing through the stem from that 
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passing through the incident and reflected shocks. Roughly, nature in¬ 
serts the stem to form a thicker wedge (whose upper surface is the slip 
line) on which regular reflection can occur. An important point is that 
the flow in the neighborhood of the triple point is almost steady—so 
nearly so that analysis under the steady assumption is widely used with 
considerable success. 

Mach reflection of a detonation wave is similar. Fig. 7.4 depicts such 
an experiment. For practical reasons, the channel geometry, Fig. 7.4a, is 
different from that of Fig. 7.3, but the reflection which generates the 
Mach stem is essentially the same. The first requirement is to generate a 
momentarily stable one-dimensional detonation wave without the 
transverse structure which would normally be present. This is accom¬ 
plished by passing a C J detonation wave through a convergent-divergent 
section. The strong overdrive in the convergent section is sufficient to 
make the one-dimensional solution stable and remove the transverse 
structure. The following divergent section returns the wave to the CJ 
state quickly enough so that the transverse structure does not have time 
to reappear. 

As the wave emerges from the divergent section, its upper end encoun¬ 
ters the change in angle where the upper edge of the divergent section re¬ 
joins the channel wall. Here we have the situation of Fig. 7.3b, with the 
upper edge of the divergent section replacing the channel wall and the 
upper channel wall replacing the wedge. The important feature is of 
course just the abrupt change in wall angle seen by the wave. As in¬ 
dicated by the triple-point track, the triple point is allowed to proceed 
most of the way across the channel before the interferogram is taken. 

The sketches show the main features of the interferogram. The fire is 
seen to have an observably finite width; in the magnified view of the tri¬ 
ple point, Fig. 7.4d, it is indicated by just a dotted line. The incident 
portion of the front shock is about like a normal plane detonation. Parti¬ 
cles entering it near enough to the triple point A encounter the reflected 
shock AC before burning. The shock heating shortens their induction 
time* producing the inclined fire CD. The stem portion of the front shock 
is much stronger with correspondingly shorter induction zone. As 
described in Secs. 6A2.1 and 6B3, the start-up of the fire at E should 
produce forward- and rear-facing shocks, and the termination at D a 
similar pair of rarefactions. There is probably insufficient resolution at 
E to show the shocks; PD may be the rear-facing rarefaction. QD is 
probably the diffuse extension of the slip line. It is not clear what PQ is. 
Note that the reflected shock AC bends sharply downward as it encoun¬ 
ters the higher sound speed of the burned gases behind the fire. 
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(c) (d) 


Fig. 7.4. Interferogram of Mach reflection in a reacting gas, 2H 2 + 2CO + 
0 2 , Po - 2.0 kPa. (a) The detonation, stabilized by passage through a con¬ 
striction, undergoes Mach reflection at point 1. The triple point has 
almost reached the opposite wall at point 2 where the picture is taken, (b) 
Interferogram. (c) Sketch of the interferogram. (d) Magnified view in the 
quasi-steady frame attached to the triple point. From White and Cary 
(1963). 
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This triple-point structure has the main features of those observed in 
steadily propagating detonations, but there are some important dif¬ 
ferences. It is, however, sufficiently accurate for present purposes. 

7A3 B The Simplest Regular Structure 

We are now ready to describe the simplest cellular detonation in 
somewhat idealized form. At the same time, we introduce some ter¬ 
minology that will be needed later. The case we consider is that of two- 
dimensional flow. A good approximation can be achieved in practice by 
using a channel of rectangular cross section of high aspect ratio with 
narrow dimension less than the natural transverse-wave spacing. Figure 
7.5 shows soot tracks from a laboratory example, and a diagram. Ideally, 
the only transverse waves present are those moving back and forth bet¬ 
ween the narrower walls. (Actually Fig. 7.5 is something of a fluke; or¬ 
dinarily there is some evidence of an orthogonal family of waves). The 
main tracks are those of the triple points. Figure 7.6 shows (for a wider 
channel) how successive snapshots of the front superimposed on the 
triple-point tracks would look to an observer looking into the wide wall 
of the channel. The following discussion refers both to this figure and to 
the preceding one. 

The leading shock surface, or front , is composed of alternate sections 
termed, as in Fig, 7.4, the incident shock and the Mach stem. These join 
at triple points from which the reflected shock , or transverse wave ex¬ 
tends behind the front. The transverse waves extend much farther 
behind the front than shown, becoming weaker to the rear. The slip line 
divides the material which passes through the Mach stem from that 
which passes through the incident and reflected shocks. The triple point , 
or, more properly, a small segment of the slip line emanating from it, 
writes the main track: according to Crooker (1969), "the slipstream sheet 
removes most of the soot from the Mach-wave side of the triple-point 
trajectory, while the relatively smooth flow on the incident side removes 
considerably less." The triple "point" is of course actually the projection 
onto the side wall of the line of intersection of the three shocks, which we 
occasionally refer to as a confluence line . The word wave usually refers to 
a shock, but is also used for more extended configurations such as 
rarefactions. We usually describe the reaction zone in terms of the 
square-wave model: a constant-state induction zone followed by a zone 
of instantaneous or very rapid heat release—the fire. In the literature the 
fire is often called the recombination zone, since most of the heat comes 
from recombination of the dissociation products of the thermally neutral 
reactions of the induction zone. 

At each transverse-wave collision the Mach stem and incident shock 
are in effect interchanged. Two transverse waves receding from each 
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Fig. 7.5. Soot track and sketch of a two-dimensional (planar mode) cellular 
detonation in 2H a + 0 2 + 7Ar, p 0 = 9.3 kPa. Soot track from Strehlow 
(1968b). 



Fig. 7.6. Snapshots of detonation 
front structure superimposed on 
triple-point tracks. 
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other after collision leave behind a high-pressure region with short reac¬ 
tion zone—a new Mach stem (see the collision calculation of Sec. 7A5). 
They move into the now weakened old Mach stems which become the in¬ 
cident shocks for the new triple points coming out of the collision. Along 
a line in the direction of propagation passing through points of collision, 
the history of the front (shock) state parallels that for the one¬ 
dimensional instability of Chapter 6, with the shock pressure jumping 
well above CJ at collision, and then decaying to a value below. Unless 
the cell size is very much smaller than the tube diameter, the average 
propagation velocity is somewhat below the CJ value. 

We now return to Fig. 7.5 to define some terms for the track geometry. 
The direction of propagation in all figures is from left to right, or from 
bottom to top. The repeated four-sided figure is called a cell, A 
centerline joins successive collision points lying on a line in the direction 
of propagation. The axial velocity D is the velocity of the point of inter¬ 
section of the main front with the centerline. The cell length L and 
transverse-wave spacing (cell height) Z are shown in the figure. The 
transverse-wave spacing is of course just the distance between two 
transverse waves moving in the same direction. In the figure there is only 
one family of transverse waves, whose propagation directions lie along 
the positive or negative y-axis. The flow is two-dimensional, with flow 
variables independent of x. Such a detonation is called a planar 
detonation, and the associated family of transverse waves the principal 
waves. The detonation is characterized by the number of transverse 
waves or mode number, which is twice the number of cells across the 
tube. In the figure there are 1 1/2 cells and three transverse waves. 

If the tube is not too narrow in the x direction, there will also be a well- 
developed orthogonal family of transverse waves moving back and forth 
between the wider walls. We then have a rectangular detonation with 
principal waves moving up and down in the y direction and leaving 
tracks on the side walls and slapping waves moving back and forth in the 
x direction and leaving tracks on the top and bottom walls. A rec¬ 
tangular detonation is characterized by two numbers, such as 3 X 2, the 
second number being the number of transverse waves moving back and 
forth in the x direction. Such a detonation imprinting on a soot-coated 
end plate produces a pattern with approximately square cells (the word 
cell also being used to describe an end-plate pattern). In a tube of square 
cross section the two families of waves are of course of identical strength, 
but we retain the terminology of principal and slapping waves. A few 
more terms having to do with details of the structure are defined at the 
beginning of Sec. 7C. 
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7A4, Experimental Methods 

Detonations with cell size much smaller than the cross section of the 
container have an irregular structure. Details of the flow in such a 
system are of course difficult to measure, and most of the experimental 
work has been done in simpler if slightly atypical systems in which the 
degree of dilution and initial pressure are chosen to make the natural 
cell size comparable to the cross section of a square or circular tube. This 
simplifies the observational problem at the cost of introducing wall ef¬ 
fects (boundary layer, heat conduction, catalysis) which would be of 
negligible importance in the large-diameter limit. Even so, except 
possibly in very narrow channels, the principal effect of the boundaries 
is just their presence as rigid walls and the resultant determination of 
the cell size and shape and direction of propagation of the transverse 
waves. 

Probably the most important consideration in choosing a gaseous 
detonation mixture to study is that it be one which gives a regular pat¬ 
tern of cells of convenient size. Other considerations are that the kinetics 
be well understood, so that the observed structures can be correlated 
with calculated induction times, and perhaps that the system have some 
special property which facilitates observation. The mixtures most used 
are YiJ0 2 , C 2 H 2 /0 2 , and C0/0 2 , often diluted with inert gases. These 
have kinetic schemes which have the common feature of a rapid exother¬ 
mic reaction preceded by a relatively long thermally neutral induction 
zone. This is produced by a branching-chain mechanism in which atom 
and radical concentrations build up exponentially with time from very 
small initial concentrations. The induction time has been measured un¬ 
der a wide range of conditions (White, 1967) and can be reliably 
calculated from the initial concentrations of reactants. All of these give 
quite regular patterns, and convenient cell size is easily obtained by 
proper choice of dilution at reasonable initial pressures (boundary layer 
effects become more important as the initial pressure is reduced). The 
acetylene-oxygen system has a property which makes it particularly 
convenient for qualitative studies: a strong chemiluminescen¬ 
ce—brighter than the equilibrium thermal radiation from any part of the 
flow in the diluted system—accompanies the fire and thus marks this 
part of the flow. The C0/0 2 system with a small admixture of hydrogen 
has the advantage of historical familiarity and offers a chemical probe in 
the form of radiation in the blue continuum proportional to the con¬ 
centration product [C0][0], a feature extensively exploited by White 
(1961) as described in Chapter 3. 
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Two tube cross sections are used: round and rectangular. A round tube 
is easier to fabricate and thus historically the first used for observations. 
The lowest mode in the round tube—the so-called single spin—offers the 
strongest transverse wave observed in any system and has the unique 
feature of being the only system in which there are no collisions of 
transverse waves with each other or with the wall inasmuch as the single 
transverse wave present just rotates about the tube axis. Higher modes 
with transverse waves going in both directions around the tube can also 
be generated. 

The rectangular tube offers the advantage of plane observation win¬ 
dows with no disturbance of the flow and a more nearly two-dimensional 
flow, particularly in the planar mode in which one family of transverse 
waves is suppressed by making one dimension of the cross section much 
smaller than the natural cell spacing. Even in the rectangular case, 
where both families of transverse waves are present, the waves do not in¬ 
terfere with each other very much and these advantages are still present 
although to a lesser extent. This has been the configuration of choice in 
some more recent work. 

A number of observational tools are used. The book by Soloukhin 
(1966) has a good review. Much qualitative information can be gained 
from open-shutter photographs of a system like acetylene-oxygen, where 
the chemiluminescence of the fire records a good visual track. The sim¬ 
ple soot film placed on the wall of the tube records a large amount of in¬ 
formation with good resolution and has become a nearly indispensable 
tool. Acoustic tracks from sand grains or indentations on the foil show 
the local orientation of the front. Voitsekhovskii, Mitranov, and 
Topchian, hereafter abbreviated as VMT (1963) made very effective use 
of the rotating drum camera with velocity synchronization and a 
schlieren optical system; by proper choice of the slit angle and camera 
rotation speed, selected features of the structure are brought to rest on 
the film and thus singled out for study. For example, the triple-point 
structure is studied by using a wide slit oriented at the track angle to the 
tube axis and moving the film parallel to the slit at the velocity of the 
image of the triple point. More recently Strehlow and Crooker (1974), 
using similar techniques but with the advantage of a continuous laser 
source, were able to resolve much detail of the structure. Laser- 
illuminated snapshots are also much used. For example, Edwards, 
Hooper, Job, and Parry (1970) have made detailed interferograms of the 
structure, and the review by Lee, Soloukhin, and Oppenheim (1969) 
shows a sequence of snapshots through a thinly smoked foil to 
demonstrate directly that the track is indeed written by the triple point. 

Transducers are also much used. Ionization gauges detect the arrival 
of the front and thus its velocity. Batteries of pressure transducers 
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mounted in the tube walls give pressure histories. The cross section of 
these can be made much smaller than the cell width. Platinum 
resistance gauges measure the temperature in similar fashion. 

7A5, Calculations 

The most common calculation used in interpreting the experiments is 
shock matching at the triple point. The flow is assumed steady in a 
frame attached to the triple point, so that the standard shock-polar 
analysis applies, Fig. 7.7. For background, see standard works such as 
Courant and Friedrichs (1948), or the paper of Oppenheim, Smolen, 
Kwak, and Urtiew (1970). The incoming flow velocity u 0 and the inclina¬ 
tion angle <j> x of the incident portion of the front to it are experimentally 
measured. Ignoring for the moment the effects of chemical reaction, we 
have the shock polar CD which relates, for given incoming Mach number 
Uo/co (and polytropic gas index 7 ), the pressure ratio across the shock to 
the deflection angle 0 of the particle path through it. The angle 0 bet¬ 
ween the incoming flow and the shock (not shown in the figure) varies 
monotonically with arc length along the polar, from 0 at p = p G to 90° at 
the maximum pressure. Polar CD is first applied to the incident shock. 
In the example, the state behind it is point E, where 0 = 0 !, the 
measured inclination. The next step is to repeat the process across the 
reflected shock. The polar for this is EF, with E the initial point (with 0 
now the total deflection through both incident and reflected shocks). 
The state behind the reflected shock must be on EF. But its pressure 




Fig. 7J. Flow in the neighborhood of the triple point and shock 
polars for 2H 3 0 4- 0 3 , p c = 4.0 kPa and 0! = 55°. After Edwards, 
Parry, and Jones (1966). 
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and deflection 6 must be the same as that behind the stem shock, to 
which CD also applies. Hence their intersection at G gives this state 
(and the stem inclination 0 2 ). The entire flow around the triple point is 
thus determined. 

If the stem shock is strong enough, the reaction zone behind it may be 
sufficiently short that treating the reaction there as instantaneous may 
be a better approximation. Under this assumption, the polar for the 
stem becomes that for a detonation, AB in the figure, and we look for its 
intersection with EF giving the state for the reflected shock. For the par¬ 
ticular example shown, there is no solution under this assumption, but 
in other cases, generally with smaller <f) u there is. 

The other standard calculation is the collision of two transverse 
waves, as diagrammed in Fig. 7.8. In principle, knowledge of the en¬ 
trance and exit angles a and a' determines all of the states around the 
triple points before and after collision. We will describe the collision 
process and summarize the results, considering only the symmetric case. 
For details, see Strehlow and Biller (1969), Strehlow, Adamczyk, and 
Stiles (1972), Oppenheim, Smolen, Kwak, and Urtiew (1970), and Ur- 
tiew (1976). 

Our discussion refers to the upper labeled portion of the figure. The 
triple-point configuration is inverted by the collision. Before collision 
the upper segment M (above the track) of the leading shock is the Mach 
stem, the lower segment I is the incident shock, the slip line lies above 
the track, and the reflected shock R lies below it. After collision the up¬ 
per segment I* of the lead shock, originally the Mach stem, is the inci¬ 
dent shock, and the lower segment M' is the new Mach stem. The slip 
line now lies below the track and the reflected shock lies above it. Note 
that the original incident shock I is consumed in the collision and that 
the new Mach stem M' grows from it. The key property which makes the 
calculation possible is that the upper segment of the leading shock is un¬ 
changed by the collision, since the flow is supersonic in the 
neighborhood of the triple point. Thus we have p = p’ and d-d'. 



Fig. 7.8. Collision of two trans¬ 
verse waves. 
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To see that the specification of the entrance and exit angles a and a ’ 
determine all the states, recall from our earlier discussion that the com¬ 
plete state around a triple point is determined by the incoming flow 
speed u 0 and its inclination angle $ to the incident shock (in the steady 
frame). Express these in terms of the track angles a and a' and the axial 
velocity D 

u 0 ** D/cos a 

<t> = 90° — a. 


The triple-point solution, which we here denote by a tilde, then allows us 
to express any other state quantity in terms of these. In particular we 
have before reflection 

P = P (a, D) 

d = F(a, D). 

Similarly we have after collision 
P* - V («', D') 

O' - 9 («', D'), 

the functions differing in detail because of the inversion through colli¬ 
sion. From the constancy of the outside shock we have p = p', and d = O', 
so these become two simultaneous equations giving D and D’ in terms of 
a and a'. ? 

The sensitivity of this system of equations is best studied by posing 
the problem of an incoming triple point of given axial velocity D and en¬ 
trance angle a. It turns out that the results for most of the properties of 
interest depend mostly on the value of a, and hardly at all on D. To a 
good approximation it is found that: 

1. The entrance and exit angles a and a' are related to the invariant 
angle d by 


a 1 = a — 0. 

2. The transverse-wave strength (pressure ratio across the reflected 
shock minus one) is a nearly linear function of a , a typical result being 
that this strength varies from 0.16 to 1.4 as a changes from 25° to 60°. 
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3. The transverse-wave strength is changed only slightly by the 
collision. 

In practice, the measured entrance angle is used to determine these 
properties and the measured exit angle is used as a check. 

7B. MACROSCOPIC PROPERTIES 

7B1. Structures 

Detonations have a natural cell size one to two orders of magnitude 
greater than the reaction-zone length (of the hypothetical steady one¬ 
dimensional CJ detonation). If the detonation is unconfined, or if the 
tube diameter is very much larger than the cell size, random patterns 
like that of Fig. 7.1 are observed. With the initial pressure and degree of 
dilution chosen to make the cell size not too much smaller than the tube 
cross section, patterns of varying degrees of regularity are observed. 
Some examples in rectangular tubes are shown in Fig. 7.9. 

Much of the work on this subject has been done by Strehlow and his 
coworkers, and is summarized in his reviews, Strehlow (1968b, 1969). No 
comprehensive explanation of the observations in terms of system 
properties has been given, although the work of Takai, Yoneda, and 
Hikita (1974) may offer a starting point. These authors discuss the 
change in system properties when H 2 /0 2 is diluted with nitrogen, which 



Fig. 7.9. Soot films showing different degrees of regularity. From Strehlow 
(1968b). 



interferes with the chain reaction and destroys the regular structure; 
their results suggest that irregular patterns may be associated with 
systems near the detonation limit. In general, regular structure apears to 
be favored by low initial pressure and dilution with inert gases. Some of 
the observations, as summarized by Strehlow (1969) are 

1. With 0 2 as oxidizer, and with appropriate diluent and initial 
pressure, very regular patterns can be obtained from H 2 , C 2 H 2 , C 2 H 4 , and 
CO, but not from NH a , CH 4 , C 2 Hq and C 8 H 8 . 

2. Methane is the poorest performer, and shows an interesting variety 
of very irregular patterns under different conditions. 

3. Dilution with argon is generally conducive to a more regular struc¬ 
ture; in C 2 H 6 /0 2 , helium is less effective, and in HJ0 2f N 2 and C0 2 are 
ineffective or make things worse. 

4. In H 2 /0 2 , fuel-lean mixtures are more regular than fuel-rich ones. 

5. The tracks written by NH a /0 2 and C0/0 2 are very weak. 

The most extensively studied systems are those with regular patterns. 
Some examples are shown in Fig. 7.10. Fig. 7.10a shows soot films from 
the two sides and the end of the tube. There is sometimes an almost em¬ 
barrassing amount of detail, reminiscent of elementary-particle tracks 
in photographic emulsions. It is interesting to note, Fig. 7.10c, the large 
number of cells which can still form a regular pattern. 

All of these patterns are from the wider wall of the tube. The vertical 
lines mark the collision of the slapping wave(s) (those travelling across 
the narrower dimensions) with the wall. The interactions between waves 
of these two orthogonal families are evident in the jogs in the slapping 
wave imprints. The two orthogonal families are not in general in phase 
with each other. 

Note that Figs. 7.10b and d are for the same mixture and initial 
pressure but the latter is in a narrower tube, which greatly increases the 
cell size and changes the structure. This change is discussed in Sec. 7C. 

Fig. 7.11 is a diagram of a detonation with a single transverse wave in 
each family, showing the general shape of the front, and, in the cross sec¬ 
tion, the triple point and the fire. 

In round tubes, the confluence line of the transverse wave lies along a 
tube radius, and rotates about the tube axis. Its intersection with the 
tube wall thus traces out a helical track as the front progresses, giving 
rise to the name "spinning detonation." Single spin, with just one 
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BOTTOM 

RECTANGULAR MODE 2H '* 0 o 4* 70% Ar 105 TORR 


(a) 


Fig. 7.10. Soot tracks of detonations in rectangular tubes. Each soot film 
covers the full width of the wider wall [part (a) includes the full width of the 
narrow wall and the entire end plate as well). All are in a 65 X 38 mm (31/4 X 
1 1/2 in.) tube except (d), which is 65 mm X 6.3 mm (3 1/4 X 1/4 in.). 

(a) 2H a + 0 8 + 7Ar, p 0 - 14 kPa, Strehlow (1988b). 

(b) 2H a + 0 2 + 3Ar, p c = 7.7 kPa, Strehlow and Crooker (1974). 

(c) .15H 2 + .1250 a + .7Ar 4* .02SCH 4 , p 0 - 20 kPa, Strehlow (private com- 
munication). 

(d) 2H a 4 Og + 3Ar, p„ = 7.7 kPa, Strehlow and Crooker (1974). 
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transverse wave, occurs near the detonation limit for the tube in Ques¬ 
tion. An example is shown in Fig. 7.12, The track is seen to be a band 
having its own internal structure (to be discussed in Sec. 7C1) instead of 
a line. The fluctuating pattern of Fig. 7.12b is more common than the 
regular one of Fig. 7.12a, although both are obtained from the same 
system. Detonations with more transverse waves (approximately half 
rotate in each direction) give diamond-shaped patterns of moderate 
regularity more like those in rectangular tubes. In an annulus formed by 
inserting an axial rod two orthogonal systems of waves analogous to 
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Fig. 7.11. Diagram of a detonation with two orthogonal 
transverse waves. From Steel and Oppenheim (1966). 
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those in a rectangular tube are obtained: one family moves along the cir¬ 
cumference and the other along a radius. The wave system is sketched in 
Fig. 7.13. 

In a class by themselves are a few instances of "galloping" detonations 
with the principal oscillation longitudinal, as in the calculations of Sec. 
6C. There are two very different types, with periods (relative to the reac¬ 
tion time) differing by factors of about a hundred. 

The short-period type corresponds to the calculations of Secs. 6B3 and 
6C1. It has been observed only in a rather special situation: at the tip of 
the bow shock of a blunt body moving through a detonable gas mixture 
at velocities in the neighborhood of the CJ detonation velocity. Many 
pictures of these blunt-body flows have been taken. Some of the clearest 
are those of Lehr (1972), one of which is shown in Fig. 7.14. Different 
patterns are obtained at different projectile speeds. We do not enter here 
into the detailed explanation of the complete flow. All of the prominent 
periodic features are generated by an approximately one-dimensional 
oscillatory detonation located at the front tip of the shock. The reaction- 
zone thickness of this detonation is only a small fraction of the separa¬ 
tion distance of the shock from the body. The regular corrugated pattern 
in the wake is essentially the trail of density- and contact-discontinuity 
fluctuations left by the oscillating detonation. 



Fig. 7.12. Single spin: detona- Fig. 7.13. End views of n- 1, 2 and 4 
tion in a round tube with one detonations in a round tube with axial 
transverse wave in O.G67C 2 H 2 4* rod. From VMT (1963). 

0.1000a 4* 0.833Ar, p D = 6.9 kPa. 

From Schott (1965b). 
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Fig. 7.14. Laser schlieren photograph of a blunt projectile moving into 
dilute hydrogen-oxygen at a velocity close to CJ detonation velocity. 
From Lehr (1972). 

The longer-period type is seen in conventional detonation tubes, but is 
still comparatively rare. It has a very different mechanism. The most 
detailed study is that of Saint-Cloud, Guerraud, Brochet, and Manson 
(1972) on C 3 H 8 + 50 2 + 10N 2 , p 0 = 40 kPa. The detonation, in a square 
tube, is basically a 1 X 1 detonation which "fails'’ to a fire lagging behind 
the shock. The fire then accelerates and turns into a detonation again 
via the familiar mechanism of the deflagration-to-detonation transition. 
The spatial wavelength of about 2 m is some 10,000 times the (steady 
CJ) induction-zone length. 

7B2. Spacing and Acoustic Coupling 

In systems having a structure sufficiently well-defined to be studied, 
the spacing of transverse waves on the front is found to depend on the 
system properties, mainly the reaction-zone length, to which it is 
roughly proportional. In a detonation confined to a tube, the transverse 
waves excite and couple with its acoustic modes of vibration. The in¬ 
herent natural spacing of the transverse waves on the front remains 
strongly in evidence but the tube acts as a constraint forcing a more or 
less regular structure. 

In this section we consider two questions: (1) how is the inherent spac¬ 
ing related to the system properties, and (2) what is the nature of the 
coupling between the front and the tube? For the first question we limit 
ourselves here to the experimental observations. The a priori theories 
which at least suggest a spacing were described in Sec. 6B; and some 
semi-theoretical descriptions incorporating some of the observed proper- 
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Fig. 7.15. Transverse-wave spac¬ 
ing in stoichiometric Hg/CVdiluent 
systems vs. initial pressure. From 
Strehlow and Engel (1969). 


ties, and comparison of predicted and observed spacings, are presented 
in Sec. 7D. 

The second question is a problem in acoustics, with the front regarded 
as a driver exciting acoustic vibrations in the detonation products and of 
course influenced by them and by the constraint of the tube confine¬ 
ment. It is investigated by examining the acoustic modes and their in¬ 
teraction with the front, and comparing the predicted frequencies and 
wavelengths with experiment. 

7B2J* Spacing 

Strehlow and Engel (1969) collected the available data on transverse 
wave spacing Z, in mixtures of H 2 , CH 4 , C 2 H 4 , and C 2 H 2 with 0 2 , mostly 
in rectangular tubes, and correlated them with the system properties in 
various ways. 

As shown in Fig. 7.16 for Hg/Og, log Z is found to be inversely propor¬ 
tional to log p 0 . The upward curvature of two of the curves at low 
pressure is ascribed to wall effects near the propagation limit. 

Now the induction time r is inversely proportional to the 0 2 
concentration 

r = A [0 3 ]-‘ e- Tt/T , T* = 8210 K, A = 6.89 X 10" 11 s-mol/cm 8 



INITIAL PRESSURE p 0 (atm) 


313 







STRUCTURE OF THE FRONT 


Chap. 7 


and thus approximately inversely proportional to the initial pressure at 
fixed system composition. The relation is of course not exactly linear 
because the increased degree of dissociation at lower p G will reduce T 
somewhat. The obvious scaling is to divide by the induction-zone length 
I. The result is shown in Fig. 7.16, where I is the calculated induction- 
zone length for the hypothetical laminar one-dimensional CJ detona¬ 
tion. The ratio tends to approach a constant value for each mixture as 
the pressure is increased, ranging from Z /l = 60 at no dilution to Z fl = 
120 at 85% dilution. 

Correlation with the recombination zone length R is not quite as good. 
Since the recombination zone can have a very long tail (see Fig. 6.43) an 
arbitrary choice was made: The recombination time was defined as the 
time required for complete recombination at the initial recombination 
rate. The ratio Z/R was found to be a linear function of p 0 „ with Z/R 
changing with p 0 (though much less rapidly than Z itself), and with 
values of Z/R ranging from 10 to 400. 

The other systems show more complicated behavior. At large dilution 
Z fl still approaches approximately constant values at high pressure, 
with values on the order of 100 for C 2 H 4 /0 2 , 60 to 90 for C 2 H 2 /0 2 , and 20 
or less for CIVOjj. With less dilution, Z fl becomes a strongly increasing 
function of pressure. The reader interested in the details is referred to 
the original paper. 

Other things being equal, the cell size appears to be proportional to 
the sound speed. Two of the sets of data of Fig. 7.15 differ only in the 
choice of diluent: the systems 2H 2 + 0 2 4- 7Ar and 2H 2 4- 0 2 + 7He. The 
main difference here is in the sound speed of the products, and the ratio 


Fig. 7.16. The pressure dependence of 
the ratio of transverse wave spacing Z 
to calculated CJ induction zone length 
I for the Ha/Os/diluent mixtures of Fig. 
7.15. From Strehlow and Engel (1969). 
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Z/c, with c the CJ sound speed, turns out to be the same for the two 
systems over the entire range of p 0 . Note that this ratio is just the 
(transverse) transit time of an acoustic wave over a cell width. We 
remark that Edwards (1969) has suggested that the different thermal 
conductivities of these two diluents could also have an effect by chang¬ 
ing the rate of energy loss to the walls. 

A similar study of C0/H 2 /0 2 /Ar systems has been made by Libouton 
and van Tiggelen (1976). They varied the induction time by adding the 
chain-breaking inhibitor CF a Br as well as by varying the initial pressure. 
The values of Z/I for these systems are similar to those described above. 

In a perfectly regular structure, such as that of Fig. 7.10, the pattern 
repeats exactly down the tube. Fig. 7.17 shows the dependence of the 
mode number n (number of transverse waves across the tube) as a func¬ 
tion of initial pressure for a large number of firings in such a system. The 
bars show the pressure range over which the particular mode number is 
observed. Over a few narrow ranges of pressure, one of two modes may be 
obtained in a given firing; at pressures near 9.3 kPa (70 mm) the value of 
n may be either 6 or 7. Note also that at higher n the even mode numbers 
(with the half cells at the two walls in phase with each other) are 
preferred. 

732.2. Acoustic Coupling 

The problem is that of acoustic vibrations in the detonation products 
driven by disturbances on the front. Throughout, the approximations 
are those of linear small disturbance, and the front, to the extent that it 
is treated, is regarded as a jump discontinuity with instantaneous reac¬ 
tion. 


Fig. 7.17. Mode numbers vs. in¬ 
itial pressure in 2H 2 + 0 2 + 3Ar. 
From Strehlow, Adamczyk, and 
Stiles (1972). 



Modi (numbar of treswtrB® ®av@a) 
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The solutions for acoustic waves are the standard ones, and may be 
expressed in slightly different forms; our presentation is closest to that of 
Fay (1952). We assume a supported CJ detonation, neglecting the 
Taylor rarefaction wave, so that the state is just the uniform C J state of 
the detonation products, moving at the CJ particle velocity. We use an 
overbar for this state and plain symbols for perturbations on it. We work 
in the frame in which the products are at rest; in this frame the front has 
velocity c. We consider the simplest case first: a flat channel of height I 
with motion in only one direction, as in Fig. 7.6, with z distance along 
and y distance across the channel, and with y = 0 at the lower wall. We 
use n for the mode number, X„ and X L for the transverse and longitudinal 
wavelengths (with corresponding wave numbers k„ = 2x/X n and k L = 
WX L ), and w and u for the transverse and longitudinal particle 
velocities. 

The general solution satisfying the wall boundary conditions w = 0 at 
y = 0 and y = & is 

P = ~P4>t 

u = f 0 z 

w « 0 y 

0 = A cos («t + k L z) cos (k„y) 

k„ = nx/l or X„ = 2H/n, n integral, 

where A has dimensions of (length) 1 /(time). The effective wave number 
k is 


k 2 = 1^ + 1^ 


so that the wavelength-frequency relation <o = kc becomes 
<*> = (k£ + kJ) ,/2 S. 

Note that if the angular frequency <*>is chosen to be one of the transverse 
resonant frequencies « = k„c, there is no longitudinal motion (k L = 0, X L 
= °°). For given n, with « below the resonant frequency there is no 
steady solution. With <*> increasing above the resonant frequency, the 
longitudinal wavelength decreases from infinity. 

The main comparison with experiment is the predicted track angle a 
(Fig. 7.6). We identify the triple-point track with the intersection of the 

316 



Sec. 7B 

crest of the acoustic solution (or of one of its traveling-wave components 
in the rectangular case) with the front. Evaluating 0 at the front z : = ct 
we have 

0(z = ct) = cos (coft) cos (k„y) 


= o) + k L c, 


so that o)f is the angular frequency at the front. (Thus in a frame at¬ 
tached to the front we would have pure transverse vibration with 
angular frequency Wf.) Denoting by c* the lateral wave velocity on the 
front we have 

c* = «t/k n = c [(1 + k£/k*) 1/2 + k L /k„] 

so that c*/c depends only on the wave-number ratio k L /k n . The track 
angle a (laboratory frame) is then just 

tan a = c*/D. 

To determine the wave-number ratio and thus complete the solution 
we need to apply a longitudinal boundary condition. In principle we do 
this by specifying the impedance p/u (a constant) at the front. We define 
a dimensionless impedance Z 

Z — (1/pc) (p/u) z =Et! 

and find by substituting for p and u 

Z = -w/k L c = 1 - Wf/k L c. 

From the original wavelength-frequency relation we can then replace w 
by the wave numbers and get the desired expression for the wave- 
number ratio in terms of Z 

Z = - (1 + 

We may also use this result to express oo r , and thus c*, in terms of Z 
c* = «,/k n = c [(Z-l)/(Z+l)r. 

In practice we do not know enough about the front to specify Z there 
and instead resort to estimating k L from experimental photographs. It 
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turns out that k L is much smaller than k„ and Z is of the order of -20, so 
that c* is only a few percent larger than c. 

In a round tube of radius r 0 and radial coordinate r we have 

<j> = cos (wt + k L z + n 6) J n (k nm r) 

knm = £nm/r<» 

in which the argument of the first cosine function has the added term nO 
and the second cosine function is replaced by the nth-order Bessel func¬ 
tion. Here f„ m is the mth zero of the first derivative of J n , that is, it 
satisfies 


Jn(fnm) = 0, 


and $ has n nodes in $ and m nodes in r. All the remaining equations for 
the rectangular case apply if we replace k„ by k nm , except for the fact 
that the relation between w t /k„ m and c* has an added factor f nm /n as 
given in 

c* - (f»m/n) <0t/knm - c (f„Jh) [(Z-1)/(Z+1)] 1/2 . 

The first few f nl are 


n 1 2 3 4 5 

f„i/n 1.84 1.53 1.40 1.34 1.27 


As n —* oo, f m /n -► 1, and the equation for c* approaches the rectangular 
result. We will limit our discussion to m = 1, which appears to match the 
experiments. Note that at the periphery, the pressure peak travels faster 
than the speed of sound, almost twice as fast in the fundamental mode. 
How nature constructs the driver (front with transverse wave) to accom¬ 
plish this will be seen in the next section. 

In round tubes the pitch/diameter ratio is sometimes used instead of 
the track angle. The pitch is defined as the longitudinal spacing of a 
helical track on the tube wall written by a particular disturbance on the 
front (regarding the helix as a screw thread, "pitch" has its usual mean¬ 
ing). The pitch/diameter ratio is related to the track angle by 

(pitch/diameter ratio) = w/tan a. 
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Let us now visualize these solutions and how they would look to a 
smear camera viewing them through a slit on the tube parallel to the 
tube axis. To simplify matters let us suppose a medium which lights up 
(only) at the peak pressure. Consider first the rectangular tube, Fig. 
7.18. The smear camera looks up into the bottom of the tube (the bottom 
and top will also be referred to as the near and far sides). Ignore for the 
present the diagonal tracks and circles. For the fundamental mode we 
have n = 1 with no longitudinal component, that is, k L = 0; the bottom 
and top walls light up alternately, the period being the time between 
successive lightings at the same wall. Successive transverse pressure 
profiles over a half cycle are sketched at the right. The camera record is a 
sequence of horizontal lines, with those from the far side dimmer (shown 
dashed) from absorption. With a longitudinal component present, the 
first cosine function has a phase angle k L z depending on z. The lighting 
is no longer simultaneous at each wall but travels along it with phase 
velocity -<ok L , so that the lines on the film are inclined as shown; the 
longitudinal wavelength can be inferred from their tilt. 

The n=2 pattern can be constructed by stacking two half-scale n=l 
patterns. For k L = 0 the lighting sequence becomes bottom, middle, top, 
middle, bottom, etc.; both the (vertical) spacing of the lines on the film 
and the period are half those for n=l. Again the line type indicates the 
effect of absorption: solid, chain, and dashed lines for near side, middle, 



Fig. 7.18 Acoustic modes in a rectangular tube, with schematic smear- 
camera records. Pressure profiles at the indicated phase angles are shown at 
the right. 
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and far side. The effect of k L 9* 0 (not shown) is simply to tilt the lines on 
the film as before. 

In the round tube, Fig. 7.19, the transverse pressure profile for n=l is 
similar to that in the rectangular tube, that is, Ji(fur/r 0 ) is like 
Ji(fn) sin [(7r/2)r/r 0 ], slightly damped. The peak-pressure point is at the 
wall and rotates with angular velocity o>, so that for k L = 0 the system 
may be visualized as a rotating cylinder with a strip of light (parallel to 
the axis) attached to its outer surface. The camera record is thus exactly 
like that for the rectangular tube for n=l, k L =0. For k L & 0, the surface 
of constant phase is 

6 - —k L z, 

a helix of pitch X L = 2?tAl, so that the strip of light is now a helix around 
the periphery instead of a line parallel to the axis. The camera record is 
again just like that for the rectangular case for n=l, k L 5 * 0. For n > 1 we 
have additional peripheral nodes from the n0 term in the argument of 
the first cosine term of 0. Thus for n=2, k L =0 we would have two strips 
of light on opposite sides of the cylinder, and for k L ^ 0 two helices. A 
feature not present in the rectangular solution is the arbitrary direction 
of rotation; the complete solution may be a linear combination of solu¬ 
tions rotating in both directions. 

Consider next the pattern formed by the intersection of the acoustic 
vibration with the front, that is, let the pattern be scanned from the side 
through a vertical slit moving with the velocity of the front. This pattern 
in the rectangular tube consists of flashes of light at the circles in Fig. 
7.18 marking the position of the front when the tube lights up at the cen¬ 
ter or edges. The diagonal lines mark the track as seen from the side by a 
hypothetical observer able to distinguish the two traveling-wave compo¬ 
nents of the standing-wave solution, and following the pressure peak of 


Fig, 7,19. The first acoustic modes 
in a round tube. The phase angles 
labeling the pressure profiles repre¬ 
sent either time at fixed diameter 
or angle of rotation about the tube 
axis at fixed time. Pressure con¬ 
tours over a cross section are shown 
below; the pattern rotates about 
the tube axis. 
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the one having (currently) positive pressure. This could, of course, also 
be the path of a single narrow pulse (such as the triple point) moving 
back and forth between the walls. In the round tube we have im¬ 
mediately a pattern quite similar to experiment: one or more points of 
light (spin "heads") rotating around the periphery. 

Discussions of the acoustic problem in the context of detonations (and 
comparisons with experiment) have been given by Manson (1946,1947), 
Fay (1952), and Chu (1956). Manson considered only transverse vibra¬ 
tions. Fay added discussion of longitudinal vibrations and of the 
longitudinal impedance boundary condition at the front. Both of these 
works involve relatively straightforward application of standard acoustic 
theory. Chu analyzed the problem in more detail, but to get results by 
his approach, had to limit consideration to the slightly artificial situa¬ 
tion of a piston-supported overdriven detonation. A brief account of his 
work follows. 

The system is perturbed by a wave, generated by the piston, which 
overtakes the front. To generate the wave the piston's face is configured 
into the form of the solution and rotated with angular velocity greater 
than or equal to the tube's fundamental natural frequency (recall that 
this is the minimum frequency which will propagate a longitudinal 
wave). The stability and shape of the detonation front and the nature of 
the wave reflected back from it after overtake is studied. 

The front is found to be unconditionally stable, a result which could 
have been obtained immediately from the shock stability theory of Sec. 
6A4. Aside from the front stability, the principal results are the fre¬ 
quency and phase of the reflected wave relative to the incident one and 
the (time-dependent) shape of the front. The results are in good agree¬ 
ment with the main features of the smear-camera record of a spinning 
detonation in a round tube: the shape of the trace from the front and the 
phase of the horizontal stripes from the transverse vibrations in the 
burned gas are reproduced. 

Aside from prominent qualitative features, such as the horizontal 
stripe in the round-tube smear-camera record, the principal comparison 
is between the calculated and experimental average track angle a . 
Recall that a is given by 

tan a = c*/D, 

with the transverse velocity c* related to the unperturbed sound speed 
(in the products) £ by 
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c* = c [(1 + kg/k^) 1 '* + k L /k n ], rectangular tube 
C* = C (f„m/n) [(1 + kg/k^m) 172 + k L /knm], round tube 


where k L is the longitudinal wave number. In the rectangular case, n is 
the mode number and k n is the transverse-wave number. In the round 
case, fnm is the mth root of the first derivative of the Bessel function J n , 
and r 0 is the tube radius. Typically k L is much less than k n or k nm , so that 
for the rectangular case c* is in practice close to c for all n. 

Refinements, such as the Taylor wave, frozen vs. equilibrium sound 
speed, and deviations of the unperturbed state, are ordinarily neglected. 
This is reasonable since, as we remarked earlier, it probably doesn't 
make sense to push this type of comparison too far. The sound speed c is 
thus taken to be the (equilibrium) sound speed at the calculated CJ 
state. To a good aproximation, this is just 

c/D = y/(y + 1) = p/p 0 . 

Some values are 


_Y 

c/D 

rectangular 

round, n=l 

1.1 

0.524 

27.5° 

44.0° 

1.2 

0.545 

28.6° 

45.1° 

1.4 

0.583 

30.3° 

47.0° 

1.67 

0.625 

32.0° 

49.0° 

2. 

0.667 

33.7° 

50.8° 

3. 

0.75 

36.9° 

54.1° 


The values of « here are for pure transverse vibration. Note that a is 
rather insensitive to y in the physically reasonably range; apparently 
what is often done is to estimate y rather than calculate the CJ state. As 
an example we may take the calculation of Table 5.3: for 2H, + 0 2 + 
9Ar, p 0 = 10.1 kPa, the calculated values (equilibrium y and sound 
speed throughout) are y — 1.215, c/D = 0.565, a — 29.5°; the approxima¬ 
tion c/D = y/(y+l) gives c/D = 0.548, a = 28.7°. 

A short summary of comparisons with experiment may be found in 
VMT (1969). For the round tube, m is usually taken to be 1, other values 
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not improving the agreement. Fay (1952) found the calculated angles for 
n < 5 in a number of systems, assuming transverse vibration only, to 
deviate from experiment in both directions but on the whole to be 3 to 
6% low, which he ascribed to the omission of longitudinal vibration. 
Duff (1961) reached a similar conclusion for H J0 2 : As n increases from 1 
to 9, the observed track angle decreases from 46° to 34°. The calculated 
angle decreases from about 45° to 32° over the same range. VMT state 
that the measured angles for very large n range from 31° to 35°, com¬ 
pared to the typical calculated value for n = °° of 29°, in apparent con¬ 
trast with the slight trend of deviation with n found by Duff. For detona¬ 
tion in an annulus, produced by inserting a concentric rod in the tube, 
the predicted track angle is greater; inserting a rod of half the outer 
diameter, for example, increases the calculated track angle from about 
45° to 53°. Here again there is reasonable agreement with experiment. 

In rectangular tubes, VMT give as a typical observed value a = 30°, 
very close to the calculated value of 29°. Edwards, Parry, and Jones 
(1966) find good agreement with the calculated (transverse only) value 
of 30° for n > 8, but with the observed value rising to as high as 40° for 
lower n. We remark that the patterns of Fig. 7.10b and c have a * 30° 
and a =* 29°, respectively. 

7B3. The Transverse Wave 

We depart slightly here from our subject, the mechanism of propaga¬ 
tion of steady detonations, to consider, so to speak, the life cycle and 
habitat of transverse waves. Whenever we use the term "transverse 
wave" here, the added phrase "in the current environment" should be un¬ 
derstood, since its behavior depends strongly on that of the shock along 
which it is running. 

Fig. 7.20 shows the birth of transverse waves in a shock-initiated 
detonation as studied by Strehlow and Cohen (1962) and Strehlow, 
Liaugminas, Watson, and Eyman (1967). An incident shock I, too weak 
to initiate reaction, comes in from the right and reflects from the wall as 
the reflected shock R. Reaction behind the reflected shock appears first 
in the fluid which has been hot the longest, that is, at the wall. The ac¬ 
tivation energy is high enough to produce rapid acceleration of the reac¬ 
tion by the heat released. The rapid energy release generates a compres¬ 
sion wave which runs over the remaining material before it has time to 
react appreciably. Typically this overtaking wave O quickly turns into a 
shock closely followed by fire and begins to build up toward a C J detona¬ 
tion in the heated and compressed material behind the reflected shock. 
Before this build-up is complete, it overtakes the reflected shock at point 
C, and merges with it to form an overdriven detonation which slowly 
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decays to the CJ state. The process has been calculated by Gilbert and 
Strehlow (1966). The calculations of Fickett, Jacobson, and Wood (1970) 
in their investigation of oscillatory detonation show that the details of 
such processes can be quite complicated. 

On the soot film, the transverse wave tracks typically first appear in 
the neighborhood of the overtake point C, all at about the same time and 
with a remarkably uniform transverse spacing. This regularity may be 
due to a particular initial perturbation: a rather large-amplitude 
transverse acoustic wave generated by the 0.1 mm gap between the end 
plate and tube. Initially the transverse waves are quite weak, as in¬ 
dicated by the lack of refraction where they collide. It fakes some time 
for them to grow to their full strength and establish the regular struc¬ 
ture. Note that the cells as recorded on the soot film are shortened 
because the detonation is moving into material accelerated to the left by 
the incoming shock I. 

Another situation in which new transverse waves appear is the ap¬ 
plication of a strong perturbation to an existing front with established 
transverse waves. Gordeev (1976a) points out that the perturbation up¬ 
sets the three-shock balance around each existing triple point causing it 


Fig. 7.20. Reflected shock initiation of 2H 3 + 
0 2 + 7Ar, p 0 = 6.7 kPa; incident shock Mach 
number is 2.16. From Strehlow, Liaugminas, 
Watson, and Eyman (1967). 


to split into two or more new ones. (The same type of splitting also takes 
place in nonreactive materials.) Typical perturbations are rarefactions 
from openings in the walls, or a sudden transition to the same gas at 
much higher initial density (such as that produced by cooling a section 
of the detonation tube in liquid nitrogen). With less drastic perturba¬ 
tions, such as transition from one mixture to a slightly different one with 
higher mode number, new transverse waves can take a long time to ap¬ 
pear, as shown by the quantitative studies of Strehlow, Adamczyk, and 
Stiles (1972). 

In a detonation front whose area is increasing, new transverse waves 
must apparently be born continually to maintain the spacing if the 
detonation is not to fail. A striking example is the comparison of 
propagating and failing cylindrically expanding detonations in Lee, 
Soloukhin, and Oppenheim (1969). The propagating detonation creates 
new transverse waves as required to maintain a constant spacing; the 
failing detonation creates no new transverse waves. Essentially the same 
process can be seen in divergent channels; see for example Strehlow and 
Salm (1976). 

With the exception of those in single spin, transverse waves in an es¬ 
tablished detonation are not steady structures, but transient decaying 
phenomena requiring continual regeneration by collision to maintain 
their existence. The detailed structure studies described in the next sec¬ 
tion show that the detonation in each cell is in the process of failing, only 
to be revived by the next collision. The failure studies described below 
lead to the same conclusion. 

Can the transverse wave survive overdrive? The stability results of 
Sec. 6A indicate that the instability persists to very large overdrive. But 
this is for a simple system with fixed exothermicity. As Gordeev (1976b) 
points out, real systems become endothermic at some degree of over¬ 
drive, since the degree of dissociation of the products increases with tem¬ 
perature. In practice, overdrive is produced in three ways, all transient: 
by overinitiating a detonation and letting it decay to CJ, by letting a CJ 
detonation run into a convergent channel, and by implosion. Extensive 
studies of the first type have been made by Gordeev (1976b). The typical 
result was that transverse waves appeared at some point in the decay; he 
took this to be the point at which the system becomes exothermic. The 
convergent channel experiments of Strehlow, Adamczyk, and Stiles 
(1972) show the transverse waves disappearing as the wave becomes 
more overdriven. For a convergent-divergent channel such as that used 
to produced the laminar detonation of Fig. 7.4, any weak transverse 
waves managing to survive the passage through the convergent section 
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tend to die out in the partial failure at the entrance to the divergent sec¬ 
tion (see below). In implosion, the other method of producing increasing 
overdrive, the transverse waves are probably reinforced by the in¬ 
stability of the (nonreactive) shock (Whitham, 1974, p. 309). The cylin¬ 
drical implosion experiments of Fujiwara, Mizoguchi, and Sugimura 
(1971), Gavrilenko, Topchian, and Yasakov (1967), and Knystautas and 
Lee (1971), show that, although the transverse waves become weaker 
and more closely spaced (and a few may disappear), they persist essen¬ 
tially to collapse. 

Finally, we consider detonation failure. The beautiful pictures presen¬ 
ted in Soloukhin (1965) of failure at an abrupt increase in area show that 
the transverse waves near the edges, moving out behind the expanding 
wave, lose their collision partners and rapidly decay. Those near the 
center continue to undergo collision for a while and hold out longer 
against the rarefactions coming in from the sides. Only if there are a cer¬ 
tain minimum number (roughly ten or more) of transverse waves across 
the channel, are there enough collisions in the middle so that a central 
hot region survives to reinitiate the detonation. Strehlow and Salm 
(1976), in their detailed studies of failure at the entrance to a divergent 
channel, reach a somewhat similar conclusion, with the minimum num¬ 
ber of transverse waves a function of the entrance angle. 

Finally, we mention one result from the quantitive studies of 
transverse-wave decay rate by Strehlow, Adamczyk, and Stiles (1972): 
When a detonation in HgAVHe runs into a following section filled with 
an inert gas, the cellular pattern persists for a long time, decaying only 
slowly; the transverse-wave strength (pressure ratio across the reflected 
shock minus one) decays at the rate of about 7 percent per cell length. 

7B4. The Sonic Surface 

As mentioned in Chapter 3, early experiments demonstrated that the 
flow behind the front passes through a sonic transition to become dis¬ 
tinctly supersonic, with Mach numbers of 1.1 or larger. Vasiliev, 
Gavrilenko, and Topchian (1972) used a novel experimental technique 
to locate the sonic surface. They mounted a thin plate perpendicular to 
the front with its edge lying along a tube diameter and took a sequence 
of schlieren snapshots of the bow wave generated by passage of the 
detonation wave over the plate. Such a bow wave in steady flow is 
detached from the plate when the incoming flow is supersonic. From 
their photographs they were able to find the point at which the wave 
began to detach itself from the plate; they took this to be the position of 
the sonic surface. Over several different mixtures of gases and a range of 
initial pressures, the ratio of the distance x of the sonic surface from the 
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front to the cell size Z varied from about 1 to 3. The ratio x/Z was found 
to be a smooth, nearly linear function of d/Z, the ratio of tube diameter 
to cell size, with d/Z ranging from 4 to 30. 

7C. DETAILS OF STRUCTURE 

We first define some terms. The two structures epitomizing those ob¬ 
served are the simplified weak and strong structures shown in Fig. 7.21. 
In the weak structure the relatively weak reflected shock of the front tri¬ 
ple point A constitutes the entire transverse wave. In the strong struc¬ 
ture the small front piece of the transverse wave is this same reflected 
shock, but most of it, segment BC, is a detonation. Following Strehlow 
and Biller (1969) we define the transverse-wave strength S as that of the 
reflected shock at the front triple point A 

S * (ps/pi - 1), 

evaluated at A. We will speak of strong structures of varying strength. 
The stronger the structure, the larger is S, the stronger is BC (ranging 
from underdriven to strongly overdriven), and the greater is the 
transverse velocity, with correspondingly larger track angle. The soot 
track left by the strong structure usually shows three lines written by tri¬ 
ple points A, B, and C, with A the strongest. The detonation segment BC 
can have its own transverse waves which move back and forth, giving a 
diamond-shaped pattern to the band between B and C. Gordeev (1976b) 
argues that this will be the case so long as BC is not overdriven into the 
endothermic region, as discused in Sec. 7B3. The track left by the weak 
structure is the single line from point A. 

Detonations themselves are classified as marginal and ordinary . A 
marginal detonation is just what the name suggests: one in a system 
near the detonation limit, so that it would fail if the pressure were a little 
lower or the tube a little smaller. Detonations which are not marginal are 
ordinary. Of course this is a continuous rather than a discrete grading, 
but we may set down some numbers (Strehlow and Crooker [1974], 
Edwards, Hooper, Job, and Parry [1970]) as a guide: 




Fig. 7.21. Weak and strong 
transverse-wave structures. 


WEAK 


STRONG 
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Ordinary 

Marginal 

mean propagation velocity D/Dj 

~i 

0.8 - 0.9 

variation through the cell of D/D j 

1.2 - 0.85 

1.4-0.7 

transverse-wave strength S 

0.5 

1.5 

transverse-wave spacing Z/Z nor mai 

1 

2 


By Znormai we mean the "normal" spacing defined by the straight lines of 
Fig. 7.15. The second and fourth lines of this table of course do not apply 
to single spin, which has no cells and only one transverse wave. We men¬ 
tion one apparent anomaly: Strehlow and Crooker (1974) state, without 
giving details, that the limiting case in their 83 X 38 mm (3 1/4 X 1 1/2 
in.) tube has the properties of an ordinary detonation. 

The systems studied in detail are all marginal: single spin in round 
tubes, 1X1 detonations in rectangular tubes, and planar detonations in 
narrow rectangular tubes. Ordinary detonations have too many cells for 
detailed study of the structure, but some quantitative information about 
them can be obtained by analysis of soot films. 

Where the two structures of Fig. 7.21 occur is not entirely settled. The 
situation is roughly as follows. Structures of the strong type are generally 
associated with propagating detonations. The more marginal the 
detonation, the stronger the structure. Nature faces the greatest 
challenge in single spin, where the acoustic solution requires a tip 
(peripheral) transverse-wave speed of 1.84 times the sound speed. The 
challenge is met by the strongest structure of all, with the detonation 
segment BC highly overdriven. 

Structures of the weak type are seen in separately generated Mach 
reflection like that of Fig. 7.4, and in detonations in the process of fail¬ 
ing. In a propagating marginal detonation, the structure appears to be 
the weak form immediately after the transverse-wave collision, but soon 
changes over to the strong one. Other instances of transitions from one 
form to the other are given below. There is some indirect evidence that 
ordinary detonations have the strong structure, but, if so, they are 
probably the weakest strong structures of all, writing only a single line 
for their track on the soot film. 

7CL Marginal Detonation in a Round Tube (Single Spin) 

The structure of single spin has been studied in some detail, most 
carefully and comprehensively by VMT (1963) and Schott (1965b). They 
worked in different systems but found essentially the same structure. 
The unique simplification of a strong, nearly steady transverse wave 
without collisions makes this perhaps the easiest system to study. 


328 


Sec. 7C 


DETAILS OF STRUCTURE 


Figure 7.22 is a model of the front, Fig. 7.23 is a drawing extending 
some distance behind, and Fig. 7.24 and Table 7.1 give the details of the 
structure near the front. The model of Fig. 7.22 rotates as it proceeds 
down the tube. The next two figures are in the rotating frame attached 
to the triple point at the wall, in which the flow is steady, and show the 
structure as seen by an observer looking into the tube. The segment BC 
of the transverse wave (Fig. 7.23) is an overdriven detonation 
propagating into the unreacted material which has passed through the 
incident shock. The Mach stem at A is tilted so that the normal velocity 
of the material into it corresponds to an overdriven detonation with 
D = 1.4 Dj. Consequently its reaction zone is very short. Proceeding 
around the tube (upwards in the diagram) on the leading shock, we find 
the fire lagging farther and farther behind until it joins the end of the 
transverse wave at C. Behind the front we have then two interleaved 
helical strips of material, strip 2 having passed through the fire and strip 
5 through the transverse wave. There is a considerable gradient across 



Fig. 7.22. Model of the front in single Fig. 7.23. Overview of transverse- 
spin. From Schott (1965a). wave structure. Axial distance is 

horizontal and circumferential dis¬ 
tance vertical; about half the tube cir¬ 
cumference is shown. In 12.5%(C 2 H 2 + 
1.5 0 3 ) + 87.5%Ar, p 0 = 2.4 kPa. From 
Schott (1965b). 


Fig. 7.24. Detailed structure of 
single spin near the tube wall; 
about one-third of the tube cir¬ 
cumference is shown. In 2CO + 
0 2 , p 0 « 10.1 kPa. From VMT 
(1963). 



329 


STRUCTURE OF THE FRONT 


Chap. 7 


Table 7.1 STATES IN THE SINGLE 
SPIN STRUCTURE OF FIG. 7.24 


Region 

P/Po 

p/p o 

T(K) 

q(m/s) a 

M>q/c 

0 

.1 

.1 

293 

2404 

8.35 

1 

19.3 

4.92 

1140 

1950 

2.97 

2 

54.5 

4.88 

3550 

491 

0.446 

3 

54.5 

10.48 

1500 

1720 

2.31 

4 

170 

23.8 

2020 

1290 

1.5 

5 

170 

14.5 

3730 

663 

0.616 


6 ~15 

7 ~30 

a q is the flow speed (in the steady frame attached to the triple point). 

strip 2. The hottest material of all is that on the left edge of strip 2 which 
has passed through the stem just above point A. The rearward extension 
of BC is a shock which rapidly decays to an acoustic wave. 

The more detailed structure given here, Fig. 7.24 and Table 7.1, both 
from VMT (1963), was obtained by steady-flow calculations like that 
described in Sec. 7A4, using the observed track angle and propagation 
velocity, and is closely confirmed by experimental measurements. The 
picture is oversimplified in that it ignores gradients within some of the 
regions (in region 1, for example, the pressure at point C is two-thirds 
that at B). Except for the approximate experimental values of pressure 
in regions 6 and 7, the states in the table are those calculated at the tri¬ 
ple points A and B. 

We turn our attention first to the main segment BC of the transverse 
wave. This is an overdriven detonation (shock closely followed by fire) 
moving into region 1 with a detonation velocity of 1960 m/s compared to 
the CJ velocity in this material of 1720 m/s. It is bounded on each end by 
a triple shock structure, for each of which it is the Mach stem. (The 
details at the left end, LCM, are not clearly seen in the photographs and 
are partly guessed). It may be helpful to compare this structure to the 
possibly more familiar one occurring in an exhaust jet. Figure 7.25 shows 
the jet produced at the end of a divergent nozzle. Figure 7.25a shows the 
case of no reaction, with a central Mach stem at the collision of the 
shocks from the edges of the nozzle. The wind-tunnel experiments of 
Gross and Chinitz (1960) show that when fuel is injected upstream to 
produce a standing detonation, the Mach stem becomes wider, as shown 
in Fig. 7.25b. The detonation segment BC of the single-spin structure 
has transverse waves (not shown in Figs. 7.23 and 7.24) moving back and 
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Fig. 7.25. Jet formed at the end 
of a nozzle. The standing 
detonation BC in the reactive 
case is to be compared with the 
corresponding segment BC of 
the transverse wave in Fig. 7.24. 
From Gross and Chinitz (1960). 


forth on it. These produce the familiar diamond pattern within the band 
which is the track of BC, as seen in Fig. 7.12. 

Returning to Fig. 7.24, point A is the triple point on the front, with 
stem AM, incident shock AI, reflected shock AB, and slip line AD. The 
reflected shock from triple point B meets slip line AD at D; the resulting 
interaction produces the centered rarefaction DFK, which deflects the 
flow as shown. (The flow in region 4 is supersonic and DK is the lead 
characteristic of the rarefaction.) The extent and location of reaction in 
region 4 are not clear: the calculated temperature of 2020 K is quite high 
but the particles are quickly cooled by the rarefaction. 

In the triple-point matching calculations for points A and B, better 
results were obtained by treating the stems as detonations with instan¬ 
taneous reaction; it is these results that are shown in Table 7.1. No 
calculations were done for point C. 

As mentioned earlier, the structure discussed so far is that near the 
outer wall. As we move toward the center, the transverse wave gets 
weaker and there are some additional complications. The confluence 
line shown as the triple point above is apparently itself a three-shock 
configuration as shown by the end-plate soot film of Fig. 7.26 (this com¬ 
plication is not included in the model of Fig. 7.22). We omit from our 
discussion some additional details of the structure and some minor dif¬ 
ficulties of interpretation. 

The track fluctuations sometimes seen have received considerable 
study, see Steel and Oppenheim (1966), Denisov and Troshin (1971), 
Manzhalei and Mitrofanov (1973), Gordeev (1974), and Topchian and 
Uljanitskij (1976). The most common mechanism appears to be a transi¬ 
tion between weak and strong structures, often triggered by a weak 
counter-rotating wave. An example of such a transition is shown in Fig. 
7.27. This soot film appears to have a weak structure at the upper left, 
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Fig. 7.26. Single-spin end-plate Fig. 7.27. Soot film showing weak- 

soot imprint showing that the con- strong-weak structure transition in 

fluence line is itself a three-shock single spin in 2H 3 + 0 2 , p D = 6.1 

configuration. From Schott kPa. From Steel and Oppenheim 

(1966b). (1966). 

with a sharp trace and a track angle of 30°. A transition to the strong 
structure, with a banded track and a track angle of 50°, takes place 
rather abruptly. The strong structure then decays back into the weak 
one: points B and C (Fig. 7.24) recede rapidly from the front, with B 
overtaking and coalescing with C, thus removing the detonation seg¬ 
ment and leaving just the shock AB of the weak structure. VMT (1963) 
have observed essentially the same strong-to-weak transitions in failing 
planar detonations, as described in the next section. 

We remark that Jones (1976) has considered the effect of the boundary 
layer on single spin, and concluded that it is minor. 

7C2. Marginal Detonation in Rectangular Tubes 

Compared to single spin, this geometry has the disadvantage that the 
structure changes as the wave moves through the cell, and also differs 
from one cell to the next. But the variation across the tube along the line 
of sight is less, and can be virtually eliminated by making the tube 
narrow enough. 

We consider mainly the planar (narrow tube) case. The boundary- 
layer effect across the narrow dimension is important here. A recent 
study is that of Strehlow and Salm (1976). The boundary layer grows 
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Fig. 7.28. Magnified view of a 
collision from a soot film like that 
of Fig. 7.10d. A 2 X 0 detonation in 
50%(2H 2 + 0 2 ) + 50%Ar, p 0 - 6.7 
kPa. From Crooker (1969). 

Fig. 7.29. Overview of planar 
detonation structure. (The 2X0 
detonation of Figs. 7.10d and 7.28.) 
From Strehlow and Crooker 
(1974)). 



rapidly behind the front and soon fills the tube. Using an approximate 
theory, these authors calculated the pressure profile behind the front, 
adjusting the friction coefficient so as to match the experimental profile. 
They also estimated the rate of boundary-layer growth and summarized 
the characteristic lengths and relevant properties as follows: for 
50%(2H 2 + 0 2 ) + 50%Ar at p 0 = 12 kPa in a 6.3 mm (1/4 in.) wide chan¬ 
nel, the calculated one-dimensional CJ reaction-zone length is 2 mm, 
the transverse-wave spacing Z is 60 mm, and the boundary layer fills the 
tube 85 mm behind the front. Thus boundary-layer effects across the 
narrow dimension are clearly important, giving rise to the marginal 
character. These effects are of course accepted in exchange for the 
favorable geometry, the best obtainable for detailed studies of the 
structure. 


7C2.1. Structure 

The structure is shown in Fig. 7.28 - 7.30 and Table 7.2. Fig. 7.28 is a 
magnified view of the collision portion of a soot film like that of Fig. 
7.10d. Figure 7.29 is a drawing of the structure through a complete cell. 
Figure 7.30 and Table 7.2 give the detailed structure. 

As seen in Figs. 7.10d, slapping waves are present in planar detona¬ 
tion, but are weak. Apparently they are generated at the collisions of the 
principal waves and die out rapidly between these collisions. As shown 
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Fig. 7.30. Detailed structure of 
planar detonation at the average 
track angle of 30°. In4X0to8X0 
detonation in 97%(2CO + 0 2 ) + 
3%H 2 at p 0 - 33 kPa. From VMT 
(1963). 


Tab!© 7.2 STATES IN THE PLANAR DETONATION 
STRUCTURE OF FIG. 7.30 a 


Region 

P/Po 

tl 

T(K) 

q(m/s) b 

M-cj/c 

0 

1 

1 

293 

1960 

6.80 

1 

17.6 

4.85 

1060 

1480 

2.35 

2 

39.6 

6.06 

1920 

345 

0.41 

3 

39.5 

8.83 

1310 

1270 

1.82 

4 

109 

18.6 

1705 

812 

1.18 

5 

109 

16.9 

1900 

430 

0.517 

1 

16 

4.68 

1000 

1170 

1.91 

2 

29.5 

5.67 

1530 

300 

0.396 

5 

65.0 

12.7 

1500 

430 

0.57 


a The upper part of the table is for the overall average track angle of 30°; the lower, for the 
typical track angle of 42° just before collision. 

b q is the flow speed (in the steady frame attached to the triple point). 

in Fig. 7.29, the structure immediately after collision appears to be of 
the weak type; details cannot be resolved because of the short reaction 
time, but the track is single, with the double track of the strong struc¬ 
ture often appearing rather abruptly about one-fourth of the way to the 
next collision. The diamond pattern within the band from strong 
transverse waves on the detonation segment BC, typical in single spin, is 
absent here. The induction zone on the axis becomes resolvable at about 
the center of the cell and has become quite long at the end. 

The detailed structure given in Fig. 7.30 and Table 7.2 was obtained in 
the same way as that for single spin. The values given are again from 
triple-point calculations at points A and B from the measured track 
angle and wave (triple point A) velocity, confirmed by pressure 
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measurements and photographs, except that here all waves are treated 
as nonreactive. The fire behind the stem AM and transverse wave seg¬ 
ment BC is not shown because its position is uncertain. Again the struc¬ 
ture at point C is partly guessed, and no calculations are done for it. The 
most striking difference from the single spin structure is that the detona¬ 
tion BC is now unsupported instead of overdriven, with the position of 
the fire uncertain, but appreciably displaced from the shock. The solu¬ 
tion for the detonation BC is essentially that of Chapter 5, Sec. G for a 
detonation with lateral divergence, with the slip lines from B and C serv¬ 
ing as the channel boundaries, and a transition from subsonic to super¬ 
sonic flow on some surface behind BC. 

As the wave proceeds through the cell the structure becomes weaker. 
The track angle increases (because the front is slowing down), the Mach 
number M 4 drops below one, and the rarefaction front DK overtakes and 
erodes shock BC. Before this happens, the rarefaction transmitted into 
region 6 could weaken BC if the sonic transition in region 5 has not oc¬ 
curred before point K. The observed result as the wave proceeds is that 
the segment AB lengthens, and BC weakens. The main fire RM’ of 
course lags farther behind the front as the front gets weaker and the in¬ 
duction time increases. 

The states just before collision at a typical track angle of 42° are also 
listed in Table 7.2. We remark that immediately after collision the 
pressure behind BC jumps to about 200p o . Details of the collision 
process are discussed by Crooker (1969) and Subbotin (1976b). Subbotin 
suggests that the collision produces both front- and rear-facing jets 
which ignite pockets of unburned gas to produce the double-bow pattern 
seen in recent photographs. An example is indicated by the chain lines 
in the drawing of Fig. 7.31. 

VMT (1963) extended their study to the case of failing transverse 
waves, removing the collision partners by running the detonation into a 
divergent section, Fig. 7.32a. The decay process described above con¬ 
tinues and the structure turns into a structure of the weak type which 
they call type II, Fig. 7.32b. Points B and C recede from the front, but B 
recedes faster and overtakes and merges with C, forming the weak struc¬ 
ture, the process being essentially the same as that described in the 
alternating-structure type of single spin discussed above. This same 
weak structure is seen in an occasional cell in propagating detonations. 
Subbotin (1975a) discusses this subject in more detail. 

The structure of 1 X 1 detonation in square or rectangular tubes is 
similar to that of planar detonations. These have been extensively 
studied by Edwards, Hooper, Job, and Parry (1970), and Lundstrom and 
Oppenheim (1969). The structure drawn by Edwards, et al., is similar to 
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Fig. 7.31. Sketch of the 
double-bow pattern 
produced by transverse- 
wave collision in 30%(2H 2 
+ 0 2 ) + 70%Ar at 13.3 kPa 
in a 27 X 27 mm tube. 
From Takai, Yoneda, and 
Hikita (1974). 



Fig. 7.32. Structure of a 
failing planar detonation, 
(a) Failing transverse 
waves (dashed lines) in a 
divergent channel, (b) The 
weak (VMT type II) struc¬ 
ture of the failing waves. 
From VMT (1963). 


Fig. 7.30 with the segment AB longer relative to BC and details at C 
omitted. An interesting special case presented by Lee, Soloukhin and 
Oppenheim (1969) is the attainment of single spin in a rectangular tube, 
with a single transverse wave with strongly banded trace rotating around 
the periphery. 

A periodic weak-to-strong transition observed in a 1 X 1 rectangular 
detonation has been analyzed in detail by Urtiew (1969). The soot film is 
shown in Fig. 7.33. The abrupt transition at point A is triggered by the 
collision of the slapping wave with the wall. A faint trace from the rear 
triple point C (Fig. 7.30) can be detected before the collision. After the 
collision the track angle increases abruptly, and transverse waves ap¬ 
pear almost immediately on the detonation segment BC, Fig. 7.30, of the 
strong structure. 

We close this section with brief descriptions of two interesting details 
of structure which have not been explained or integrated into the general 
picture. 

• Second Compression Wave . A "second compression wave" parallel to 
and just behind or in the tail of the main fire is mentioned by Strehlow 
and Crooker (1974) and studied in some detail by Edwards, Hooper, and 
Meddins (1972), in a planar 4X0 detonation in 40%(2H Z 4 - 0 2 ) + 60%Ar 
at p 0 = 10.7 kPa in a 76 X 6.3 mm (3 X 1/4 in.) tube. One or more strong 
longitudinal density maxima extending uniformly across the wave ride 
along on the tail of the entire fire (behind both the incident shock and 





Fig. 7.33. Abrupt weak-to-strong 
transitions triggered by slapping-wave 
collisions in a 1 X 1 rectangular 
detonation in H a + O a , p 0 - 47 kPa, 19 
X 44.5 mm tube, wide wall shown. 
From Urtiew (1969). 


the Mach stem). This "wave" remains attached to the fire and retains a 
constant amplitude as the wave front decays. A similar phenomenon 
was observed in a one-dimensional wave in 2CO + 0 2 at 3.3 kPa in a 
diverging channel. The likely conclusion is that it should be predictable 
by a one-dimensional model of flow behind a decaying wave. A definite 
explanation of this phenomen has not been found; the authors discuss 
qualitatively some of the possibilities, including a suggestion by 
Soloukhin of a longitudinal oscillation like that of Sec. 6C, but confined 
to the region of the fire. 

® Blast Waves from Hot Spots. Lu, Dabora, and Nicholls (1969) 
worked at relatively high pressure, 101 kPa, in a relatively small tube, 13 
X 91 mm (0.5 X 0.3 in.); a typical case of interest here is a 1 X 1 detona¬ 
tion in 98.3%(2CO 4* O a ) + 1.7%H 2 . They saw a succession of weak blast 
waves moving back into the products, apparently produced by repeated 
explosions of hot spots near the front. The strength of these blast waves 
was comparable to that of the transverse waves. The authors did not 
study the phenomenon in great detail or draw any further conclusions. 
The spacing of the blast waves appears to be comparable to the tube 
dimensions; it seems likely that the explosions are an integral part of the 
process and repeat at the fundamental period. A similar one-shot 
phenomenon is the "Explosion-in-the-Explosion" which is a charac¬ 
teristic feature of one type of deflagration-to-detonation transition; see, 
for example Lee, Soloukhin, and Oppenheim (1969). 
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7C2.2 . Variation through the Cell 

The variations of some of the (calculated) pressures of Fig. 7.30 
through the cell are shown in Fig. 7.34. The dashed line in the first part 
of the cell is a reminder that the structure is not resolved there. Varia¬ 
tions of front velocity along the centerline for several systems are shown 
in Fig. 7.35. Strehlow and Crooker's data show the scatter obtained in a 
number of firings. Values for the planar system studied by VMT (1963) 
described above are similar to those of Steel and Oppenheim (1966). 

The axial velocity history observed by Takai, Yoneda, and Hikita 
(1974), Fig. 7.36, shows two unusual features: a local maximum near the 
beginning of the cell, and a sharp rise near the end. They do not attempt 
to explain why they see these features when others do not; presumably 
their measurements have higher spatial resolution, but details are lack¬ 
ing. The local maximum tends to confirm Barthel's model of cell struc¬ 
ture described in Sec. 7D. This model postulates an initiation 
mechanism after collision at the beginning of the cell like that for 
homogeneous initiation (Sec. 7B3), with the maximum where the over¬ 
taking wave reaches the front. The rise at the end remains a mystery. 



Fig. 7.34. Pressures for the 
detonation of Fig. 7.30 vs. nor¬ 
malized distance through the cell, 
From VMT (1963). 



Fig. 7.35. Axial front velocity vs. nor¬ 
malized distance through the cell. 
Open symbols and X's, detonation of 
Figs. 7.28, 7.29, Strehlow and Crooker 
(1974); •, 1 X 1 in 50%(2H* + O a ) + 
50%N 2 , p 0 = 7.9 kPa, 25 X 38 mm (1 X 
1 1/2 in.) tube, Lundstrom and Op¬ 
penheim (1969); ■ , 1 X 1 in 20% 2(H 2 
+ O a ) + 71%N a , p 0 - 13.3 kPa, 19.1 X 
44 mm (3/4 X 13/4 in.) tube, Steel and 
Oppenheim (1966). From Strehlow 
and Crooker (1974). 
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Strehlow and Crooker also calculated induction-zone lengths on the 
assumption that each particle remains in the state produced by its 
passage through the shock. The calculated length, Fig. 7.37, increases by 
a factor of 3000 through the cell. 

A more realistic estimate of induction time can be made by using the 
mathematical form of standard nonreactive blast wave theory to model 
the flow. A blast wave is the flow produced by an instantaneous release 
of energy on a point, line, or sheet source, producing a self-similar flow 
with sphere, cylinder, or slab symmetry. In the strong-shock limit for a 
poly tropic gas the motion of the front is given by (with the energy release 
at x = t = 0) 

D = ax/t 


for 


x = (Ke/p 0 ) a/2 t a 
a = 2 /{a + 3) 

a = 0, 1, 2 for slab, cylinder, sphere. 



Fig. 7.36. Axial velocity through 
the ceil for the detonation of Fig. 
7.31. From Takai, Yoneda, and 
Hikita (1974). 



Fig. 7.37. Calculated induction 
zone length vs. normalized distance 
through the cell (L = 5") for the 
detonation of Figs. 7.28 and 7.29. 
From Crooker (1969). 
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Here x is distance from the source, k is a dimensionless constant, and e 
is the energy per unit area for the slab, per unit length for the cylinder, 
and total energy for the sphere. There are also simple equations for the 
complete flow field, although their exact solution in convenient indepen¬ 
dent variables requires the iterative solution of a nonlinear equation. 

Lundstrom and Oppenheim (1969) found that their measurements of 
front position in a 1 X 1 detonation in 50%(2H 2 + 0 2 ) + 50%N 2 at p 0 = 
7.9 kPa in a 25 X 38 mm (1X11/2 in.) tube were well reproduced by the 
blast-wave equation if they took a = 1/2, that is, by a hypothetical blast 
wave midway between the slab and cylinder cases. The blast-wave 
origin is outside the cell at Z/L = —0.28. With this more realistic model 
it is clear that the detonation is failing, with the induction time becom¬ 
ing infinite about 0.7 of the way through the cell. 

The blast-wave model, though useful, is not quantitatively correct. 
Edwards, Hooper, Job, and Parry (1970) have shown that the blast-wave 
pressure profiles differ appreciably from experiment. Strehlow (1970) 
has shown that to first approximation the point of origin and energy of 
the approximating blast wave depend only on the transverse-wave 
strengths, and that blast-wave energies evaluated from observed 
transverse-wave strengths are of the order of 100 times the energy 
available from detonating all the material in the cell. 

Urtiew (1976) has given a nice summary of the invariants through the 
cell. Fig. 7.38 shows the triple point moving through a cell. To a good ap¬ 
proximation both the transverse-wave strength and the angle 0 between 
the reflected wave and the track (the same as angle 0i of Fig. 7.7) are 
constant through the cell. The triple-point structure may be pictured as 
an object of fixed shape moving along a curved track, rotating as it goes 
to keep the angle 0 constant. Its strength of course undergoes a 
monotone decrease between collisions. The extreme values of the 
strength (as measured, say, by the axial shock Mach number D/c 0 before 
and after collision) depend only on 0, which is a parameter of the system 
(composition and tube geometry). 

Using these facts, assuming the blast-wave decay law, and making an 
empirical assumption, Urtiew was able to express the blast-wave point 
of origin and the decay exponent as functions of the single variable 0. 
The variation of normalized wave strength M(Z/L)/M through the cell is 
a one-parameter function with parameter 0_^with M the time-averaged 
axial shock Mach number. Measurement of M then gives M(Z/L), which 
is in good agreement with experiment in most cases. 
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7C3, Ordinary Detonation 

Most of the information on ordinary (non-marginal) detonations 
comes from soot films. As explained in Sec. 7A5, the entrance angle (bet¬ 
ween the colliding tracks) determines the transverse-wave strength to a 
good approximation. One can also find the change in transverse-wave 
strength and in front velocity through the collision, and check the con¬ 
clusions by measuring the exit angle. 

Strehlow and Biller (1969) measured the track angles for a large num¬ 
ber of collisions in the systems 2H 2 4- 0 2 , 30%(2H 2 + 0 2 ) + 70%Ar, 
15%(2C 2 H 2 + 50 2 ) + 85% Ar, and 25 %(C 2 H 4 + 30 2 ) + 75%Ar, at 6.7 to 
47 kPa initial pressure in their 83 X 38 mm (3 1/4 X 11/2 in.) tube. The 
data base consisted largely of soot films accumulated in previous in¬ 
vestigations. The mode numbers are not given, but, according to 
Edwards, Hooper, Job, and Parry (1970), they range from 6 to 21. 

A typical set of results is shown in Fig. 7.39. There is a large variation 
of transverse-wave strength, but the mean value is essentially indepen¬ 
dent of pressure. Following individual transverse waves through many 



Fig. 7.38. The triple point rotates 
counterclockwise as it proceeds so 
as to keep the angle 0 between the 
reflected shock and the track ap¬ 
proximately constant. From Urtiew 
(1976). 


Fig. 7.39. Entrance angle 4> 
and corresponding transverse 
wave strengths S (pressure 
ratio minus one) for a number 
of collisions in 30%(2H 2 + 0 2 ) 
+ 70%Ar over a range of in¬ 
itial pressure. From Strehlow 
and Biller (1969). 
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collisions showed that the strength of a particular wave oscillates 
strongly about some mean value, and that the amplitude of this oscilla¬ 
tion varies markedly from wave to wave. Further details on this point 
may be found in Strehlow, Adamczyk, and Stiles (1972). The average 
value of the entrance angle and corresponding transverse-wave strength 
is nearly the same for all systems. The average entrance angle (twice the 
track angle for a symmetric collision) appears to be very close to 70°; the 
corresponding transverse wave strengths S (pressure ratio across the 
shock minus one) all lie within the range 0.44 to 0.48. The mean strength 
value 0.46 ± 0.05 for the Hja/CVAr system is given in a later paper, 
Strehlow (1970). Through a typical collision in this same mixture, the 
transverse-wave strength decreases by 5%, while the axial front velocity 
increases 48%. As stated earlier, a typical variation in axial D through 
the cell is 1.2 Dj to 0.85 Dj. 

The structure has not been directly observed. VMT (1969) believe 
that it is essentially the same as that seen in marginal (rectangular and 
planar) detonations. They point out that there is enough reaction in the 
transverse waves so that they can be recorded by their own light. Also 
they state that the average track angle in ordinary detonations is 33 °, 
greater than the 30° they found in their studies of planar detonations 
(these detonations were less marginal than those of Strehlow and 
Crooker [1974]). This track angle of 33° may be compared with the 
slightly smaller values of 30° and 29° which one can measure on Fig. 
7.10b and c. In any case, the argument is that the greater track angle im¬ 
plies a stronger transverse wave and thus suggests the strong structure. 
Strehlow (1969) has favored the weak structure, on the grounds that the 
observed tracks are single lines, and th$t the strong structure should 
leave some trace of its existence in the form of additional marks. 
However, the work of Strehlow and Crooker (1974) shows that the strong 
structure does not always leave its mark on the soot film. 

The question of the nature of the high-mode-number limit is of course 
of interest. Manzhalei, Mitrofanov, and Subbotin (1974) have made a 
systematic study of this question, increasing the initial pressure to 1000 
kPa. They found that the structure persists essentially unchanged. This 
is not surprising since, as Strehlow and Biller (1969) point out, all of the 
characteristic lengths—induction-zone length, shock thickness, and 
slipstream thickness—are inversely proportional to the initial pressure. 

7D. COMPARISON OF THEORY AND EXPERIMENT 

A few comparisons between theory and experiment have been or can 
be made; some are qualitative because the calculations, coming first, 
were not done for the systems observed. The topics are ( 1 ) the onset of 
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instability with increasing heat of reaction, ( 2 ) fast gallop (one¬ 
dimensional oscillation) in the projectile bow wave, and (3) cell size and 
structure in the free-running detonation. Some of the "theories” of cell 
size are not a priori, but take as their starting point the main features of 
the observed structure. 

7D1. Onset of Instability 

Soloukhin and Brochet (1972), studied the onset of instability with in¬ 
creasing heat of reaction and shock strength in x(l /2 NH 8 + 1/2 0 2 ) 4- (1 
- x)Ar, x = 0.1 to 0.3, in a 30 X 15 mm tube at p 0 “ 1.01 to 7.1 kPa. The 
tube was operated as a shock tube with a hydrogen driver section, and 
the shock strength was varied over the range M = 4.4 to 6 by changing 
p 0 . (For x - 0.3, Mj is about 2.3; these detonations are strongly over¬ 
driven.) The one-dimensional flow was found to be stabilized by increas¬ 
ing the shock strength or by decreasing the heat of reaction (by decreas¬ 
ing x). Three points on the stability boundary in mole fraction of diluent 
x and shock temperature T were found: 


X 

T(K) 

01 

<1700 

0.2 

2200-2300 

0.3 

2300-2400. 


This system has an induction zone; the first appearance of instability 
is in the neighborhood of the fire, with the shock and most of the induc¬ 
tion zone unaffected. The crude Shchelkin theory, Sec. 6 A 2 , predicts 
this stability boundary reasonably well. We may also compare Erpen- 
beck’s result, Fig. 6 . 12 , from an exact treatment of the stability problem 
but for first-order Arrhenius instead of branching-chain kinetics. Erpen- 
beck places the stability boundary at q/RT 0 «* 5 to 10 for Et = 0 
depending on the degree of overdrive f, and at q/RT 0 s 0.3, almost in¬ 
dependent of f, for Et = 50 RT C . The NH 3 /O 2 system studied here has Et 
= 70 RT 0 , and q/RT 0 as 1.9 and 2.4 on the stability boundary at X « 0.2 
and X = 0.3. Thus its critical heat of reaction is at least ten times that 
for the Erpenbeck system and its dependence on shock strength (degree 
of overdrive) is greater. 

7D2» Fast Gallop 

The one-dimensional oscillation which we call fast gallop, Sec. 6B3, is 
seen in only one experimental situation—at the tip of a projectile bow 
wave, Fig. 7.14. There are two calculations which can be compared with 
experiment. We will use the symbols 
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r = induction time 

I = induction-zone length 

X 1 / 2 , ti /2 = half-reaction distance, time. 

Alpert and Toong (1972) have collected the data for fast-gallop 
periods in projectile bow waves for several different H 2 /0 2 systems, and 
compared them to calculated induction times. With some scatter, they 
find two periods, 1.7r and 4.6r. The two sets of calculations are those of 
Alpert and Toong (1972) with a square-wave model, and those of 
Fickett, Jacobson, apd Schott (1972) with a more realistic model. Alpert 
and Toong's square-wave model was the usual one—a constant-state in¬ 
duction zone with the correct activation energy, followed by instan¬ 
taneous reaction. They used an approximate solution of the flow 
problem. Since the real steady reaction zone for this dilute system has a 
very long recombination tail, the square-wave model may be a rather 
poor approximation. Fickett et al. (see Fig. 6.43) used a one-reaction 
model with the correct induction-zone activation energy and about the 
right decrease in exothermicity with increasing drive, and did the flow 
problem essentially exactly by the method of characteristics. They used 
two rate models: rate 1, giving a steady profile with the desired long¬ 
tailed recombination zone but with the induction zone about twice too 
long, and rate 2, giving more nearly a square wave. But they were un¬ 
aware of Toong’s work and calculated for a somewhat more dilute 
system than any of those observed. 

Both the Alpert and Toong model and the Fickett et al. rate 1 give 
both short and long periods, while the Fickett et al. rate 2 gives only the 
short period. Also the Alpert and Toong model and the Fickett et al. rate 
1 give rather low-amplitude oscillations; the Fickett et al. rate 2 gives 
larger amplitudes, especially for the longer period. 

The calculated periods are compared with experiment in Table 7.3. 
Surprisingly, the cruder the model, the better the results, with Toong 
and Alpert in agreement with the observations. Note however, that 
when the ratio of induction time to recombination time is changing, as 
between Fickett et al. rates 1 and 2, the period is more closely related to 
the half-reaction time than to the induction time. Nevertheless, the 
periods predicted by the more realistic rate 1 are clearly too long. 

We remark that the quoted figure for the observed cell length in the 
’'Discussion 1 ' section of Fickett et al. is in error. In comparing their (one¬ 
dimensional) spatial period with the cell length in a detonation with 
two-dimensional structure, they quoted the incorrect value of 9 mm for 
the observed cell length in 2H 2 + 9Ar at p 0 = 13.3 kPa (0.1 atm). The 
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correct value is 60 mm, or 1891. The calculated one-dimensional 
longitudinal wavelengths of Table 7.3 are smaller than this, ranging 
from 2.41 to 1181. 

7B3. Cell 8m® 

There are several theories which predict transverse wave spacing. For 
convenience we name them as follows: 

1. Exact stability theory and extensions (Erpenbeck and others) 

2. Ray shock contact (Strehlow) 

3. Ray hot spot (Barthel) 

4. Acoustic (Strehlow) 

5. Initiation (Barthel). 

The word "ray" is short for "geometrical acoustics." The first three 
theories, described in Chapter 6, are a priori treatments. The last two, 
described here, take the main features of the observed structure as their 
starting point. We first describe these more empirical treatments and 
then compare all of the predictions with experiment. 

7DBA. Acoustic Theory 

Strehlow (1970) presents an "acoustic theory for spacing," to be dis¬ 
tinguished from the a priori geometrical acoustic theory of Sec. 6B2 but 
with some points of connection. A structure of the observed form is 
assumed, with the spacing to be determined. The condition postulated 
to determine the spacing is that an additional "test" transverse acoustic 
wave on the front propagating through the existing structure, Fig. 7.40, 
neither grow nor decay. The processes which affect the acoustic wave’s 
amplitude are (1) amplification by chemical reaction, (2) passage 


n. Fig. 7.40. The "test" transverse 

y acoustic wave (track marked by 

\ ^<shock dashed line) of the acoustic theory. 

WAVE From Strehlow (1970). 

' '""''■ACOUSTIC 
WAVE 
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through the steep pressure gradient behind the front (recall the blast- 
wave approximation), and (3) collision with the (regular) transverse 
wave at the cell boundary. 

The test wave is taken to be a step function oriented normal to the 
front, with strength S a and with associated rays trapped in the reaction 
zone as described in Sec. 6B2. The first effect, chemical-reaction am¬ 
plification, is given approximately by the result of that section as 

S a = S£ e kt 

with Sg the acoustic-wave strength (pressure ratio across the wave minus 
one) just after it enters the cell, t the elapsed time from that point, and k 
a function of the state behind the front at the critical plane. For sim¬ 
plicity, the CJ state is used throughout for its evaluation. For the total 
amplification across the cell, t is the transit time of the test wave across 
the cell. The second effect, passage through the blast-wave gradient, is 
an amplification small enough to be neglected. The third effect, collision 
with the transverse wave, is simplified to a one-dimensional problem, 
Fig. 7.41, by neglecting the transverse wave's slip line and taking its 
reflected shock (strength S) normal to the front. Passage of the test wave 
through the reflected shock reduces its strength. 

Denoting post-collision states by primes, the solution of the matching 
problem is 

Ap = Ap'; Ap a pia - Pa, Ap‘ a p 2a - p 2 
S^S a - (1 + S)" 1 , 

where the subscripts 1, 2, la, and 2a refer to the figure and S is the 
strength of the regular transverse wave. The pressure jump across the 
acoustic wave is unchanged, but its strength is reduced since its initial 
pressure is increased (from Pi to p 2 ). 

We now have in hand the two effects to be balanced. The increase in 
the strength of the acoustic wave by chemical amplification as it 


_-A.- 2 Q Fig. 7.41. One-dimensional col- 
yy—r z lision of the test wave with the 
/y reflected shock of the regular 

/ transverse wave in the acoustic 

^? |Q theory. From Strehlow (1970). 



347 




STRUCTURE OF THE FRONT 


Chap. 7 


proceeds across the cell is equated to the decrease in its strength by colli¬ 
sion at the cell boundary. Doing this and using the mean cell properties 
to estimate the transit time gives for the spacing Z 

Z - 4k- 1 M J c J (tan a) ln(l + S) 
with a the mean track angle, and Mj “ Dj/c 0 . 

7D3o2o Initiation Theory 

Barthel (1972) presents a spacing theory which we will call the "initia¬ 
tion theory." It focuses attention on the new detonation at the beginning 
of a cell, having in mind the one-dimensional initiation process diagram¬ 
med in Fig. 7.20. Fig. 7.42 is a hypothetical snapshot before any material 
has reacted. The shaded region is heated material processed by the 
shock; it lies inside the tracks by virtue of its forward motion. Processes 
near the end of the previous cell and in the adjacent cells to the sides are 
neglected. The material at the rear apex reacts first, sending forward a 
reactive cylindrical compression wave, which later overtakes the front. 
The next consideration is the effect of the overtake on the front. Obser¬ 
vations of isolated triple points generated by wedge reflection in both 
reactive and nonreactive mixtures (reported in this paper and in 
Liaugminas, Barthel, and Strehlow [1973]) shed some light on this 
process. Calculation of the overtake shows that if it occurs in the first 
half of the cell, while the front is still the Mach stem, the transverse 
wave is strengthened, but if it occurs in the second half of the cell, where 
the front has become the incident shock, the transverse wave is 
weakened. 

The postulated condition to determine the spacing is that the over¬ 
take occur in the first half of the cell, so that it strengthens the 
transverse wave. To get numbers, the initiation is treated as one¬ 
dimensional behind a constant velocity shock. The overtaking wave 
originates at the apex after the calculated induction time for the initial 
shock (Mach stem) strength, and then moves forward with acoustic 
velocity. From ah estimated or measured initial shock strength, one can 


Fig. 7.42. Snapshot before any 
material has reacted, for the initiation 
theory of Barthel (1972). 
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calculate the distance to overtake; the postulated spacing condition re¬ 
quires the cell length to be at least twice this. Alternatively, one can use 
the measured cell length to set a lower limit on the initial shock 
strength. The author suggests that, at least in the HgAVAr system, an 
upper limit is set by the strength at which the net exothermocity 
changes sign due to dissociation; Fickett, Jacobson, and Schott (1972) 
set this at D - 1.4Dj. 

The work of Takai, Yoneda, and Hikita (1974) provides some ex¬ 
perimental confirmation of this assumed mechanism of initiation, as 
pointed out by Strehlow in an appended comment. Their measured axial 
velocity, Fig. 7.36, starts at D = 1.6 Dj, drops rapidly, and then rises to a 
local maximum about one-fifth of the way through the cell. They at¬ 
tribute the first rapid fall to the initial endothermicity, and the local 
maximum to the start of exothermic reaction, presumably via an initia¬ 
tion mechanism like that described above. 

7DBJo Comparison with Experiment 

Table 7.4 gives a summary of comparisons with experiment. All the 
comparisons that have been made are for the system H 2 /0 2 /Ar. Detailed 
comparisons with experiment have only been made for theories 2, 3, and 
4; see Strehlow (1969) and Strehlow, Maurer, and Rajan (1969) for 2, 
Barthel (1972) for 3, and Strehlow (1970) for 4. The ray shock contact 
theory (the original geometrical acoustic theory) gives spacings which 
are much too small. The other two are reasonably good, except that the 


Table 7.4 CALCULATED VS. EXPERIMENTAL a 
TRANSVERSE-WAVE SPACING (CELL HEIGHT) Z 

Theory ^•calc/^exp 


1. Exact Stability 

2. Ray shock contact 

3. Ray hotspot 

4. Acoustic 

5. Initiation 
8 In tiJOJAi. 


1.2 (see text) 

1/30 to 1/120 

1.7 to 2.5 

1/20 for 0%Ar 
1 to 3 for 60 to 85% Ar 

>1/6 
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acoustic theory is poor at low dilution. All three give about the right 
dependence on pressure. The initiation theory 5 gives only a minimum 
value, and has been compared with experiment at only one point. 

The exact stability theory typically gives only a maximum value, with 
the range of unstable wavelengths extending from this value to zero. 
Also, it has been applied only to an idealized system (polytropic gas with 
first-order Arrhenius rate). The system chosen by Erpenbeck for the 
nonlinear extension of the theory, Sec. 6B1, under the constraints im¬ 
posed there gives values like 6xi /2 . To try to make a correspondence with 
a system with branching-chain kinetics, we may look at Fig. 6.43, and 
take the induction-zone length I something like 1/20 of the half-reaction- 
zone length x 1/2 . This rough correspondence would give a Z cft i c of 1201 
from the value of 6 xi / 2 , close to the experimental value of 1001 for the 
dilute system. 

7E. LIQUIDS AND SOLIDS 

Liquids and solids are much harder to study than gases. Solids (other 
than single crystals) are not transparent, so we can't look inside them. 
Liquids are transparent, and for this reason are more studied. The 
favorite system is nitromethane, usually diluted with acetone to slow 
down the reaction and make the structure large enough to be readily ob¬ 
served. There are several differences from gases which might be expec¬ 
ted to affect the structure. The main one is that there is no such thing as 
a rigid confining wall. The wall compressibility is an important effect, 
particularly with lower-impedance materials such as glass, Plexiglas, 
and air. 

The most recent comprehensive review of this subject is in the book by 
Dremin, Savrov, Trofimov, and Shvedov (1970). An interesting result is 
the existence of several liquids—nitroglycerin, dinitroglycerin, 
tetranitromethane, and 87/13 nitromethane/benzene—in which the 
detonation is apparently one-dimensional in accord with the simple 
theory. The evidence comes from the analysis of light reflected from the 
front, which is thereby found to be smooth on the scale of the wavelength 
of visible light. In tetranitromethane a triangular reaction zone 2 mm 
long (reaction time ~0.5 ms) is resolved by the electromagnetic foil 
method. This method, with a time resolution of about 0.1 ms, fails to 
reveal a reaction zone in the other explosives. We will say no more here 
about one-dimensional detonations but concentrate instead on 
materials with structure like that seen in gases. 

Although the structure is superficially like that in gases, there are 
some important differences and several puzzling features. A consistent 
picture has not yet emerged. We review the evidence and discuss the 
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main questions, adding some ideas of our own. Recent short review dis¬ 
cussions may be found in Urtiew (1975) and Persson and Persson (1976). 

At the present state of knowledge it seems to us important to dis¬ 
tinguish between light or medium confinement on the one hand, and 
heavy confinement on the other. Particularly with heavy confinement, it 
may also be important to distinguish between the structure in the in¬ 
terior and at the edge. With light or medium confinement, large scale 
disturbances, usually called failure waves, continually form at the edge 
and propagate into the interior. Their structure is fairly well understood, 
and is different from the triple-shock transverse-wave structure seen in 
gases. However, they do seem to interact with each other in somewhat 
the same way, forming fairly regular patterns resembling those on gas 
soot films. With heavy confinement, there are no obvious failure waves 
forming at the edge, and the general structure is at least superficially 
like that in gases. However, the structure of the transverse waves is not 
known. Some evidence suggests that it is like that of the large failure 
waves instead of the gas triple-shock configuration. It also appears to us 
that the edge and the interior may constitute two somewhat indepen¬ 
dent systems, with more regular and larger transverse-wave spacing at 
the edge. 

The differences between gas- and condensed-phase properties which 
might be expected to affect the structure are discussed in Sec. 7E1. The 
light-confinement case is considered in Sec. 7E2, With emphasis on the 
failure-wave structure. The heavy-confinement case is discussed in Sec. 
7E3, subdivided into the interior and the edge. In Sec. 7E4, we sum¬ 
marize the picture as well as it is known and review the evidence bearing 
on the remaining questions. 

TEL Differences from Gases 

Detonations in liquids and solids differ from those in gases in several 
important ways which might be expected to affect the structure. The 
compressibility of the walls lengthens the reaction zone at the edge and 
produces a configuration which is a poor reflector of transverse waves 
from the interior. A detonation running in shocked but unreacted 
material is dimmer than a normal detonation, not brighter, as in gases. 
Such a detonation also runs faster than normal, since detonation 
velocity is a strong function of initial density, not almost independent of 
it, as in gases. 

The edge is a poor reflector for transverse waves. The finite wall im¬ 
pedance allows some energy to be transmitted into the wall, and the 
lateral expansion induces a flow configuration at the edge which is a 
poor reflector in its own right. High-impedance materials are of course 
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better reflectors than low-impedance ones, with the case of matching 
impedance probably somewhat special, since then to first approxima¬ 
tion there is no reflection at all. Relative to a typical liquid explosive like 
nitromethane, brass and steel are of much higher impedance, glass is 
slightly higher, plastics are about the same, and air (with the explosive 
confined in a tube of thin plastic film) is much lower. As might be expec¬ 
ted, there is a sharp difference in behavior between the high-impedance 
confining materials like brass and steel, and the others. Material- 
strength properties of course play some part; it may well be that the 
fracture properties of glass are important. 

The flow configuration at the edge of the charge, as proposed by Bdzil 
(1976), is diagrammed in Fig. 7.43. Compared to gases, for which the 
shock is nearly flat, the shock here is quite curved and meets the wall 
more obliquely. The less compressible the unreacted explosive, the 
greater the angle between the shock and the deflected wall. In the un¬ 
confined case the shock is more curved, the reaction zone is longer, and 
the sonic locus meets the wall at the shock instead of behind it. Aside 
from transmission into the wall, one expects this edge configuration to 
be a poor reflector for transverse waves reaching it from the interior. 
Much of the energy from such a wave will be transmitted to the rear 
along the wall. The reflection that does take place tends to smear out the 
reflected wave, for the flow at the edge is more nearly sonic so that 
transverse disturbances propagate slowly, and reflection takes a long 
time. 

The second effect is the relative brightness of a detonation wave 
traveling in shocked but unreacted material. In the condensed phase it is 
dimmer than normal as demonstrated by the classic one-dimensional 
shock-initiation experiments (Campbell, Davis, and Travis [1961], 
Johansson and Persson [1970], Sec. 2.1). This is mainly a density effect; 
the theoretical explanation (Fickett, Wood, and Salsburg [1957]) is that 
the energy partitioning depends on the density. With increasing density, 
more energy goes into intermolecular repulsion and less into translation, 
so that the temperature drops. This effect appears in the failure wave 
described in the next section, where (re-)initiation similar to that in the 
one-dimensional experiment plays an important part. Whether this is 
important to the observation elsewhere is not known. We sketch in Fig. 
7.44 the strong triple-point structure for gases and mark on it the 
relative brightness which the three reaction zones would have if the 
same structure applies here. The stem is still the brightest part, but is 
now backed up by a transverse detonation wave which is dimmer, not 
brighter, than normal. 




Fig. 7.43. Edge configuration in (a) 
unconfined, and (b) confined 
condensed-phase explosive. From 
Bdzil (1976). 


Fig. 7.44. Relative brightness of 
the three reaction zones in a 
triple-shock configuration in (a) 
gases, and (b) liquids. 


The third effect is the well-known increase of detonation velocity with 
density in the condensed phase, which will obviously be of some impor¬ 
tance, In the strong triple-point structure, for example, the transverse 
detonation wave would have a higher-than-normal velocity into the 
shocked-but-unreacted material in the reaction zone behind the initial 
shock. The overtaking component of the failure wave described in the 
next section moves at a higher than normal velocity for the same reason. 


7E2. Light Confinement 

The only waves whose structure has been studied in any detail are the 
large-scale failure waves from the edge in low impedance—glass or Plex¬ 
iglas—confinement. 

Figure 7.45 shows photographs and diagrams of the process. The dis¬ 
cussion will refer mostly to the cross-section drawing, Fig. 7.45d, in 
which the reaction-zone thickness of the normal detonation is neglected. 
At time 1 a small perturbation extinguishes the reaction at a point on 
the wall. A rarefaction wave, whose head follows the trajectory AA, 
spreads out from this point. To the left of AA we have a nonreactive 
shock, oblique because of its lower (normal) velocity. At time 2 the parti¬ 
cle at P' (originally at P) explodes and initiates an overtaking detonation 
wave. Running in shocked unreacted material, this wave first overtakes 
the front at time 2 at point B on the wall. As it proceeds, it eats up the 
oblique nonreactive shock from the left along the intersection BB. Just 
left of the intersection we have an overdriven or Mach-stem region. 
Region AB (Fig. 7.45c and d) is dimmer than normal because its light is 
that of the overtaking detonation running in shocked, unreacted 
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(c) 


Fig. 7.45. Failure wave in 
nitromethane in an i.d./o.d. 
15.5/18 mm glass tube. Head- 
on photographs: (a) snapshot, 
and (b) smear-camera. 
Diagrams: (c) head-on 
snapshot, (d) sequence of 
snapshots in a side-view cross 
section. From Persson and 
Persson (1976). 


material. The overdriven region is of course brighter than normal. These 
regions are clearly seen in the photographs. In the head-on photograph, 
Fig. 7.45a, the pattern is asymmetrical, with the initiation point of the 
overtaking detonation to the left of that of the rarefaction. This may be 
due to interaction with a neighboring failure wave. A more detailed 
study of failure waves may be found in Dremin and Persson (1977). 
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Fig. 7.46. Open-shutter photograph 
of edge waves in nitromethane in glass 
tubes of i.d./o.d. of (a) 19.5/22, and (b) 
and (c) 15.5/17.9 mm, essentially the 
same as Fig. 7.45. From Persson and 
Bjarnholt (1970). 


Failure waves can start at many points on the wall, and apparently 
couple with each other to form a structure with some degree of 
regularity, which appears to contain some persistent transverse waves. 
Figure 7.46 shows an open-shutter view, from the side, of nitromethane 
in glass. Figure 7.46a is a slightly larger diameter tube and does not show 
the large failures seen in Fig. 7.46b and c, which have the same diameter 
tube as that of Fig. 7.45. Watson (1970) has photographed failure waves 
in 97/3 (vol.%) nitromethane/acetone which are concentric with the tube 
axis and thus appear to have been initiated on a circumferential ring. 

Similar experiments in solids with very low-impedance (gas) confine¬ 
ment show a very regular structure, whose cell size depends in the expec¬ 
ted way on reaction time. An example is shown in Fig. 7.47. A square 
cross-section (50 mm) stick of explosive is covered on one side by a thin 
(2 mm) layer of argon confined by a thin plastic film, and the whole 
assembly is placed in a box of propane (which does not light up from the 
shocks it receives). The luminosity of the shocks in the argon is a sen¬ 
sitive function of the pressure in the transverse waves; an open-shutter 
photograph reveals the structure. The cell size is reduced by applying 
confinement to the remaining sides of the charge, or by substituting 
pressed TNT, with its shorter reaction zone, for cast. 

The regularity of the structure is surprising. Although there is no 
direct evidence that these are failure waves like those in liquids, the very 
low-impedance (gas) confinement suggests that they are. If so, the ex¬ 
treme regularity seems surprising. Additional information on the in¬ 
teraction between the expanding explosive products and the confining 
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Fig. 7.47. Edge waves in cast TNT of 50 ram square cross section, recorded 
by the argon-flash technique (open-shutter photograph). From Howe, Frey, 
and Melani (1976). 

7E3. Heavy Confinement 

It appears to us that there are some grounds for regarding the struc¬ 
ture at the edge and in the interior as partially decoupled, and we sub¬ 
divide this section accordingly. 

7B3J. Interior 

The interior structures observed to date are all irregular. The 
irregularity more nearly resembles that in gases due to lack of confine¬ 
ment (Fig. 7.1, spherical detonation in acetylene/oxygen) than the more 
severe inherent irregularity (Fig. 7.9, methane/oxygen in a rectangular 
tube). 

Figure 7.48 is a head-on snapshot of the luminosity of the front from 
an unsuccessful attempt to achieve a regular structure by using a dense 
(tungsten) tube of square cross section, and choosing the dilution so that 
the cell size (10-15 cells across the tube) is not too far below the largest 
possible for steady propagation. The edge cell size obtained from wall 
imprints (see below) is shown for comparison. 

By photographing an "impedance mirror," Mallory (1967) showed that 
there are also appreciable pressure variations across the front. The im- 
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Fig. 7.48. Head-on snapshot of the 
front in 80/20 (vol. %) 
nitromethane/acetone. Tube 12.7 
ram square interior, 300 mm long; 
walls: 1/2 mm of tungsten backed 
by 6 mm of brass; booster: 50 mm 
Composition B, point initiated. 
Measured detonation velocity: 5700 
m/s, confirming that the detona¬ 
tion is at most slightly overdriven. 
Image-intensifier camera, 12 ns ex¬ 
posure. The circular blob in the 
lower left corner is from the trigger¬ 
ing probe. By W. C. Davis. 


pedance mirror is a Plexiglas sheet on the end of the tube coated on the 
side toward the explosive with a thin layer of evaporated aluminum. 
Pressure variations in the explosive wrinkle the mirror, as shown in the 
snapshots of Fig. 7.49. 

A head-on smear-camera photograph of the front, Fig. 7.50, reveals a 
wealth of detail, with the broader transverse waves having the trailing 
bright band in common with the failure waves. Such photographs must 
be interpreted with some care; as explained in Appendix 7A, the 
recording system essentially selected only those transverse waves mov¬ 
ing in a particular direction. This shot, like that of Fig. 7.48, was an un¬ 
successful attempt to produce a regular structure. 

As mentioned earlier, the structure is apparently not present in all ex¬ 
plosives, Dremin, Savrov, Trofimov, and Shvedov (1970), Chapter 3, 
Sec. 6, report that for several liquid explosives, including nitroglycerin 
and tetranitromethane, analysis of light reflected from the front reveals 
a smooth surface (so that any irregularities must be smaller than the 
wavelength of visible light). They also report than in some liquids, in¬ 
cluding pure nitromethane, but not nitromethane/acetone, the structure 
can be removed by overdrive. Mallory (1976) has shown that the struc¬ 
ture appears after some delay in a one-dimensional shock initiation; 
presumably the process is much like that in gases, Fig. 7.20. 

Observations at different dilutions, such as those of Fig. 7.49, show 
that the cell size is at least roughly proportional to reaction-zone length. 
By watching the surface of his impedance mirrors over a time interval 
after they are struck by the shock, Mallory (1976) found that the struc¬ 
ture decays rapidly behind the front and that the decay time is roughly 
proportional to the reaction time. This observation is similar to White's 
(Sec. 3A) in gases. 
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7E3.2. Edge 

Tracks on the tube wall can be recorded by means similar to the soot- 
film technique in gases. Urtiew, Kusubov, and Duff (1970) found matte- 
finish stainless steel to be a good medium. The tracks are recorded both 
by indentations from the excess pressure of the transverse waves and by 
differential deposition of soot from them. The records are, unfor¬ 
tunately, not nearly so sharp and contrasty as those on gas soot films. 

One such record, together with a gas soot film for comparison, is 
shown in Fig. 7.51. Slapping waves appear to be absent. The track 
angles are around 45°, and the waves appear to pass through each other 
with little interaction. Oppenheim et al. (1970) have successfully 
calculated the collision by assuming a less common type of triple-point 
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Fig. 7.50. Head-on smear-camera photograph of the front in 73/27 (vol. %) 
nitromethane/acetone in 20 X 80 mm rectangular brass tube. From Persson 
and Persson (1976). 




Fig. 7.51. Wall traces from 
nitromethane/acetone (vol. %): (a) 
75/25 in a 20 mm square tube, (b) 
80/20 in a 15 mm square tube 
(enlarged view), (c) Soot film from 
gaseous hydrogen/oxygen (in a 25.4 
X 38.1 mm tube at p D = 11.7 kPa) 
for comparison. From Urtiew, 
Kusubov, and Duff (1970), and Op¬ 
penheim et al. (1970). 



structure. Whether or not the transverse waves reflect off the adjoining 
walls in the same way that they do off each other is not too clear from the 
records. Although no perfectly regular patterns have been found, the 
patterns are fairly regular, apparently much more so than those of the 
interior. The spacing appears to be significantly larger than that of the 
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interior. The edge transverse-wave spacing for 80/20 (vol. %) 
nitromethane/acetone is, according to Urtiew, Kusubov, and Duff 
(1970), about 2.5 mm. We have marked off this spacing on the edge of 
the head-on view, Fig, 7.48, for comparison. 

There are some similarities to gases. The behavior of the transverse 
waves in an expanding channel is similar (Urtiew and Kusubov [1970]). 
Also, triple-shock configurations generated at comers by the interior 
propagate about as expected (Urtiew, Kusubov, and Duff [1970]). 

7E4. Discussion 

A review of the evidence reveals some puzzling features. The only 
waves whose structure is known are the relatively large failure waves 
originating at the edge in light confinement. Apparently they can couple 
together into fairly regular patterns (Figs. 7.46 and 7.47). The experi¬ 
ment with solids, Fig. 7.47, gives a very regular pattern. With very light 
(gas) confinement, one would expect these to be failure waves like those 
studied in detail in liquids, but there is no direct evidence that they are. 

Heavy confinement removes the large failure waves. The remaining 
waves, which at least superficially resemble those in gases, we will call 
"transverse waves," Their structure is not known. A regular structure 
(pattern of transverse waves) in the interior has not so far been achieved, 
even though conditions presumably conducive to it have been tried. The 
observations at the edge (in the same system) are somewhat inconsistent 
with those in the interior: wall tracks are more regular and the cell size is 
larger, suggesting to us that the edge waves might be a separate 
phenomenon more or less decoupled from the interior. Supporting this 
view is the apparent absence of slapping wave imprints on the wall. On 
the other hand, a different structure at the edge is not prominently evi¬ 
dent in the head-on photographs (Figs. 7.48 and 7.50). 

A few observed track angles are collected in Table 7.5. Here also the 
edge waves in liquids (but not in solids!) seem to fall in a class of their 
own, with track angles appreciably larger than the others. 

What is known about the transverse waves? There seems to be no 
reason why they could not have essentially the same triple-shock struc¬ 
ture as that seen in gases. Oppenheim et al. (1970) have in fact 
calculated a slightly different variety of triple-shock structure for 
nitromethane/acetone, choosing the parameters to match the collision 
and track angles observed in wall tracks. The wall tracks from tubes of 
reasonable cross section show no failure waves. (These can be obtained 
under heavy confinement by making the cross section small enough, and 
leave a characteristic raised imprint due to their low pressure.) Some, at 
least, of the interior waves do look like failure waves in that they consist 
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Table 7.5 TRACK ANGLES 


1. Interior transverse waves in liquids 

33° 

2. Edge transverse waves in liquids 

40-48° 

3. Failure waves in liquids 

25-35° 

4. Failure (?) waves in solids 

28° 


Sources: 

1. Fig. 7A-2 

2. Fig. 7.51 

3. Persson and Persson (1976), from photographs like those of Fig. 7.45 

4. Fig. 7.47 

of a dark band followed by a narrow bright stripe; possibly both kinds of 
waves populate the interior. 

Some of the apparent contradictions might be resolved by regarding 
the interior and edge as two separate systems. The interior structure 
would then be irregular because of the poor reflection properties of the 
edge. The longer reaction zone at the edge would be regarded as a 
separate annular channel with its own more or less planar regular struc¬ 
tures like those of Fig. 7.5. This would explain the larger cell size and 
more regular structure. The larger track angles at the edge would follow 
from the smaller mode number there. 

APPENDIX 7A: INTERPRETATION OF SMEAR-CAMERA 
PHOTOGRAPHS 

A head-on smear-camera photograph of the front in a liquid explosive, 
such as that of Fig. 7.50, seems to show waves moving in only two direc¬ 
tions, both having the same orientation with respect to, say, a horizontal 
axis in the field of view. In reality, with such an irregular structure, there 
are transverse waves moving in all directions, but the pecularities of the 
recording mechanism in effect select only a particular direction to ap¬ 
pear on the film. Thus, care in interpreting such pictures is required, 
and it is well to understand how this comes about. 

Figure 7A-1 shows the film moving vertically upward with velocity S 
past the stationary slit image (of width W) and the image of a transverse 
wave (idealized as a dark band of width w) oriented at an angle to the 
slit and moving normal to itself with velocity V. It is seen that a 
transverse wave with orientation cos 6 = V/S will cast a stationary image 
on the film and thus be recorded with the least blurring. By "stationary 
image" we mean that the image of the band has zero component of 
velocity normal to itself on the film. It does, of course, slide along its own 
length, so any variations in structure along its length will be blurred. 
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Fig. 7A=1. Diagram of a smear- 
camera film recording a dark wave. 
The film moves upward with velocity 
S past the stationary slit image of 
width W. The dark-wave image, width 
w, is oriented at angle 0 and moves 
normal to itself with velocity V. 



Fig. 7A~2. Smear-camera photographs of the light from the front in 84/16 
(vol. %) nitromethane/acetone, at two different writing speeds (a) 0 = 60°, (b) 
0 = 0° (see text for definition of 0). From T. P. Cotter, Jr., private com¬ 
munication, (1955). 



There is still some blurring in the direction normal to the band because 
both its own width and that of the slit are finite; a little analysis shows 
this blurring to be proportional to (W/w) (cos 0 — V/S). If the moving 
bands were brighter than the background, the range of orientations 
recorded could be increased by increasing the exposure; with dark bands 
this is precluded by the upper limit on useful contrast. The wave 
velocity V is readily found by measuring 0 on the film and knowing the 
camera writing speed S, i.e., 

V = S cos 0. 

For nitromethane/acetone, V turns out to be about 4 mm//is, roughly the 
speed of sound in the unreacted material. Fig. 7A-2 shows two 
photographs, one with the writing speed chosen to give 0 = 50°, and one 
0 = 0° (V = S). The second records waves with orientations of 0 = 0° to 
about 30° because the cosine function varies slowly in this range. 
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waves, 323-324 

Instability: experimental, 10; two- 
dimensional calculations, 288-290; 
experimental onset with heat of 
reaction, 343 

Integral curve: definition, 134; 
properties, 145; for two reversible 
reactions, 178-183 

Jacobs's detonation engine, 36 

Laboratory reference frame, 97, 100 
Lambda \, 17, 43, 77, 79-88, 83 
Lighthill gas, 102, 108 
Locus of tangents, 20, 138 
Longitudinal instability: galloping 
detonation, 231; in square wave model, 
275-277; numerical calculations, 276-288 

Mach stem, in transverse waves, 294-296, 
298-300, 303-306 
Marginal detonation, 327-340 
Master equation, 78, 91 
Mole change: poly tropic gases, 105-108; 
pathological detonation, 174-176 

Navier-Stokes equations, 192-195 
Nitromethane: initial state variation, 
71-73; pressure measurement, 72-73; 
failure waves, 353-355, 358-360; 
transverse waves, 356-357 

Ordinary detonation, 327-328, 341-342 
Oscillatory detonation: approximate 
theories, 258-276; numerical calcula¬ 
tions, 276-288 

Ozone: reactions, 57-58, 117-120; effect 
of transport properties, 199-200; 
divergent detonation in, 228-229 

Pathological detonation, von Neumann's, 
caused by mole decrement, 133, 

174-176 

Pathological locus, with arbitrary 
number of reactions, 191 



Pathological point, 172, 176, 179-183 
Phase portrait, 164 
Piston problem, 14, 21-24 
Poly tropic gas: detonation formulas, 
52-53; mixture with single heat 
capacity, 103-105; mixture with 
different heat capacities, 105-108 
Precursor wave, 96 
Pressure-distance profiles: two 
irreversible reactions, 173; two 
reversible reactions, 187-188 
Progress variable X, 17, 43, 77, 

79-88, 83 

Quasi-one-dimensional detonation, 
224-226 

Quasistatic cycle for detonation, 35-38 

Radial velocity derivative, approxima¬ 
tions, 208-212 

Rankine-Hugoniot relations, 16-18, 99 
Rarefaction wave: in nonreacting gas, 
joined to reaction zone, 23-24; in 
reactive mixture, 114; joining to 
reaction zone, 143; joining to 
reaction zone when rate is reversible, 

146- 147 

Rayleigh line: definition and derivation, 
16-17, 99; state properties on, 138 
Reaction rate: state dependence assump¬ 
tions, 44, 88; Arrhenius, 45, 102, 
107-108; hypothetical solid explosive, 
47; transformation to language of fluid 
dynamics, 82-86; simple forms, 105; 
irreversible, 108; combined for several 
elementary reactions, 116-117; revers¬ 
ible, effects on properties, 139-140; 
magnitude of effect of reversibility, 

147- 151 

Reaction space vectors, 97 
Reaction zone: computed example for 
gas, 45-50; temperature maximum in, 
46, 51; computed example, solid, 46-51 

Separatrix, 180-181 
Shock-change equation: discussion, 
101-102; derivation, 131-132 
Shock reference frame, 97, 100 
Shock polar, for triple point matching, 
303-304 

Shock wave: in reactive mixture, 110- 
114; diffuse, 112, 114; hydrodynamic 
stability, 252-258; breakup into two 
waves, 255-258 
Sigma <r, 78, 91, 95-96, 107 
Simplest theory: description, 16-24; 
application, 24-42 


Slapping waves, 300 
Solar power level, 1 
Sonic locus: definition, 20, 138; in 
phase plane, 166-167 
Sonic parameter r/, 100 
Sound speed: condition that it be real, 

89 

-frozen and equilibrium: definition, 
95-96; in mixture with a single C p , 

104; in a mixture with different values 
of C p , 108; effect on propagation 
of disturbances, 109; derivation of 
relationship between, 126-130; mag¬ 
nitude of the effect of reversibility, 
147-151 

Sound waves: in reactive mixture, 110; 

amplification of, 110, 269-271 
Specific heats, from incomplete equation 
of state, 123-124 
Spinning detonation, 4, 328-332 
Square-wave model: stability of, 231; 
hydrodynamic stability, 239-246; 
conditions for existence of perturba¬ 
tion solutions, 244; galloping 
detonation in, 275-277, 344 
Stability, reaction without flow, 109-110 
Stability analysis, 230 
Steady reference frame, 97, 100 
Steady solutions, 97-100 
Strong point, 3, 19 

Tangency condition, 19-20 
Taylor wave, 23 

Temperature; maximum in reaction zone, 
46, 51; from incomplete equation of 
state, 121-123; detonation, dependence 
on initial density, 352 
Tetranitromethane, reaction zone, 350 
Thermicity a: definition, 78, 91; 
alternate forms for, 95; poly tropic 
gases, 96, 107; volume change contribu¬ 
tion to, 96 

TNT: initial state variation, 73-74; edge 
failure waves, 355-356 
Transport effects, 191-199 
Transverse waves: nonlinear stability 
analysis, 263-267; amplification, 

269-271; two dimensional calculations, 
288-290; overview, 291-306; definition 
of terms, 298-300, 327; experimental 
methods, 301-303; macroscopic prop¬ 
erties, 306-327; regular and irregular 
structures, 306-309; acoustic modes 
in confining tube or channel, 315-323; 
life cycle and habitat, 323-326; 
details of structure, 327-342; strong 
and weak structures, 327-328; in 
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rectangular tubes, 332-340; varia- solids, 360-361 

tion of properties through the cell, Triple point, in transverse waves, 

338-340; comparison of theory and 295-300, 303-306 

experiment, 342-350; in liquids and 

solids, 350-361; dark, not bright, in Viscous detonation, 191-199 

liquids, 352; discussion of, in liquids 

and solids, 360-361; interpretation of Waves, forward and backward facing, 93 
smear camera photographs of liquids, Weak final state, computed for ozone 
361-363 57.58 

-spacing: ray theory of, 271-275; hot spot Weak point, 3, 19 
theory of, 273-275; rough criteria for, Weak solution, 7-8, 133 
295; related to reaction zone, 313-315; Work done by explosive, 35-38 
comparison of theory and experiment, 

346-350 . ZND model: definition, 4-5, 13-15; 

-track entrance and exit angles: in gases, assumptions, 42; description, 42-51 
305, 321-323, 341-342; in liquids and 
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Hermann Weyl. Classic of 20th-century foundational research deals with the con¬ 
ceptual problem posed by the continuum. 156pp. 5% x 814. 67982-9 Pa. $8.95 

A SURVEY OF NUMERICAL MATHEMATICS, David M. Young and Robert 
Todd Gregory. Broad self-contained coverage of computer-oriented numerical algo¬ 
rithms for solving various types of mathematical problems in linear algebra, ordinary 
and partial, differential equations, much more. Exercises. Total of 1,248pp. 5% x 814. 
Two volumes. Vol. I: 65691-8 Pa. $16.95 

Vol. II: 65692-6 Pa. $16.95 

INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS WITH 
APPLICATIONS, E. C. Zachmanoglou and Dale W. Thoe. Essentials of partial dif¬ 
ferential equations applied to common problems in engineering and the physical sci¬ 
ences. Problems and answers. 416pp. 5% x 814. 65251-3 Pa. $11.95 

THE THEORY OF GROUPS, Hans J. Zassenhaus. Well-written graduate-level text 
acquaints reader with group-theoretic methods and demonstrates their usefulness in 
mathematics. Axioms, the calculus of complexes, homomorphic mapping, p-g roup 
theory, more. Many proofs shorter and more transparent than older ones. 276pp. 
5% x 814. 40922-8 Pa. $12.95 

GENERALIZED INTEGRAL TRANSFORMATIONS, A. H. Zemanian. Graduate- 
level study of recent generalizations of the Laplace, Mellin, Hankel, K. Weierstrass, 
convolution, and other simple transformations. Bibliography. 320pp. 5% x 814. 

65375-7 Pa. $8.95 




CATALOG OF DOVER BOOKS 


Math-Decision. Theory 9 StatisticsProbability 

PROBABILITY: An Introduction, Samuel Goldberg. Excellent basic text covers set 
theory, probability theory for finite sample spaces, binomial theorem, much more. 
360 problems. Bibliographies. 322pp. 5% x 81 65252-1 Pa. $11.95 

ELEMENTARY DECISION THEORY, Herman Chernoff and Lincoln E. 
Moses. Clear introduction to statistics and statistical theory covers data process¬ 
ing, probability and random variables, testing hypotheses, much more. Exercises. 
364pp. 5% x 81 65218-1 Pa. $12.95 

STATISTICS MANUAL, Edwin L. Crow et al. Comprehensive, practical collection 
of classical and modern methods prepared by U.S. Naval Ordnance Test Station. 
Stress on use. Basics of statistics assumed. 288pp. 5% x 81 60599-X Pa. $8.95 

SOME THEORY OF SAMPLING, William Edwards Deming. Analysis of the 
problems, theory and design of sampling techniques for social scientists, industrial 
managers and others who find statistics important at work. 61 tables. 90 figures, xvii 
+ 602pp. 5% x 81 64684-X Pa. $16.95 

STATISTICAL ADJUSTMENT OF DATA, W. Edwards Deming. Introduction to 
basic concepts of statistics, curve fitting, least squares solution, conditions without para¬ 
meter, conditions containing parameters. 26 exercises worked out. 271pp. 5% x 8 J A. 

64685-8 Pa. $9.95 

LINEAR PROGRAMMING AND ECONOMIC ANALYSIS, Robert Dorfman, 
Paul A. Samuelson and Robert M. Solow. First comprehensive treatment of linear 
programming in standard economic analysis. Game theory, modern welfare eco¬ 
nomics, Leontief input-output, more. 525pp. 5% x 81 65491-5 Pa. $17.95 

DICTIONARY/OUTLINE OF BASIC STATISTICS, John E. Freund and FrankJ. 
Williams. A clear concise dictionary of over 1,000 statistical terms and an outline of 
statistical formulas covering probability, nonparametric tests, much more. 208pp. 
5% x 81 66796-0 Pa.$8.95 

GAMES AND DECISIONS: Introduction and Critical Survey, R. Duncan Luce 
and Howard Raiffa. Superb nontechnical introduction to game theory, primarily 
applied to social sciences. Utility theory, zero-sum games, n-person games, decision¬ 
making, much more. Bibliography. 509pp. 5% x 872. 65943-7 Pa. $14.95 

FIFTY CHALLENGING PROBLEMS IN PROBABILITY WITH SOLUTIONS, 
Frederick Mosteller. Remarkable puzzlers, graded in difficulty, illustrate elementary 
and advanced aspects of probability. Detailed solutions. 88pp. 5% x 8‘/i. 

65355-2 Pa. $4.95 


PROBABILITY THEORY: A Concise Course, Y. A. Rozanov. Highly readable, 
self-contained introduction covers combination of events, dependent events, 
Bernoulli trials, etc. 148pp. 5% x 81 63544-9 Pa. $8.95 
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STATISTICAL METHOD FROM THE VIEWPOINT OF QUALITY CON¬ 
TROL, Walter A. Shewhart. Important text explains regulation of variables, uses of 
statistical control to achieve quality control in industry, agriculture, other areas. 
192pp. 5% x 81 65232-7 Pa. $8.95 

THE COMPLEAT STRATEGYST: Being a Primer on the Theory of Games of 
Strategy, J. D. Williams. Highly entertaining classic describes, with many illustrated 
examples, how to select best strategies in conflict situations. Prefaces, Appendices. 
268pp. 5% x 81 25101-2 Pa. $8.95 

Math—Geometry and Topology 

ELEMENTARY CONCEPTS OF TOPOLOGY, Paul Alexandroff. Elegant, intu¬ 
itive approach to topology from set-theoretic topology to Betti groups; how concepts 
of topology are useful in math and physics. 25 figures. 57pp. 5% x 81 

60747-X Pa. $4.95 

COMBINATORIAL TOPOLOGY, P. S. Alexandrov. Clearly written, well-orga¬ 
nized, three-part text begins by dealing with certain classic problems without using 
the formal techniques of homology theory and advances to the central concept, the 
Betti groups. Numerous detailed examples. 654pp. 5% x 8 'A. 40179-0 Pa. $18.95 

EXPERIMENTS IN TOPOLOGY, Stephen Barr. Classic, lively explanation of one 
of the byways of mathematics. Klein bottles, Moebius strips, projective planes, map 
coloring, problem of the Koenigsberg bridges, much more, described with clarity 
and wit. 43 figures. 210pp. 5% x 8%. 25933-1 Pa. $8.95 

CONFORMAL MAPPING ON RIEMANN SURFACES, Harvey Cohn. Lucid, 
insightful book presents ideal coverage of subject. 334 exercises make book perfect 
for self-study. 55 figures. 352pp. 5% x 81 64025-6 Pa. $11.95 

THE GEOMETRY OF RENE DESCARTES, Rene Descartes. The great work 
founded analytical geometry. Original French text, Descartes’s own diagrams, 
together with definitive Smith-Latham translation. 244pp. 5% x 81 

60068-8 Pa. $9.95 

THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, translated with introduc¬ 
tion and commentary by Sir Thomas L. Heath. Definitive edition. Textual and lin¬ 
guistic notes, mathematical analysis. 2,500 years of critical commentary. Unabridged. 
1,414pp. 5% x 81 Three-vol. set. Vol. I: 60088-2 Pa. $10.95 

Vol. II: 60089-0 Pa. $10.95 
Vol. Ill: 60090-4 Pa. $12.95 

GEOMETRY OF COMPLEX NUMBERS, Hans Schwerdtfeger. Illuminating, 
widely praised book on analytic geometry of circles, the Moebius transformation, 
and two-dimensional non-Euclidean geometries. 200pp. 5% x 81 

63830-8 Pa. $8.95 

DIFFERENTIAL GEOMETRY, Heinrich W. Guggenheimer. Local differential 
geometry as an application of advanced calculus and linear algebra. Curvature, trans¬ 
formation groups, surfaces, more. Exercises. 62 figures. 378pp. 5% x 81 

63433-7 Pa. $11.95 




CATALOG OF DOVER BOOKS 


CATALOG OF DOVER BOOKS 


CURVATURE AND HOMOLOGY: Enlarged Edition, Samuel I. Goldberg. 
Revised edition examines topology of differentiable manifolds; curvature, homology 
of Riemannian manifolds; compact Lie groups; complex manifolds; curvature, 
homology of Kaehler manifolds. New Preface. Four new appendixes. 416pp. 5% x 814. 

40207-X Pa. $14.95 

TOPOLOGY, John G. Hocking and Gail S. Young. Superb one-year course in clas¬ 
sical topology. Topological spaces and functions, point-set topology, much more. 
Examples and problems. Bibliography. Index. 384pp. 5% x 814. 

65676-4 Pa. $11.95 

LECTURES ON CLASSICAL DIFFERENTIAL GEOMETRY, Second Edition, 
Dirk J. Struik. Excellent brief introduction covers curves, theory of surfaces, funda¬ 
mental equations, geometry on a surface, conformal mapping, other topics. 
Problems. 240pp. 5% x 8 l /i. 65609-8 Pa. $9.95 

Math -History of 

A SHORT ACCOUNT OF THE HISTORY OF MATHEMATICS, W. W. Rouse 
Ball. One of clearest, most authoritative surveys from the Egyptians and Phoenicians 
through 19th-century figures such as Grassman, Galois, Riemann. Fourth edition. 
522pp. 5% x 814. 20630-0 Pa. $13.95 

THE HISTORICAL ROOTS OF ELEMENTARY MATHEMATICS, Lucas N. H. 
Bunt, Phillip S. Jones, and Jack D. Bedient. Fundamental underpinnings of modern 
arithmetic, algebra, geometry and number systems derived from ancient civiliza¬ 
tions. 320pp. 5% x 814. 25563-8 Pa. $9.95 

GAMES, GODS & GAMBLING: A History of Probability and Statistical Ideas, F. 
N. David. Episodes from the lives of Galileo, Fermat, Pascal, and others illustrate this 
fascinating account of the roots of mathematics. Features thought-provoking refer¬ 
ences to classics, archaeology, biography, poetry. 1962 edition. 304pp. 5% x 814. 
(Available in U.S. only.) 40023-9 Pa. $9.95 

HISTORY OF MATHEMATICS, David E. Smith. Nontechnical survey from 
ancient Greece and Orient to late 19th century; evolution of arithmetic, geometry, 
trigonometry, calculating devices, algebra, the calculus. 362 illustrations. 1,355pp. 
5% x 814. Two-vol. set. Vol. I: 20429-4 Pa. $13.95 

Vol. II: 20430-8 Pa. $14.95 

A CONCISE HISTORY OF MATHEMATICS, DirkJ. Struik. The best brief his¬ 
tory of mathematics. Stresses origins and covers every major figure from ancient 
Near East to 19th century. 41 illustrations. 195pp. 5% x 814. 60255-9 Pa. $8.95 

THE HISTORY OF THE CALCULUS AND ITS CONCEPTUAL DEVELOP¬ 
MENT, Carl B. Boyer. Origins in antiquity, medieval contributions, work of Newton, 
Leibniz, rigorous formulation. Treatment is verbal. 346pp. 5% x 814. 

60509-4 Pa. $9.95 



Physics 

OPTICAL RESONANCE AND TWO-LEVEL ATOMS, L. Allen and J. H. Eberly. 
Clear, comprehensive introduction to basic principles behind all quantum optical 
resonance phenomena. 53 illustrations. Preface. Index. 256pp. 5% x 814. 

65533-4 Pa. $10.95 

ULTRASONIC ABSORPTION: An Introduction to the Theory of Sound 
Absorption and Dispersion in Gases, Liquids and Solids, A. B. Bhatia. Standard ref¬ 
erence in the field provides a clear, systematically organized introductory review of 
fundamental concepts for advanced graduate students, research workers. Numerous 
diagrams. Bibliography. 440pp. 5% x 814. 64917-2 Pa. $11.95 

QUANTUM THEORY, David Bohm. This advanced undergraduate-level text pre¬ 
sents the quantum theory in terms of qualitative and imaginative concepts, followed 
by specific applications worked out in mathematical detail. Preface. Index. 655pp. 
5% x 814. 65969-0 Pa. $15.95 

ATOMIC PHYSICS (8th edition), Max Born. Nobel laureate’s lucid treatment of 
kinetic theory of gases, elementary particles, nuclear atom, wave-corpuscles, atomic 
structure and spectral lines, much more. Over 40 appendices, bibliography. 495pp. 
5% x 814. 65984-4 Pa. $14.95 

AN INTRODUCTION TO HAMILTONIAN OPTICS, H. A. Buchdahl. Detailed 
account of the Hamiltonian treatment of aberration theory in geometrical optics. 
Many classes of optical systems defined in terms of the symmetries they possess. 
Problems with detailed solutions. 1970 edition, xv + 360pp. 5% x 8Vi. 

67597-1 Pa. $10.95 

THIRTY YEARS THAT SHOOK PHYSICS: The Story of Quantum Theory, 
George Gamow. Lucid, accessible introduction to influential theory of energy and 
matter. Careful explanations of Dirac’s anti-particles, Bohr’s model of the atom, 
much more. 12 plates. Numerous drawings. 240pp. 5% x 814. 24895-X Pa. $7.95 

ELECTRONIC STRUCTURE AND THE PROPERTIES OF SOLIDS: The 
Physics of the Chemical Bond, Walter A. Harrison. Innovative text offers basic 
understanding of the electronic structure of covalent and ionic solids, simple metals, 
transition metals and their compounds. Problems. 1980 edition. 582pp. 644 x 914. 

66021-4 Pa. $19.95 

HYDRODYNAMIC AND HYDROMAGNETIC STABILITY, S. Chandrasekhar. 
Lucid examination of the Rayleigh-Benard problem; clear coverage of the theory of 
instabilities causing convection. 704pp. 5% x 814. 64071-X Pa. $17.95 

INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, 
Albert Einstein. Five papers (1905-8) investigating dynamics of Brownian motion 
and evolving elementary theory. Notes by R. Fiirth. 122pp. 5% x 814. 

60304-0 Pa. $5.95 

THE PHYSICS OF WAVES, William C. Elmore and Mark A. Heald. Unique 
overview of classical wave theory. Acoustics, optics, electromagnetic radiation, more. 
Ideal as classroom text or for self-study. Problems. 477pp. 5% x 814. 

64926-1 Pa. $14.95 
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PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. 
Nobel Laureate discusses quantum theory, uncertainty, wave mechanics, work of 
Dirac, Schroedinger, Compton, Wilson, Einstein, etc. 184pp. 5% x 8 %. 

60113-7 Pa. $8.95 

ATOMIC SPECTRA AND ATOMIC STRUCTURE, Gerhard Herzberg. One of 
best introductions; especially for specialist in other fields. Treatment is physical 
rather than mathematical. 80 illustrations. 257pp. 5% x 8/4. 60115-3 Pa. $7.95 

AN INTRODUCTION TO STATISTICAL THERMODYNAMICS, Terrell L. 
Hill. Excellent basic text offers wide-ranging coverage of quantum statistical mechan¬ 
ics, systems of interacting molecules, quantum statistics, more. 523pp. 5% x 8 Y 2 . 

65242-4 Pa. $13.95 

THEORETICAL PHYSICS, Georg Joos, with Ira M. Freeman. Classic overview 
covers essential math, mechanics, electromagnetic theory, thermodynamics, quan¬ 
tum mechanics, nuclear physics, other topics. First paperback edition, xxiii + 885pp. 
5% x 8 %. 65227-0 Pa. $21.95 

BOUNDARY VALUE PROBLEMS OF HEAT CONDUCTION, M. Necati 
Ozisik. Systematic, comprehensive treatment of modern mathematical methods of 
solving problems in heat conduction and diffusion. Numerous examples and prob¬ 
lems. Selected references. Appendices. 505pp. 5% x 8 ] L 65990-9 Pa. $12.95 

PROBLEMS AND SOLUTIONS IN QUANTUM CHEMISTRY AND 
PHYSICS, Charles S. Johnson, Jr. and Lee G. Pedersen. Unusually varied problems, 
detailed solutions in coverage of quantum mechanics, wave mechanics, angular 
momentum, molecular spectroscopy, more. 280 problems plus 139 supplementary 
exercises. 430pp. 614 x 9!4. 65236-X Pa. $14.95 

THEORETICAL SOLID STATE PHYSICS, Vol. 1: Perfect Lattices in 
Equilibrium; Vol. II: Non-Equilibrium and Disorder, Williamjones and Norman H. 
March. Monumental reference work covers fundamental theory of equilibrium 
properties of perfect crystalline solids, non-equilibrium properties, defects and dis¬ 
ordered systems. Appendices. Problems. Preface. Diagrams. Index. Bibliography. 
Total of 1,301pp. 5% x 814. Two volumes. Vol. I: 65015-4 Pa. $16.95 

Vol. II: 65016-2 Pa. $16.95 

A TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. 
Important foundation work of modern physics. Brings to final form Maxwell’s theo¬ 
ry of electromagnetism and rigorously derives his general equations of field theory. 
1,084pp. 5% x 814. Two-vol. set. Vol. I: 60636-8 Pa. $14.95 

Vol. II: 60637-6 Pa. $12.95 

OPTICKS, Sir Isaac Newton. Newton’s own experiments with spectroscopy, colors, 
lenses, reflection, refraction, etc., in language the layman can follow. Foreword by 
Albert Einstein. 532pp. 5% x 8 -/ 2 . 60205-2 Pa. $13.95 

THEORY OF ELECTROMAGNETIC WAVE PROPAGATION, Charles Herach 
Papas. Graduate-level study discusses the Maxwell field equations, radiation from 
wire antennas, the Doppler effect and more, xiii + 244pp. 5% x 8 Vi. 

65678-0 Pa. $9.95 



INTRODUCTION TO QUANTUM MECHANICS With Applications to 
Chemistry, Linus Pauling and E. Bright Wilson, Jr. Classic undergraduate text by 
Nobel Prize winner applies quantum mechanics to chemical and physical problems. 
Numerous tables and figures enhance the text. Chapter bibliographies. Appendices. 
Index. 468pp. 5% x 8 Y 2 . 64871-0 Pa. $13.95 

METHODS OF THERMODYNAMICS, Howard Reiss. Outstanding text focuses 
on physical technique of thermodynamics, typical problem areas of understanding, 
and significance and use of thermodynamic potential. 1965 edition. 238pp. 5% x 814. 

69445-3 Pa. $8.95 

TENSOR ANALYSIS FOR PHYSICISTS, J. A. Schouten. Concise exposition of 
the mathematical basis of tensor analysis, integrated with well-chosen physical exam¬ 
ples of the theory. Exercises. Index. Bibliography. 289pp. 5% x 8 ‘L 

65582-2 Pa. $10.95 

RELATIVITY IN ILLUSTRATIONS, Jacob T. Schwartz. Clear nontechnical treat¬ 
ment makes relativity more accessible than ever before. Over 60 drawings illustrate 
concepts more clearly than text alone. Only high school geometry needed. 
Bibliography. 128pp. 6 % x 9 ! / 4 . 25965-X Pa. $7.95 

THE ELECTROMAGNETIC FIELD, Albert Shadowitz. Comprehensive under¬ 
graduate text covers basics of electric and magnetic fields, builds up to electromag¬ 
netic theory. Also related topics, including relativity. Over 900 problems. 768pp. 
5% x 8 l /i. 65660-8 Pa. $19.95 

GREAT EXPERIMENTS IN PHYSICS: Firsthand Accounts from Galileo to 
Einstein, edited by Morris H. Shamos. 25 crucial discoveries: Newton’s laws of 
motion, Chadwick’s study of the neutron, Hertz on electromagnetic waves, more. 
Original accounts clearly annotated. 370pp. 5% x 8 Y 2 . 25346-5 Pa. $12.95 

RELATIVITY, THERMODYNAMICS AND COSMOLOGY, Richard C. 
Tolman. Landmark study extends thermodynamics to special, general relativity; also 
applications of relativistic mechanics, thermodynamics to cosmological models. 
501pp. 5% x 8 Y 2 . 65383-8 Pa. $15.95 

LIGHT SCATTERING BY SMALL PARTICLES, H. C. van de Hulst. Compre¬ 
hensive treatment including full range of useful approximation methods for 
researchers in chemistry, meteorology and astronomy. 44 illustrations. 470pp. 5% x 8 { L 

64228-3 Pa. $12.95 

STATISTICAL PHYSICS, Gregory H. Wannier. Classic text combines thermody¬ 
namics, statistical mechanics and kinetic theory in one unified presentation of ther¬ 
mal physics. Problems with solutions. Bibliography. 532pp. 5% x 87i. 

65401-X Pa. $14.95 


Prices subject to change without notice. 

Available at your book dealer or write for free Dover Mathematics and Science Catalog 
{59065-8) to Dept. Gl, Dover Publications, Inc., 31 East 2nd St., Mineola, NY 11501. Dover 
publishes more than 250 books each year on science, elementary and advanced mathematics, 
biology, music, art, literature, history, social sciences, and other subjects. 
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Fundamental Formulas of Physics, Vols. I & II, Donald H. Menzel (ed.). 

(60595-7, 60596-5) $24.90 
Opticks, Sir Isaac Newton. (60205-2) $13.95 
Theory of Relativity, W. Pauli. (64152-X) $9.95 
Introduction to Quantum Mechanics With Applications to Chemistry, 
Linus Pauling and E. Bright Wilson, Jr. (64871-0) $13.95 
Survey of Physical Theory, Max Planck. (67867-9) $7.95 
The Philosophy of Space and Time, Hans Reichenbach. (60443-8) $9.95 
Boundary and Eigenvalue Problems in Mathematical Physics, Hans Sagan. 
(66132-6) $13.95 

Statistical Thermodynamics, Erwin Schrodinger. (66101-6) $6.95 
Principles of Electrodynamics, Melvin Schwartz. (65493-1) $12.95 
Electromagnetic Field, Albert Shadowitz. (65660-8) $19.95 
Partial Differential Equations of Mathematical Physics, S.L. Sobolev. 
(65964-X) $12.95 

Principles of Statistical Mechanics, Richard C. Toiman. (63896-0) $18.95 
Light Scattering by Small Particles, H.C. van de Hulst. (64228-3) $14.95 
Understanding Thermodynamics, H.C. Van Ness. (63277-6) $6.95 
Mathematical Analysis of Physical Problems, Philip R. Wallace. (64676-9) 
$17.95 

Statistical Physics, Gregory H. Wannier. (65401-X) $14.95 
X-Ray Diffraction, B.E. Warren. (66317-5) $14.95 
Space—Time—Matter, Hermann Weyl. (60267-2) $11.95 
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